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This article discusses the impacts of O/F shifts on flight performance of single-stage
sounding rockets using flight simulations of three scales of O/F-controlled and -uncontrolled
hybrid rockets under a nominal fuel regression behavior without uncertainty. The flight
simulation code includes three factors dependent on O/F ratio: thermodynamic states of the
burnt gas (theoretical Isp), shifts in c* efficiency, and nozzle throat erosion. In the flight
simulations, a thrust control law was applied to increase the apogee and evaluate effects of
O/F shifts in the thrust curve including throttling. For the best cases in each scale, O/Fcontrolled hybrid rockets slightly improved the performance by 2.03-2.42% in averaged
specific impulse. However, the performance of the O/F-controlled sounding rockets is
essentially the same as the O/F-uncontrolled type under the median regression behavior,
especially when considering the slight increases in the mass and complexity of the oxidizer
feed system needed for O/F control. Considerable scale effects on throat erosion and
theoretical Isp were observed, but that of c* efficiency was negligible. The improvement of
theoretical Isp was the primary contributor to flight performance, responsible for a larger than
70% share in the total Isp increase. The second largest contribution was the improvement of c*
efficiency with a share of 21.8-24.3%. The O/F control gave the improvement of throat erosion
corresponding to 5.75% in the total Isp increase for the smallest scale, but with increasing the
scale, the throat area increase ratio became small so that the throat erosion improvement
contribution was reduced to 1.21%.
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Nomenclature
2

A

=

cross-sectional area [m ]

a0

=

regression rate coefficient for axial hybrid rockets or sound velocity at sea level [m/s]

Ai

=

frequency factor of Arrhenius equation

AR

=

total aspect ratio including oxidizer tank and solid fuel [-]

bi

=

temperature exponent [-]

c

=

molecular density [mol/m3]

c*

=

characteristic velocity [m/s]

CD

=

aerodynamic drag coefficient [-]

D

=

aerodynamic drag [N]

Di,air

=

diffusion coefficient of i-th species in air [m2/s]

Dt

=

nozzle throat diameter [m]

E

=

activation energy [J/mol]

f

=

switching function for thrust control [-]

F

=

thrust [N]

(F/W)i =

initial thrust-to-weight ratio [-]

g

=

gravitational acceleration at sea level [m/s2]

G

=

mass flux [kg/m2s]

𝐺𝑒 𝑖

=

mass flux erosion spent for i-th oxidizing chemical species [kg/m2s]

h

=

enthalpy per unit mass [J/kg]

Isp

=

specific impulse [s]

̅̅̅̅
𝐼𝑠𝑝

=

time-averaged specific impulse [s]

k

=

inverse of time constant [s-1]

𝑘̅

=

non-dimensional time constant [-]

ki

=

coefficient in erosion rate equation Eq. (19)

L

=

length [m]

L*

=

characteristic length [m]

Lo

=

length of oxidizer tank [kg]

m

=

mass [kg]

M

=

molecular weight [kg/mol] or Mach number at the sea level [-]

𝑚̇

=

mass flow rate [kg/s]

msf

=

initial fuel mass [kg]

mo

=

initial oxidizer mass [kg]

N

=

molecular flux [mol/m2s]

n1, n2 =

regression rate exponents corresponding to oxidizer mass flux and geometric swirl number [-]

ni

=

reaction rate exponent for i-th oxidizing chemical species [Pa]

O/F

=

oxidizer-to-fuel mass ratio [-]

p

=

pressure [Pa]

pi

=

partial pressure of i-th oxidizing chemical species [Pa]

r

=

radius [mm]

R

=

gas constant [J/kgK]

𝑟̇

=

regression rate [m/s]

𝑟̇𝑡

=

throat erosion rate [m/s]

Re

=

Reynolds number [-]

𝑅𝜇

=

universal gas constant [J/molK]

s

=

entropy per unit mass [J/kgK]

Sc

=

Schmidt number [-]

Sg

=

geometric swirl number [-]

t

=

time [s]

T

=

temperature [K]

u

=

gaseous velocity [m/s]

v

=

velocity of rocket [m/s]

V

=

volume [m3]

x

=

molecular fraction [-] or altitude of rocket [m]

x

=

state vector

z

=

distance from nozzle throat wall [m]

𝛼

=

sensitivity of c* efficiency to Sg [-]

𝛾

=

heat capacity ratio [-]

𝛿

=

concentration boundary layer thickness [m] or threshold of thrust control [-]

𝜂𝑐 ∗

=

c* efficiency [-]

𝜂𝑐 ∗ ∞ =

c* efficiency of an axially-injected hybrid rocket when 𝐿̅∗ → ∞ [-]

𝝀

=

adjoint vector

𝜌

=

density [kg/m3]

𝜌𝑜

=

density of liquid oxidizer [kg/m3]

𝜏𝑖

=

time scale [s]

𝜏𝑠𝑡𝑎𝑦 =

staying time of propellant inside combustion chamber [s]

𝜑

radius ratio based on throat radius [-]

=

Subscripts

0

=

core flow, sea level, or lift-off

a

=

ambient

ave

=

averaged

c

=

combustion chamber

c*

=

c* efficiency

e

=

at nozzle exit or with throat erosion

fin

=

final

i

=

ideal, initial, or i-th chemical species

in

=

inner side of a cylinder

inj

=

injector

j

=

j-th chemical species

k

=

a chemical species

m

=

moment arm

max =

maximum

mid

after the state vector has reached the singular surface

=

min

=

minimum

n

=

nozzle

o

=

oxidizer

out

=

outer side of a cylinder

p

=

fuel port

pc

=

pre-combustion chamber

ref

=

referential

s

=

singular surface

sep

=

threshold to prevent flow separation at the nozzle exit

sf

=

solid fuel

t

=

nozzle throat

w

=

nozzle throat wall

I.

Introduction

C

onventional hybrid rocket propulsion always has a possibility to cause a shift in oxidizer to fuel ratio (O/F) during

engine operation if there are no countermeasures to maintain the O/F ratio. This phenomenon is called “O/F shift”.
We could not find any previous studies on hybrid rocket propulsion which comprehensively classified both types of
O/F shifts and factors dependent on O/F and affecting propulsive performance in detail. In most studies which mention
O/F shifts [1][2][3], it was assumed that port expansion and throttling only cause O/F shifts under an ideal fuel
regression behavior without any errors, and O/F shifts decrease the performance only due to the shift in the enthalpy
per unit mass of the product gas, which affects ideal c* and exit velocity. These previous investigations did not cover
all the sources or effects of O/F shifts. They conclude that O/F shifts are negligible or shifts in enthalpy can cause a
considerable performance loss only for deep throttling [3]. Barato et al. [4] challenged such an established theory by
proposing and evaluating the performance decrease due to the residual propellant caused by the uncertainty of the
median fuel regression behavior or the errors of the actual oxidizer mass flow rate history from the planned one.
However, they also assumed that O/F shifts decrease the propulsive performance only via the shift in the enthalpy of
the product gas.

We believe that the previous discussion lacks consideration of the sources and effects of O/F shifts under the ideal
fuel regression behavior and rocket performance calculation. For example, an error in solid fuel regression from a
nominal regression curve yields an instantaneous O/F shift. An O/F shift causes a shift of ideal L* to reach the chemical
equilibrium of burnt gas, leading to a shift of c* efficiency. The O/F shift also causes a shift in mole fractions of the
product gas, resulting in a shift in throat erosion rates. These factors should also affect the rocket performance.
This paper has two purposes: 1) modeling the factors affected by O/F shifts along with the median (nominal)
regression curve and integrating these models into a flight simulation of hybrid sounding rockets; 2) evaluating the
effects of O/F shifts on the comprehensive performance of hybrid rocket propulsion.
Our study starts with modeling the nominal fuel regression curve and the physical phenomena affected by O/F
shifts (the shift in the enthalpy per unit mass of the product gas, c* efficiency, and nozzle throat erosion). The latter
models are validated with experimental results and implemented into a flight simulation code, which evaluates the
effects of O/F shifts on the flight performance of hybrid sounding rockets including throttling. Here we should note
that this paper assumes a nominal fuel regression behavior so that this study only considers the O/F shifts on a nominal
fuel regression curve without errors. However, the methodology developed in this study will also be applicable to the
cases where anomalies or uncertainties in the fuel regression cause a propellant residual mass, resulting in a decrease
in the total ∆V.
The effects of O/F shifts on flight performance are evaluated by comparing the performance between O/Fcontrolled and –uncontrolled hybrid rockets. This study applied Altering-intensity Swirling Oxidizer Flow Type (ASOFT) [5] for the O/F control method because A-SOFT motors exhibit greater combustion stability and higher
baseline regression rates than the alternatives. This type used the sensitivity of regression rates on geometric swirl
number for the O/F control. A-SOFTs have axial and tangential injectors, of which oxidizer mass flow rates are
independently controlled as shown in Fig. 1. The O/F control independent of thrust is possible by the “dual injector”
controlling the effective swirl number. On the other hand, sounding rockets with Swirling Oxidizer Flow Type (SOFT)
[6] hybrid rocket engines are also simulated as the conventional O/F-uncontrolled rockets for comparison. This type
has the same level of regression rates, but O/F is not controlled because this type only has a tangential injector.
This study focuses only on the case studies of a single-stage sounding rocket mission in various applications of
rocket propulsion. This is because a sounding rocket mission is a major application to demonstrate new concepts of
large-scale rocket engines on the way of development of satellite-launchers, and this mission requires throttling to

achieve an altitude as high as possible with a finite propellant mass when considering gravitational acceleration and
aerodynamic drag. The dimensions of the rockets are determined by the relations among thrust-to-weight ratio at the
lift-off, dimensions of the solid fuel grains and oxidizer tank, and density of the propellants. The one-dimensional
vertical ascent is simulated to simplify the simulations, and a few performance variables such as the apogee and
specific impulse are compared between O/F-controlled and –uncontrolled types. These analyses reveal which O/Fdependent phenomena have large impacts on flight performance and whether the performance loss due to O/F shifts
is crucial to the overall total performance under the nominal fuel regression.

II.

Modeling of Fuel Regression Behavior

In this section, fuel regression rate behavior is analyzed from previous experimental data, and we model the fuel
regression rate behavior for SOFTs and A-SOFTs. In our flight simulations, paraffin wax and gaseous oxygen (GOX;
stored as liquid phase) are selected as the propellants because of high baselines of regression rates. However, there is
little previous data with paraffin wax and GOX available to model the dependence on swirl number. The two accessible
papers by Nakagawa et al. [7] and Saito et al. [8] reported that paraffin-based fuels have higher sensitivity to geometric
swirl number than other conventional fuels especially in the front region of the grain. In spite of these valuable results,
due to small numbers of experimental conditions and data, it remains too difficult to reliably model fuel regression
behavior with only this data. Therefore, in this section, we model a “virtual” fuel regression behavior combining the
two datasets of axial hybrid rocket motors with paraffin and GOX and SOFTs with polymethyl methacrylate (PMMA)
and GOX.
The dataset of axial hybrids with paraffin and GOX were quoted from the paper by Karabeyoglu et al. [9]. This
paper shows 69 data points over the broad range of averaged oxidizer mass flux from 15 to 370 [kg/m2s]. For SOFTs,
the two datasets with PMMA and GOX by Yuasa’s group [6] have a relatively wide range of geometric swirl number
from 0 to 32.3. Geometric swirl number is defined as the following equations as
𝑆𝑔 =

2
𝑟𝑚 𝜌𝑖𝑛𝑗 𝑢𝑖𝑛𝑗
𝐴𝑖𝑛𝑗
2 𝐴
𝑟𝑝𝑐 𝜌𝑖𝑛𝑗 𝑢𝑝𝑐
𝑝𝑐

=

𝑟𝑚 𝐴 𝑝𝑐
𝑟𝑝𝑐 𝐴𝑖𝑛𝑗

(1)

where Rm refers to moment arm of the injector ports, the subscripts “inj” and “pc” refer to injector port and prechamber, respectively. rpc refers to the axial velocity of oxidizer in the pre-combustion chamber. The above equation
was transformed under the assumptions of incompressible flow and the mass conservation law of 𝜌𝑖𝑛𝑗 𝑢𝑖𝑛𝑗 𝐴𝑖𝑛𝑗 =
𝜌𝑖𝑛𝑗 𝑢𝑝𝑐 𝐴𝑝𝑐 . These experiments measured the regression rates averaged over the burn time and the port length. We

used the regression rate equation proposed by Tamura et al. [10] extended for the sensitivity to geometric swirl number
as
𝑛2

𝑟̇ (𝑡) = 𝑎0 𝐺𝑜 (𝑡)𝑛1 ({1 + 𝑆𝑔 (𝑡)2 })

(2)

where 𝑟̇ (𝑡), a0, n1, and n2 refer to instantaneous regression rate, regression rate coefficient for Sg = 0, and constant
exponents characterizing the sensitivity to instantaneous oxidizer mass flux Go(t) and geometric swirl number Sg (t),
respectively. It is also possible to approximate the regression rate behavior of A-SOFTs with this model, and we apply
this equation for paraffin and GOX here. In our simulation, a0 and n1 for paraffin and GOX and n2 for PMMA and
GOX were used for a “virtual” regression rate behavior assuming SOFTs and A-SOFTs with paraffin wax and GOX.
The median values of (a0, n1, n2) were analyzed with the multiple linear regression [11] of these experimental data.
The results of (a0, n1, n2) for 𝑟̇ in mm/s and Go in kg/m2s were (exp(-2.22), 0.640, -) for axial injection with paraffin
and GOX and (exp(-3.70), 0.616, 0.156) for swirling injection of PMMA and GOX, respectively (n2 is not defined for
axial injection). Therefore, the nominal fuel regression rate model:
0.156

𝑟̇ = exp(−2.22) 𝐺𝑜0.640 (1 + 𝑆𝑔2 )

(3)

was used for the A-SOFT and SOFT with paraffin and GOX in this paper.

III.

Modeling of Performance Factors in Hybrid Rocket Engines Affected by O/F Shifts

As discussed in the first section, O/F shifts along with the nominal regression curve have a possibility to affect
three factors in a propulsive subsystem. We model these three factors based on theoretical consideration and
experimental results. Especially for c* efficiency and nozzle throat erosion, models possible to implement into a flight
simulation code are validated with existing experimental results.

A. Chemical Equilibrium and Nozzle Flow Models
Our flight simulation program conceptually calculates the chemical equilibrium state of the product gas of the
injected oxidizer and the regressed fuel to evaluate the propulsive performance of its ideal nozzle flow. This chemical
equilibrium state is calculated using our in-house code of Gibbs Energy minimization under the assumption of a perfect
gas except for condensed chemical species such as graphite. This code was developed using the technical report by
Gordon and McBride [12] and validated with NASA CEA [13]. The thermodynamic data table of 1-octene C8H16 was
substituted for that of paraffin wax fuel in our analyses. The product gas was assumed to consist of the 11 species:

CH4, O2, H2O, CO2, H2, CO, OH, O, H, C2H2, and C (solid graphite). The former 9 species are often assumed to exist
in CFDs assuming local chemical equilibrium of the burnt gas of hydrocarbon and oxygen, but non-negligible mole
fractions of the latter two species are included in the results of NASA CEA at high equivalence ratios larger than 5.
These two species provide robustness of chemical equilibrium calculation when simulating the cases with errors in
the fuel regression model. All the thermodynamic data in our program is calculated by the polynomial approximations
of molar standard-state thermodynamic data [14].
The initial conditions are given at the beginning of the in-house code. They are thermodynamic properties and
state of the fuel and oxidizer, oxidizer mass flow rate, geometric swirl number, fuel regression rate equation,
dimensions of the solid fuel grain and nozzle, and a target chamber pressure temporarily given. Dynamic pressure of
the oxidizer flow is ignored here. The chemical equilibrium at the given chamber pressure is sought by the iteration
of the Gibbs Energy minimization, and the result is checked by the following choking condition equation at the nozzle:

𝐺𝑡 =

𝑝𝑐
√𝑅𝑐 𝑇𝑐

√𝛾 (

2
𝛾+1

)

𝛾+1
𝛾−1

(4)

where Gt, 𝛾, R, and Tc refer to mass flux of the propellant at the nozzle throat, specific heat ratio, gas constant, and
temperature of the burnt gas at the combustion chamber, respectively. Gt is calculated from the mass flow rate of the
fuel and the nozzle throat, and the other properties are calculated from the result of the chemical equilibrium state.
The equilibrium calculation is iterated with a different chamber pressure until Eq. (4) is satisfied. Equation (4) suggests
that this model assumes a frozen flow at least from the combustion chamber to the nozzle throat. Our flight simulation
also assumed a frozen flow downstream of the throat. Nozzle exit pressure pe and thrust F are calculated from the
following ideal isentropic flow as
𝑚̇𝑐 = 𝐴𝑒 𝜌𝑒 𝑢𝑒
1

{ℎ𝑐 (𝑇𝑐 ) = 2 𝑢𝑒2 + ℎ𝑒 (𝑇𝑒 )
𝑠𝑐 (𝑝𝑐 , 𝑇𝑐 ) = 𝑠𝑒 (𝑝𝑒 , 𝑇𝑒 )

(5)

𝐹 = 𝑚̇𝑢𝑒 + (𝑝𝑒 − 𝑝𝑎 )𝐴𝑒

(6)

and

where A, F, 𝑚̇, p, h, s, and u refer to area, thrust, mass flow rate of propellant, pressure, specific enthalpy, entropy,
and velocity, respectively, and the subscripts a, c, and e refer to ambient, combustion chamber, and nozzle exit,
respectively.

B. c* Efficiency Model
After calculating the ideal performance, c* efficiency is evaluated with a simple method by modifying that for
liquid rocket propulsion. For liquid propulsion, c* efficiency is typically evaluated by a characteristic chamber length
L* [15] to relate mixing and chemical reaction rates with the design of the combustion chamber. The propellants
injected into the combustion chamber need a residence time 𝜏𝑖 to achieve a sufficient c* efficiency near to chemical
equilibrium there. This reference residence timescale 𝜏𝑖 can be approximated by the corresponding reference chamber
volume 𝑉𝑐 𝑖 , a density of the product gas 𝜌𝑐 , propellant mass flow rate 𝑚̇, nozzle throat area At and mass flux at nozzle
throat Gt:
𝜏𝑖 ~

𝑉𝑐 𝑖
𝑚̇ /𝜌𝑐

𝑉

= ( 𝑐)

𝜌𝑐

𝐴𝑡 𝑖 𝐺𝑡

= 𝐿∗𝑖

𝜌𝑐

(7)

𝐺𝑡

where L*= Vc/At. When the thermodynamic state of the chamber gaseous flow is represented by that at chemical
equilibrium, the perfect gas state equation, Eq. (4), and Eq. (7) provide the reference characteristic length L*i based
on 𝑉𝑐 𝑖 as
𝐿∗𝑖 ~𝜏𝑖 √𝛾𝑅𝑐 𝑇𝑐 (

2
𝛾+1

)

𝛾+1
𝛾−1

(8).

Originally, the timescale 𝜏𝑖 should include both the diffusion and kinetic timescale in liquid propulsion, but the
latter should be dominant for engines with well-designed injectors. Therefore, 𝜏𝑖 is approximately determined by the
fuel and oxidizer so that the scale of L*i can be approximately estimated by 𝜏𝑖 related to the time constant of the
chemical reaction and the equilibrium thermodynamic state of the product gas, that is dependent on O/F ratio.
Assuming that the gaseous velocity in the combustion chamber with L*i is the same as that in the chamber with L*,
actual-to-ideal residence time ratio is roughly expressed by
𝜏𝑠𝑡𝑎𝑦 /𝜏𝑖 ~𝐿∗ /𝐿∗𝑖 ≡ 𝐿̅∗

(9)

where 𝜏𝑠𝑡𝑎𝑦 refers to actual residence time. Here, we assumed that c* efficiency is equivalent to the completeness to
the reaction without considering heat loss. If the combustion is characterized by a first-order reaction, c* efficiency
𝜂𝑐 ∗ is roughly estimated by
𝜂𝑐 ∗ =

𝑐∗
𝑐𝑖∗

= 1 − exp(−𝑘𝜏𝑠𝑡𝑎𝑦 ) = 1 − exp {−(𝑘𝜏𝑖 )

𝜏𝑠𝑡𝑎𝑦
𝜏𝑖

} ≈ 1 − exp(−𝑘̅ 𝐿̅∗ )

(10)

where k and 𝑘̅ refer to reaction rate constant and that normalized by 𝜏𝑖 , respectively. This c* efficiency model was
validated with an experimental result of a liquid rocket engine with Aerozine-50 and N2O4 [15]. Fig. 2 a) shows that

Eq. (10) for 𝑘̅ = 6.6 approximated the test results well. Here we should note that the two largest experimental results
had a larger c* than the theoretical value calculated by NASA CEA [12], 1736.9 [m/s]. Therefore, the largest c* in
Ref. [15] and the corresponding L* were assumed to be the c* with the 100% c* efficiency and L*i, respectively.
Conversely, for hybrid rocket propulsion, it is said that the boundary layer combustion in hybrid rockets is rather
dominated by the diffusion timescale in the turbulent boundary layer [16], which is an order of magnitude higher than
the kinetic timescale [16]:
𝜏𝑖 ~ {

10−2 − 10−1 [𝑠]
10−3 − 10−2 [𝑠]

(Diffusion timescale)
(Gaseous kinetic timescale)

(11).

Equation (11) says that L*i of hybrid rocket engines can be up to 100 times larger than that of well-designed liquid
rocket engines. Moreover, there can be a substantial upper limit of c* efficiency in axially-injected wax-based hybrid
rockets. Figure 2 b) shows the two datasets of c* efficiency of the axially-injected wax-based hybrid rockets by
Nakagawa et al. [17] and Karabeyoglu et al. [9]. Here it should be noted that 𝐿̅∗ was evaluated with the L*i of 10 times
longer length than that for liquid rocket engines with liquid oxygen and RP-1 [15] because Ref. [17] did not show
detailed results like each O/F ratio and regression rate. L* was evaluated with L* = (𝜋rp2Lsf+2Vpc)/(2At) assuming that
the fuel is injected at the center of the fuel port. These two datasets seemed to draw a smooth curve, however, c*
efficiency reached just 0.88 even when the 𝐿̅∗ is 0.7 to 0.8. In this paper, in order to express the substantial upper limit,
Eq. (10) was modified as
𝜂𝑐 ∗ = 𝜂𝑐 ∗ ∞ {1 − exp(−𝑘̅𝐿̅∗ )}

(12)

where 𝜂𝑐 ∗ ∞ is the substantial upper limit of c* efficiency. This approximation fits the experimental data better than
Eq. (12), and the resultant values of 𝜂𝑐 ∗ ∞ and 𝑘̅ were 8.25 × 10−1 and 20.3, respectively. Our model is intended to
simply apply the c* efficiency of liquid propulsion for that of hybrid rocket propulsion with the diffusion timescale,
but this estimation succeeded in the rough estimation. Considering the difference in 𝜏𝑖 used in the analyses, the 𝑘̅ of
20.3 is 3.25 times larger than for liquid rocket propulsion, which is within the difference of the order of magnitude
between the two time scales.
c* efficiency depends also on geometric swirl number [5] because the circumferential velocity component enhances
the mass transfer in the boundary layer, and the centrifugal force driven by the swirling flow transports the unburned
propellants with large densities toward the wall of the port. c* efficiency of lab-scale SOFTs with paraffin and gaseous
oxygen [18] is also plotted in Fig. 2 when Sg = 19.4. The SOFTs had high c* efficiencies; more than 90% even when

𝐿̅∗ < 0.2. In this study, Eq. (12) was further modified to empirically approximate this effect by assuming 𝜂𝑐 ∗ ∞ is a
linear function of Sg. The linear sensitivity to Sg was chosen because of the lack of experimental data for various Sg.
The modified function is
𝜂𝑐 ∗ = min ((𝛼𝑆𝑔 + 𝜂𝑐 ∗ ∞ ){1 − exp(−𝑘̅ 𝐿̅∗ )}, 1)

(13)

where 𝛼 is 8.03 × 10−3 as a result of curve fitting. This curve fitting agreed well with both experimental data of the
axial and swirling hybrids as shown in Fig. 2 b), and 𝜂𝑐 ∗ converges to 9. 81 × 10−1 when 𝐿̅∗ → ∞ and 𝑆𝑔 = 19.4.
In the flight simulation code, L* in Eq. (13) is replaced by using fuel port diameter rp because the fuel is injected
over the solid fuel port. Here L*pc refers to the characteristic length of the post-chamber. Finally, the c* efficiency
model used in the flight simulation code is summarized in the following set of equations:
𝜂𝑐 ∗ = min ((𝛼𝑆𝑔 + 𝜂𝑐 ∗ ∞ ){1 − exp(−𝑘̅𝐿̅∗ )}, 1)
2

𝜋𝑟𝑝 𝐿𝑠𝑓 +2𝑉𝑝𝑐
𝐿̅∗ =
∗

𝑐𝑖∗

{

=

2𝐴𝑡 𝐿𝑖
𝑝𝑐 𝑖

(14).

𝐴𝑡 𝑚̇

𝐿∗𝑖 = 10−2 √𝛾𝑅𝑇𝑐 (

2
𝛾+1

)

𝛾+1
𝛾−1

C. Nozzle Throat Erosion Model
Here we develop a chemical erosion model of the nozzle throat simple enough to use in flight simulation codes of
hybrid rockets. Hybrid rocket propulsion tends to have larger erosion rates of the graphite nozzle throat than solid
propulsion because mole fractions of chemical species which oxidize graphite are larger than those for solid propulsion.
Chemical erosion was only considered here because condensed phase species should scarcely be included in the
resultant product after the chemical reaction assuming a high c* efficiency. The dependency of the throat erosion rate
on swirl number was ignored in this paper because 1) the high baseline of regression rates of wax-based fuels was
expected to require small geometric swirl numbers in the flight simulation, compared to the test conditions of the only
available data we found [19]; 2) the erosion rates of Ref. [19] measured only the time-averaged values and did not
measure the throat surface temperature, which is an important factor to determine erosion rates.
Throat erosion rates mainly depend on chamber pressure (or mass flux at the throat) and O/F ratio because throat
erosion rate is considered to be determined by the balance between the supply of oxidizing species to the concentration

boundary layer due to molecular diffusion and the chemical reaction of the solid graphite with the oxidizing species
at the wall as shown in Fig. 3. In the field of solid rocket propulsion with hydrocarbon fuels, chemical erosion of
nozzle throat at thermal equilibrium state in combustion flows is dominated by the following 5 chemical reactions
[20] as
C(s) + CO2 → 2CO
1

C(s) + O2 → CO
2

C(s) + H2 O → CO + H2
C(s) + OH → CO + H
{
C(s) + O → CO

(15).

In this paper, the molecular diffusion model by Delaney et al. [21] was adopted to evaluate the molecular flux of
the oxidizing species to the throat wall. This model is a simplified one-dimensional Fick’s law [22] to calculate the
molecular flux in the concentration boundary layer:
𝑁𝑖 = −𝑐𝐷𝑖,𝑎𝑖𝑟

𝑑𝑥𝑖
𝑑𝑧

+ 𝑥𝑖 (𝑁𝑖 + 𝑁𝑗 )

(16)

where c, N, and x refer to molecular density, molecular flux, and molecular fraction, and the subscripts i and j refer
to oxidizing species and product species, respectively. Di,air refers to the binary diffusion coefficient between an
oxidizing species i and the burnt gas, but it was substituted by the diffusion coefficient in the air in their study. In
addition to this rough approximation, the second term on the right hand side was approximated into the above form
though it should be the total molecular flux of all the species for the simplicity of calculations. We also followed these
approximations for the fast calculation. The diffusion coefficients were estimated using the references [23] and [24].
When the diffusion coefficients were estimated, the temperature of the core flow at the throat was replaced by a 5%
higher value than the actual calculation to account for temperature recovery in the compressible boundary layer. The
exact solution of Eq. (16) is
𝑐𝐷𝑖,𝑎𝑖𝑟

𝑁𝑖 = {

ln (

𝛿

1+𝑥𝑖0
1+𝑥𝑖𝑤

𝑐𝐷𝑖,𝑎𝑖𝑟
𝛿

)

(O2 , CO2 , H2 O, OH)

(𝑥𝑖0 − 𝑥𝑖𝑤 )

(17)

(O)

where 𝛿 refers to concentration boundary layer thickness, and the subscripts 0 and w refer to boundary conditions at
the outer edge of the concentration boundary layer and the wall, respectively. The boundary condition at the outer
edge was given by the result of the Gibbs Energy minimization under the sonic condition. Delaney et al. [21] evaluated
𝛿 using the Gilliland-Sherwood equation [25] as
𝐷𝑡
𝛿

= 0.023𝑅𝑒0.81 𝑆𝑐0.44

(18)

̅ ), and 𝑀
̅ refers to the
where Reynolds number Re and Schmidt number Sc are defined as DGt/𝜇 and 𝜇/(𝐷𝑖,𝑎𝑖𝑟 𝑀
averaged molecular weight of the core flow.
The oxidizing species fed by the molecular diffusion react at the wall of the nozzle throat with their finite reaction
rates. Here, the chemical reaction rate by Chelliah et al. [20] was adopted for the chemical reaction model. This model
gives the mass flux of i-th oxidizing species reacting at the throat surface:
𝑘 𝑝 𝑌
𝐺𝑒 1 = 1 1 +𝑘3 𝑝1 (1−𝑌)
1+𝑘2 𝑌

𝑌=(1+

(19)

𝑘4 −1
)
𝑘3 𝑝1

𝑛𝑖
(𝑖=2~5,𝑗=𝑖+3)

{𝐺𝑒 𝑖=𝑘𝑗 𝑝𝑖

where 𝐺𝑒 𝑖 and pi refer to i-th reacting mass flux and partial pressure, respectively. kj refers to a rate constant for each
reaction modeled by the Arrhenius equation as
𝑏𝑗

𝑘𝑗 = 𝐴𝑗 𝑇𝑤 exp (−

𝐸𝑗
𝑅𝜇 𝑇𝑤

)

(20)

where Aj, bj, and Ej are constants for each reaction. These parameters are listed in reference [20].
The balance between Eq. (17) and Eq. (19) with the stoichiometric ratios of the reactions Eq. (15) provides the
following equations to solve the unknown variables xiw at the quasi-steady state:
𝑘1 𝑝𝑡 𝑥𝑂2 𝑤 𝑌
1+𝑘2 𝑌

+ 𝑘3 𝑝𝑡 𝑥𝑂2 𝑤 (1 − 𝑌) = 2𝑀𝑐

𝑘𝑗 (𝑝𝑡 𝑥𝑖𝑤 )𝑛𝑖 = 𝑀𝑐
{

𝑐𝐷𝑖,𝑎𝑖𝑟
𝛿

ln (

𝑘𝑗 (𝑝𝑡 𝑥𝑂𝑤 )𝑛𝑂 = 𝑀𝑐

1+𝑥𝑖0

1+𝑥𝑖𝑤
𝑐𝐷𝑂,𝑎𝑖𝑟
𝛿

)

𝑐𝐷𝑂2 ,𝑎𝑖𝑟
𝛿

ln (

1+𝑥𝑂2 0

1+𝑥𝑂2 𝑤

)

(CO2 , H2 O, OH)

(21)

(𝑥𝑂0 − 𝑥𝑂𝑤 )

where Mc refers to the molecular weight of the graphite nozzle throat. The resultant throat erosion rate 𝑟̇𝑡 is calculated
from 𝐺𝑒 𝑖 yielded by Eq. (17):
𝑟̇𝑡 = ∑5𝑖=1

𝐺𝑒 𝑖
𝜌𝑛

(22)

where 𝜌𝑛 refers to the density of the graphite nozzle throat and was 1.7 × 103 [kg/m3] in our code.
Our erosion model was validated with the experimental results of Kamps et al. [26]. They estimated throat erosion
rates for various O/Fs using their test results of hybrid rocket motors. The concept of their technique is to estimate the
performance histories unable to be acquired directly by measurement systems over a burn by using a linear regression
of a test using directly measured data and NASA CEA [13] under the assumption of a constant c* efficiency. Their
research is characterized also by estimating instantaneous erosion rates for various instantaneous equivalence ratios
from a single test positively utilizing O/F shifts of hybrid rocket motors. Our model was validated with the two test

results during which the instantaneous equivalence ratio crossed the stoichiometric ratio. Our calculation was carried
out with the averaged throat diameter and the averaged chamber pressure listed in their paper.
Figures 4 a) and b) show the comparisons of erosion rates between our erosion model and the experimental results.
These figures show the calculation results with the throat surface temperature from 2000 to 3250 [K] because the
experiments did not measure or evaluate throat wall temperature. Most of the test results were distributed in the range
of the calculation results between 2000 [K] to 2750 [K], which is a reasonable range of throat surface temperature.
Our calculation results assuming constant wall temperatures showed smaller sensitivities to equivalence ratio than the
test results. This is probably because the burn time was only a few seconds – not enough to reach a heat equilibrium
so that the throat surface temperature increased over the test. This explanation is supported by the description in their
paper [26] that all the tests started from the largest equivalence ratio and finished at the smallest equivalence ratio.
This also explains the good agreement of the test results in the low equivalence ratios with the calculation results with
high throat surface temperatures. This comparison showed that our simple model agreed well with the experimental
results of nozzle throat erosion. In the flight simulations, we used the throat erosion model with the throat surface
temperature of 3000 [K] to maximize the effect of throat erosion on performance.

IV.

Conceptual Design of Hybrid Sounding Rockets

Flight simulations require external dimensions of rockets to calculate aerodynamic drag. For launching rockets,
the volumes of propulsion subsystems including propellant tanks dominantly affect the external dimensions. On the
other hand, for hybrid rockets, the dimensions of the solid fuel grain strongly affect the maximum thrust-to-weight
ratio because thrust is restricted by fuel port surface area and port cross-sectional area. In this section, a simple method
is developed to calculate the external dimensions of the oxidizer tank and solid fuel grain satisfying the required aspect
ratio of the propulsion subsystem and thrust-to-weight ratio.

A. Assumptions and Given Parameters
In this paper, we assume that the hybrid sounding rockets have a 2100 [kg] gross mass with a 100 [kg] payload.
These specifications were intended to size rockets on the same scale as S-520 sounding rocket series, which have been
the most often-launched type of sounding rockets in Japan, and its open specifications [27] enabled us to assume
parameters to be given and compare the dimensions sized with S-520 series. The scaled-down rockets with one-third
and one-ninth gross mass were also simulated to investigate the scaling effects of the factors dependent on O/F shifts

such as ideal propulsive performance, c* efficiency, and throat erosion rate. The gross masses of these scaled-down
rockets are similar to those of S-310 and S-210 Japanese sounding rockets [28], respectively.
Figure 5 shows the assumed configuration of the stored propellant. This paper does not consider the volumes of
the payload or structures of the rocket because our one-dimensional flight simulation only requires the cross-sectional
area of the rocket for the calculation of aerodynamic drag. Moreover, we also ignored the dimensions of the thickness
of the motor case and oxidizer tank, and their dimensions were calculated only from the occupied volumes by the solid
fuel, fuel port, and oxidizer stored in the liquid state. Pre- and post-chambers are important for high c* efficiency in
hybrid rocket propulsion, these components were also ignored in the conceptual design phase in this paper. This is
also because their design criteria have not been established especially for swirling hybrids. Moreover, according to
the investigation of swirling wax hybrids by Saito et al. [18], the fuel port volume gives a 6 times larger impact on c*
efficiency than the post-chamber volume due to the low velocity and long staying time of propellants in the fuel port.
The outer radius of the solid fuel grain, 𝑟𝑜𝑢𝑡 , was assumed to be equal to that of the oxidizer tank.
We selected paraffin wax and gaseous oxygen as the propellants, and the gaseous oxygen was assumed to be stored
in the liquid phase. The liquid oxygen was assumed to be vaporized by any subsystems like a regeneratively-cooled
nozzle [29], but the mass or volume of the vaporizing subsystem was not modeled here. The propellant mass ratio of
0.714 was assumed to simplify the conceptual design and common to all the rockets in this study, though this parameter
actually depends on the maximum load in the flight and the dimensions of the rocket. The total aspect ratio including
the fuel grain and the oxidizer tank was also assumed to range from 7 to 16. The aspect ratios of the solid rocket motor
of S-520 is included in this range [28]. (The specifications of the motors in the other sounding rockets are not published
by the Institute of Space and Astronautical Science, JAXA, but at least the rocket motor of S-310 has an aspect ratio
in this range, estimating from the official schematics of S-310.) Initial port to throat diameter ratio, 𝜑𝑖𝑛 , and the
maximum oxidizer mass flow rate, 𝐺𝑜 𝑚𝑎𝑥 , are also important parameters which restrict initial thrust and filling rate
of the solid fuel. Here we selected the constant 𝜑𝑖𝑛 of 2, which is a conservative value but enables us to ignore the
gaseous velocity in the chamber for liquid propulsion [30]. We assumed 𝐺𝑜 𝑚𝑎𝑥 = 350 [kg/m2s] to prevent “flooding
phenomena [3]”, which refer to blowing out of the flame on the solid fuel. There were no detailed studies on these
phenomena found, but Go from 350 to 700 [kg/m2s] is regarded as the upper limit of a practical design of hybrid rocket
motors [3]. For the firing tests of the large-scale axial hybrids using paraffin and gaseous oxygen [9], the largest
oxidizer mass flux was approximately 370 [kg/m2s]. We assumed that the motor operates at the maximum oxidizer

mass flux, 𝐺𝑜 𝑚𝑎𝑥 , at lift-off because it is known that the maximum thrust of the rocket at lift-off provides the highest
altitude for the rocket [30]. The flight simulations were performed at the O/F ratios of the gross propellants from 1.6
to 2.1 by 0.1. For simplicity, in this design phase, the specific impulse of 280 [s] was assumed for all the simulations.
This is the theoretical sea level specific impulse of paraffin wax and oxygen when O/F ratio is 2.0, the chamber
pressure is 3 [MPa], and the nozzle expansion ratio of 5. This temporal value of 280 [s] was used only for the scaling
of the thrust-to-weight ratio of the propulsion system at lift-off. The nozzle expansion ratio of 5 was selected to avoid
nozzle flow separation at deep throttling.

B. Constraints to Dimensions of a Rocket
Next, the aspect ratio – including the oxidizer tank and the solid fuel grain – and the initial thrust-to-weight ratio
were calculated using the given parameters and assumptions set in the above subsection.
Let us define solid fuel outer radius to throat radius ratio, 𝜑𝑜𝑢𝑡 = rout/rt, as well as 𝜑𝑖𝑛 . The initial mass of the solid
fuel, msf, and the oxidizer, mo, are expressed as
{

2
2
)𝑟𝑡2 𝐿𝑠𝑓
𝑚𝑠𝑓 = 𝜋𝜌𝑠𝑓 (𝜑𝑜𝑢𝑡
− 𝜑𝑖𝑛
2
2
𝑚𝑜 = 𝜌𝑜 𝜋𝜑𝑜𝑢𝑡 𝑟𝑡 𝐿𝑜

(23)

where Lsf, Lo, 𝜌𝑠𝑓 , and 𝜌𝑜 refer to the lengths of the solid fuel grain and the oxidizer tank and the densities of the solid
fuel and the oxidizer, respectively. These variables and Eq. (3) provide the O/F ratio of the product gas at the lift-off
(O/F)i as
𝑂

( ) =
𝐹 𝑖

1
𝜑𝑖𝑛𝑟𝑡 𝐺𝑜 1−𝑛
𝑚𝑎𝑥
𝑛
2𝜌𝑠𝑓 𝑎0 (1+𝑆𝑔2 ) 2 𝐿𝑠𝑓

(24)

where the motor was assumed to operate at the oxidizer mass flux of 𝐺𝑜 max . Eliminating Lsf in Eq. (24) with Eq. (23)
enables us to express rt with the three unknown variables 𝜑𝑜𝑢𝑡 , Sg, and (O/F)i:
1

𝑟𝑡 = {

𝑛
2𝑎0 (1+𝑆𝑔2 ) 2 𝑚𝑠𝑓 (𝑂/𝐹)𝑖 3

2 −𝜑2 )𝜑 𝐺 1−𝑛1
𝜋(𝜑𝑜𝑢𝑡
𝑖𝑛 𝑖𝑛 𝑜 𝑚𝑎𝑥

}

(25).

When the O/F ratio of the gross propellants is assumed to be equal to (O/F)i, Eqs. (23)-(25) provide the aspect ratio
of the propulsion subsystem including the fuel grain and the oxidizer tank AR:

𝐴𝑅 =

𝐿𝑠𝑓 +𝐿𝑜
2𝑟𝑜𝑢𝑡

=

𝜑𝑖𝑛
𝐺 1−𝑛1
𝜑𝑜𝑢𝑡 𝑜 𝑚𝑎𝑥
𝑛
𝑂
4( ) 𝜌𝑠𝑓 𝑎0 (1+𝑆𝑔2 ) 2
𝐹 𝑖

+

2
𝜑𝑖𝑛
𝜑
1
{1−(𝜑 𝑖𝑛 ) }𝐺𝑜 1−𝑛
𝑚𝑎𝑥
𝜑𝑜𝑢𝑡
𝑜𝑢𝑡
𝑛
4𝜌𝑜 𝑎0 (1+𝑆𝑔2 ) 2

(26).

This equation suggests that AR has the two degrees of freedom of 𝜑𝑖𝑛 /𝜑𝑜𝑢𝑡 and Sg under the given assumptions and
parameters. These two variables also give the initial thrust-to-weight ratio (F/W)i and the density of the propellants
averaged over the tank and the combustion chamber:

(𝐹/𝑊)𝑖 =

2 {1+(𝑂/𝐹) }
𝜋𝐺𝑜 𝑚𝑎𝑥 𝜑𝑖𝑛
𝑖
𝑟𝑡2 𝐼𝑠𝑝
𝑚𝑖 (𝑂/𝐹)𝑖

=

𝜌𝑎𝑣𝑒 =

1
𝜋3 𝐼𝑠𝑝 {1+(𝑂/𝐹)𝑖 }

𝑚𝑖 (𝑂/𝐹)𝑖

𝑛𝑠

1
𝑛𝑜 +
2

{2𝑚𝑜 𝑎0 (1 + 𝑆𝑔2 ) 𝐺𝑜 𝑚𝑎𝑥

𝜑𝑖𝑛 2
) }
𝜑𝑜𝑢𝑡
2
𝜑
𝜌𝑜
+(𝑂/𝐹)𝑖 {1−( 𝑖𝑛 ) }
𝜌𝑠𝑓
𝜑𝑜𝑢𝑡

1+(𝑂/𝐹)𝑖 {1−(

𝜌𝑜

2
𝜑
( 𝑖𝑛 )
𝜑𝑜𝑢𝑡

1−(

𝜑𝑖𝑛 2
)
𝜑𝑜𝑢𝑡

2
3

}

(27)

(28)

where 𝑚𝑖 refers to the initial mass of the rocket, and 𝐼𝑠𝑝 was assumed to be 280 [s] as discussed in the previous
subsection.
Figure 6 shows the relation among Sg, (F/W)i, and AR for the total mass of 2100 [kg] and the gross propellant O/F
of 2.0. The black curves show that there are two solutions of 𝜑𝑖𝑛 /𝜑𝑜𝑢𝑡 for an AR, but we only discuss the smaller
solutions because the larger solution gives quite a small effective density. This figure also shows that Sg at the lift-off
larger than 8 gives too small an AR for a sounding rocket. The maximum aspect ratio is 7.73 for Sg = 8.0 whereas the
𝐴𝑅 of S-520 is 10.3, but small Sg does not give controllability of regression rates against O/F shifts to the fuel-rich
direction. Thus, we selected the dimensions of the rocket assuming (Sg, (F/W)i)=(6.0, 10). This assumption gave the
AR from 6.2 to 9.1 for the three scales of sounding rockets. The dimensions and aspect ratios of the three scales of the
rockets are shown in Figs. 7 a) and b). Figure 7 b) also shows the constant Sg of the O/F-uncontrolled types to consume
both fuel and oxidizer at the engine cut-off. The method to calculate this parameter is explained in the next section.

V.

Flight Simulation

This section presents the flight dynamics model of rockets and the thrust control law necessary to calculate
trajectories after defining the problem of the flight simulations. The actual block diagram of the flight simulation code
and the calculation conditions of the rockets are also explained here.

A. Problem Setting
The objective of the flight simulation is to evaluate the effects of O/F shifts on flight performance under the
nominal fuel regression behavior. This kind of O/F shift is expected to affect only the propulsive performance
including the enthalpy of the productive gas, nozzle throat erosion, and c* efficiency. We simulated 6 different gross

O/F cases from 1.6 to 2.1 for both O/F-controlled and -uncontrolled hybrid rockets. These two types of hybrid rockets
are capable of thrust control. For the O/F-uncontrolled rockets, the program finds a constant geometric swirl number
Sg to spend all fuel and oxidizer at the engine cut-off. This adjustment of Sg allows eliminating the effects of propellant
residuals on flight performance. The flight simulations were performed for the three scales of rockets with the gross
masses of 2100, 700, and 233 [kg] to evaluate the scale-effects on the performance loss due to O/F shifts. These three
scales correspond to the Japanese sounding rocket series S-520 [27], S-310, and S-210 [28], respectively.

B. Ambient Conditions and Flight Dynamics Models
This simulation assumed one-dimensional vertical motions of a mass point representative of a rocket launched at
sea level. Thus, gusts of wind or Coriolis force due to the spin of the earth was ignored here. Aerodynamic drag and
gravity were assumed as the external forces exerted to the mass point. The International Standard Atmosphere (ISA)
model [32] was used for the atmosphere model to calculate the ambient pressure. The constant standard gravity g of
9.80665 [m/s2] at sea level was used for the gravity model. The magnitude of the gravity is important to determine the
target throttling ratio but gravity models precise to the altitude direction are not essential for this simulation because
the altitude during the powered flight was less than 50 [km], corresponding to less than 1.6% increase from the
universal gravitation model. For the aerodynamic drag model, we used a simple drag model proposed by Akiba et al.
[33].

C. Thrust and Mixture Ratio Control
In the flight simulations, the thrust was controlled to increase the altitude, but re-ignition of the engine was not
accepted as most single-stage sounding rockets do not have such capability. This thrust control is also intended to
evaluate the effects of O/F shifts in deep throttling on the nominal propulsive performance of hybrid rockets.
The problem setting of our simulations is quite similar to that of the Goddard problem [34]. In the idealized
Goddard problem with a constant specific impulse and the throttle ratio from zero to the maximum, it is easy to find
the candidates of the optimal control law: bang-bang control and throttling to maintain a singular surface, however,
the retrieval of the global solution is significantly difficult due to the practically infinite combinations of these
candidates [31].
On the other hand, we have a complicated problem setting that there is a lower limit of throttling and a shift in
specific impulse. The lower throttling limit depends on O/F ratio and ambient pressure to avoid nozzle flow separation,

and the specific impulse depends on propellant mass flow rate, O/F ratio, and ambient pressure mainly due to the
character of the divergent nozzle. This lower limit of throttling should be the lower part of the bang-bang control in
our problem setting, however, the latter condition provides a large complexity for the problem because the dependence
of the specific impulse on the state variables eventually require the consideration of the rate of throttling in addition
to the matrix of second-order partial differentials of specific impulse for the calculation of the throttling maintaining
the singular surface. For simplicity, our simulations use the control law maintaining the singular surface assuming a
constant specific impulse to avoid the difficulty in solving this complicated problem. This control law also gives far
better performance than the constant 100% throttling ratio and is useful to evaluate the effects of O/F shifts in the
thrust curve including deep throttling.
Our throttling law that we applied uses a function of state vector f(x) to evaluate whether the state vector is above,
on, or beneath the singular surface assuming a constant specific impulse:
𝑓(𝒙) = 1 +

𝐷(𝑥,𝑣)
𝑚𝑔

−

𝐷(𝑥,𝑣)𝑣
𝑚𝑔2 𝐼𝑠𝑝

−

𝜕𝐷(𝑥,𝑣) 𝑣
𝜕𝑣

(29)

𝑚𝑔

where x = (x, v, m)T.
The control law is as follows:
( 𝑓(𝒙) > 𝛿)
𝑚̇max
𝑚̇ = { 𝑚̇min ( 𝑓(𝒙) < − 𝛿)
( |𝑓(𝒙)| ≤ 𝛿)
𝑚̇mid

(30)

where 𝛿 = 10−3 . 𝑚̇mid is determined as

𝑚̇mid = {

𝑚̇𝑠 (𝑚̇min ≤ 𝑚̇𝑠 ≤ 𝑚̇max )
𝑚̇min (𝑚̇𝑠 < 𝑚̇min )
𝑚̇max ( 𝑚̇𝑠 > 𝑚̇max )

(31)

𝑚̇𝑠 is calculated by the following equation:
𝜕𝐷

𝑚̇𝑠 (𝒙) =

𝜕𝐷

𝜕2 𝐷

𝜕𝐷 𝜕𝐷

𝜕2 𝐷

𝜕𝐷
2
2
(𝐷+𝑚𝑔−𝑣 𝜕𝑣 ) (𝐷+𝑚𝑔){(𝐷+𝑚𝑔−𝑣 𝜕𝑣 )(𝐷+𝑣 𝜕𝑣 )+𝑣 𝐷 𝜕𝑣2 }−𝑚𝑣 {(𝑚𝑔−𝑣 𝜕𝑣 ) 𝜕𝑥 +𝑣𝐷𝜕𝑥𝜕𝑣}
2
𝜕𝐷
𝜕2 𝐷
𝑣𝐷
(𝐷+𝑚𝑔) 2 −(𝑣 ) +𝑣 2 𝐷 2
𝜕𝑣

(32).

𝜕𝑣

The details of the derivation and validation of the control law are discussed in Appendix A. We should note that
this control law cannot actually keep the state vector on the singular surface even if the thrust is controlled along with
3) (a) because the specific impulse is not constant during the flight. In the actual flight simulation code, once the rocket
operates with the control law 3) (a), 𝑓(𝒙) is not updated in the following time step until 𝑚̇(𝒙) fulfills the condition

𝑚̇min ≤ 𝑚̇(𝒙) ≤ 𝑚̇max . 𝑚̇min is determined as the mass flow rate satisfying the threshold of the nozzle flow
separation [35]:
𝑝𝑒 sep
𝑝𝑎

1

2 𝑝𝑐 sep −5

= (
3

𝑝𝑎

)

(33)

where 𝑝𝑐 sep and 𝑝𝑒 sep refer to chamber and nozzle exit pressures at the mass flow rate on the separation limit 𝑚̇min ,
respectively.
For the O/F-controlled cases, O/F shifts are eliminated or compensated for by changing geometric swirl number
Sg. The target Sg is analytically calculated from Eq. (2) as
𝑆𝑔2

=

𝑟𝑝 2𝑛1 −1

1

1−𝑛1 𝑛2
{ 1−𝑛1
𝑚̇
}
𝜋
𝑎0 𝜌𝑓 𝐿(𝑂/𝐹) 𝑜

−1

(34)

where Sg2 should be a positive value or zero. When Eq. (34) gives a negative Sg2, the code returns Sg2 = 0, and the O/F
shift is reduced but not eliminated. Sg2 < 0 means the O/F shift exceeded the capability of the O/F shift elimination
using swirling oxidizer injection. Sg actually has an upper limit dependent on the design of the swirling injector and
the performance of the oxidizer supply, and it is around 30 to 50 for gaseous oxygen [36] if the injector does not accept
choking. However, our code did not assume such an upper limit because such a large Sg was not required in our
simulations.

D. Block Diagram of Simulation Program
Figure 8 shows the block diagram of the flight simulation code. At the beginning of the simulation, the program
calculates the dimensions of the rocket from the gross O/F ratio of the propellants and the other design parameters.
The maximum oxidizer mass flow rate is also determined here from the initial port diameter and the maximum oxidizer
mass flux.
At the start of each time step, the code checks that both oxidizer and fuel remain in the rocket. If so, the engine
operates and outputs thrust, the program calculates the throttle range from the altitude of the rocket. The program
determines the target throttle ratio using the f(x) at the last time step and the thrust control law. If the engine was
controlled along with 3) (a) in the last time step, the program continues the throttling with 𝑚̇ = 𝑚̇𝑠 along with 3) (a)
without calculating 𝑓(𝒙) at that time step as long as the 𝑚̇ satisfies 𝑚̇min ≤ 𝑚̇(𝒙) ≤ 𝑚̇max . Otherwise, the program
outputs the target mass flow rate subject to the thrust control law. If the remaining propellants are smaller than the
target throttle, then they are completely used in that time step.

Once the target mass flow rate is determined, the program calculates the engine performance and nozzle throat
erosion rate that are used for the step of the time-integration. The ideal chamber pressure is calculated by the iteration
comparing the result of the Gibbs Energy minimization under the enthalpy-pressure problem [12] and the choking
condition at the nozzle throat with the calculated mass flow rate. The ideal chamber pressure is calculated from the
actual chamber pressure and c* efficiency Eq. (14). The throat erosion rate is calculated using Eqs. (15), (17), (21),
and (22). The boundary condition of the mole fraction at the core flow xi0 is calculated from the Gibbs Energy
minimization with the product gas. In this calculation, the at2/2 is assumed to be used for the specific kinetic energy
from the specific total energy of the product gas. When the O/F control is activated for the O/F-controlled rockets, Eq.
(34) calculating Sg is also included in the iteration to match the O/F ratio of the gas flow in the combustion chamber
with that of the propellants remaining in the rocket at that time step.
In the final part of the time step, the state vector is updated by the time-integration of the following equation of
motion with the fourth-order Runge-Kutta method:
𝑑𝑥
𝑑𝑡
𝑑𝑣
𝑑𝑡

= 𝐹/𝑚 − 𝐷(𝑥, 𝑣)/𝑚 − 𝑔
𝑑𝑚

{

=𝑣

𝑑𝑡

(35).

= −𝑚̇ = −𝑚̇𝑜 − 𝑚̇𝑓

The remaining mass of the oxidizer, the port diameter of the fuel grain, and the throat diameter are also updated with
the Euler method for simplicity and computing time. These time-integrations are carried out with the time interval of
0.01 [s]. At the end of each time step, the function Eq. (29) is updated using the instantaneous specific impulse at that
time step for the following time step.
The powered flight continues until either the fuel or oxidizer is spent out. After the engine cut-off, the free flight
continues until the velocity becomes negative. For the O/F-uncontrolled cases, the constant geometric swirl number
was retrieved to spend both fuel and oxidizer out simultaneously at the engine cut-off.

VI.

Results and Discussion

Figures 9 a) and b) show the apogee above sea level and the specific impulse averaged over the powered flight,
respectively. The O/F-controlled type performed better than the O/F-uncontrolled type for all the conditions. Both
types achieved the best performance in specific impulse with all scales for O/F = 1.9, whereas they reached the highest
apogee at the O/F ratios of 1.8, 1.8, and 1.9 for the gross mass of 233, 700, and 2100 [kg], respectively. The best case
in apogee above sea level was the O/F-controlled type with the gross mass of 2100 [kg] and the propellant O/F ratio

of 1.9, and the rocket reached 254.9[km] altitude and its averaged specific impulse was 226.8[s]. However, the
performance improvement from the O/F-uncontrolled type was relatively small. The increase ratios in apogee and
specific impulse ranged from 4.21% to 8.10% and from 1.95% to 2.44%, respectively. For the gross mass of 233 [kg],
the O/F-controlled type resulted in the averaged specific impulse of 223.8 [s] for O/F = 1.9 and the apogee of 213.8
[km] above sea level for O/F = 1.8 while that for the gross mass of 700 [kg] did in 219.0 [s] and 155.1 [km],
respectively. The detailed summary of the results is shown in Table 1.

A. Time-trace of Results
The differences in the performance of the two types with the gross mass of 2100 [kg] and the gross propellant O/F
ratio of 1.9 are compared in Figs 10–11. Figure 10 shows the time traces of altitude, velocity, and acceleration over
the calculations. These three curves of the two types were quite similar to each other, but the O/F-controlled rocket
reached a higher altitude than O/F-uncontrolled due to the effective use of the propulsive performance. The burn time
for the O/F-controlled type was shorter than O/F-uncontrolled type and took the longer coasting time to apogee. These
trends were observed in all the cases simulated.
Figure 11 a) shows the time-traces of propellant mass flow rate and geometric swirl number. The initial thrust of
the O/F-controlled type was larger than that of the O/F–uncontrolled type because of the lower fuel mass flow rates
of the latter type with the constant Sg of 3.69. This smaller thrust delayed the throttling operation for 0.82 [s]. The state
vector of the O/F-controlled type reached the singular surface at 7.06 [s], but the minimum thrust larger than 𝑚̇𝑠 was
selected due to the nozzle flow separation limit. The state vector reached on the singular surface again at 19.41 [s],
and the throttle ratio of 𝑚̇𝑠 was selected, and finally, the singular surface was maintained until the engine cut-off. The
deepest throttle ratio was 18.4 [%] for the O/F-controlled type compared to 15.2 [%] for the O/F-uncontrolled type.
For the O/F-controlled type, the geometric swirl number ranged from 0.58 to 7.31, and the instant O/F was kept
constant.
Figure 11 b) shows the time traces of throat area expansion ratio, instantaneous O/F ratio, and c* efficiency. O/F
ratio was maintained over the engine operation for the O/F-controlled type but shifted from 1.22 to 2.33 for the O/Funcontrolled type. At the beginning of the launch, O/F shifts occurred to the oxidizer-rich direction due to the low fuel
regression rates and caused throat erosion rates larger than the O/F-controlled type. Conversely, the deep throttling
caused O/F shifts toward the fuel-rich direction, leading to lower throat erosion rate than the O/F-controlled type in
the middle of the engine operation. At the end of the powered flight of the O/F-uncontrolled type, the O/F ratio and

erosion rate were higher than those of the O/F-controlled due to the shallow throttle ratios. Consequently, the O/Fcontrolled type had a total throat erosion slightly larger than the O/F-uncontrolled type. This result is explained by the
slightly larger total impulse and enthalpy of the product gas from the O/F-controlled type. However, the O/F-controlled
type showed the smaller throat expansion ratio averaged by the propellant mass flow rate (3.72 [%]) than the O/Funcontrolled type (4.06 [%]). These results suggest that the O/F-controlled type had a larger total erosion but prevented
the erosion at the large throttle ratios, resulting in the small Isp loss. The c* efficiency changed from 83.0 to 88.4 [%]
according to Sg for the O/F-controlled type but stayed near to the constant value of 85.5 [%] for O/F-uncontrolled type
over the engine operation for the best cases of the gross mass of 2100 [kg]. This complicated result is due to many
factors affecting c* efficiency: instantaneous throat area, fuel port volume, propellant mass flow rate, and O/F ratio.
These results suggest that 𝐿̅∗ was large enough for diffusion over the burns in both cases so that the dominant factor
to determine c* efficiency has become Sg. The weight-averaged c* efficiency by propellant mass flow rate was 85.9
[%] and 85.5 [%] for O/F-controlled and –uncontrolled types, respectively, therefore, the difference in c* efficiency
was also small between the two types of rockets with the scale of S-520. The performance increase in Isp among
enthalpy of the product gas, throat erosion, and c* efficiency is analyzed in more detail in the following subsection C.

B. Scale Effects of Performance
Scale effects were observed in the performance improvements to some degree. The largest performance increase
by the O/F control depended on the scale of rockets: 7.11% in the highest altitude and 2.42% in specific impulse for
233 [kg]; but 4.69% in the highest altitude and 2.04% in specific impulse for 2100 [kg]. This difference should have
correlations with the scale effects of theoretical Isp, c* efficiency, and throat erosion. However, in this subsection, we
only discuss those of the latter two performance factors, and their influence on Isp are discussed in the following
subsection as well as the theoretical Isp increase because the share estimation of performance increase is needed to
reveal each contribution.
The scale effect of throat erosion was considerable in the two factors. This is because the throat erosion rate and
engine operating time were of the same order of magnitude in all the scales so that the nozzle throat expansion ratio
at the engine cut-off increased with decreasing the scale of rockets. For example, for the O/F-controlled type with the
gross mass of 233 [kg], the throat expansion ratio ranged from 19.7 to 32.6% versus 5.23 to 8.88% for 2100 [kg].
Figure 12 a) shows the throat area increase ratio for all the cases simulated. The O/F-controlled type had slightly larger

throat erosion for all the cases compared to the O/F-uncontrolled type, but the difference in throat area expansion was
less than 0.96%. The largest case was for the gross mass of 233 [kg] and the O/F ratio of 2.1.
On the other hand, the scale effect on the weight-averaged c* efficiency by propellant mass flow rate was very
small as shown in Fig. 12 b). The O/F-uncontrolled type had the larger difference in the weight-averaged c* efficiency
between the gross masses of 2100 and 233 [kg], but it was less than 0.15 [%]. The difference between the two types
was rather large, but it was also at most 0.44 [%]. Therefore, c* efficiency was mainly improved by the O/F control,
and the increase of L* was secondly effective and negligible among these three scales.

C. Share Estimation of Increase in Specific Impulse
Here, we estimated the improvement in the ideal specific impulse due to the shifts in unit mass enthalpy of the
product gas and the shares of the loss in specific impulse between c* efficiency and nozzle throat erosion. These shares
were analyzed by combining the rocket engine performance evaluation program with the resultant data of the flight
simulations: the time histories of the state vector, c* efficiency, throat area. We calculated three time-averaged specific
impulses along with the time history of the resultant state vector with the following different conditions of c* efficiency
and throat area: 1) 100% c* efficiency and no throat erosion, 2) c* efficiency history of the flight simulation and no
throat erosion, and 3) 100% c* efficiency and throat erosion history of the flight simulation. We used these three
calculations to separately evaluate the factors affecting the performance. The case 1) was used for the comparison of
the ideal performance between O/F-controlled and –uncontrolled types, and all three cases were used for the share
estimation of the c* efficiency and throat erosion in the Isp loss from the ideal time-averaged Isp. The simulation result
is approximated to first-order accuracy by the following equation using the three cases:
𝑡𝑓

̅̅̅̅
𝐼𝑠𝑝 (𝜂𝑐 ∗ , 𝐴𝑡 ) =

∫𝑡 𝐹(𝒙,𝜂𝑐∗ (𝑡),𝐴𝑡 (𝑡))𝑑𝑡
𝑖

𝑚𝑜 +𝑚𝑠𝑓
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𝑖
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𝐼𝑠𝑝 (1, 𝐴𝑡 𝑖 ) − (𝐼̅̅̅̅
𝑠𝑝 (1, 𝐴𝑡 𝑖 ) − 𝐼𝑠𝑝 (𝜂𝑐 ∗ , 𝐴𝑡 𝑖 )) − (𝐼𝑠𝑝 (1, 𝐴𝑡 𝑖 ) − 𝐼𝑠𝑝 (1, 𝐴𝑡 ))

(36)

where ̅̅̅̅
𝐼𝑠𝑝 refers to time-averaged specific impulse, and thrust was regarded as a function of time traces of state vector,
̅̅̅̅
̅̅̅̅
̅̅̅̅
c* efficiency, and nozzle throat area. The two terms (𝐼̅̅̅̅
𝑠𝑝 (1, 𝐴𝑡 𝑖 ) − 𝐼𝑠𝑝 (𝜂𝑐 ∗ , 𝐴𝑡 𝑖 )) and (𝐼𝑠𝑝 (1, 𝐴𝑡 𝑖 ) − 𝐼𝑠𝑝 (1, 𝐴𝑡 )) refer
to the Isp losses due to throat erosion and c* efficiency, respectively.
Figure 13 a) shows the comparison of the ideal time-averaged specific impulse with the performance losses due to
throat erosion and c* efficiency for the best cases in averaged specific impulse. The first-order approximation of the

time-averaged Isp using Eq. (36) had agreements with the flight simulation results within the 0.15-point error, enabling
us to evaluate the effects of c* efficiency and throat erosion separately. The increase ratios of the O/F control were
1.38, 1.34, and 1.30 [%] for the gross masses of 233, 700, and 2100 [kg], respectively. This figure shows that the
improvement of the unit mass enthalpy of product gas gives 1.3-1.4% increase in the ideal time-averaged Isp with a
small dependence on the scale. This trend is caused by the following mechanism: 1) the smaller the scale of the rocket
is, the smaller the aspect ratio is; 2) the smaller aspect ratio causes the larger throttle range and O/F shifts for O/Funcontrolled types; 3) ultimately, with decreasing the scale, O/F-uncontrolled types lose the time-averaged specific
impulse by more percent. Moreover, this trend should be influenced also by the averaged ambient pressure under
which the engine operated. This parameter affecting the nozzle performance also depends on the aspect ratio and
aerodynamic drag.
Figure 13 a) also shows the results of the share estimation of c* efficiency and throat erosion in the Isp loss for both
types. The Isp loss of c* efficiency was dominant in these two factors for all cases analyzed, but its scale effects were
negligible – less than 0.4 [%] compared to the scale of the Isp loss. The corresponding Isp loss was 16.1 to 16.4 [%]
and 16.7 to 17.1 [%] for O/F-controlled and –uncontrolled types. The Isp loss fraction of throat erosion was negligible,
but small-scale effects were observed there as well as in the ideal time-averaged Isp due to the difference of L*. The
smaller L* resulted in large Isp losses of 1.43% and 1.56% for the O/F-controlled and -uncontrolled types with the
gross mass of 233 [kg], respectively, and the Isp loss for 2100 [kg] was improved down to 0.39 and 0.41 [%],
respectively.
Figure 13 b) shows the contribution of the improvement in the time-averaged Isp by adopting the O/F control. The
total increase was 5.18, 4.78, and 4.54 [s] for the gross masses of 233, 700, and 2100 [kg]. This improvement is mainly
from ideal specific impulse (3.62, 3.57, and 3.49 [s], respectively), secondly from c* efficiency (1.25, 1.09, and 0.990
[s], respectively), and that of throat erosion gave negligible improvements of 0.298, 0.121, and 0.0551 [s], respectively.
In the total increase of Isp, the improvement of theoretical Isp had the largest share from 70.0 to 77.0 [%], and it should
be noted that the improvement of c* efficiency also had a significant share of 21.8 to 24.3 [%] in the whole Isp increase.
However, a detailed discussion is needed on the impact of c* efficiency in the future because this improvement is
unique to the O/F control with swirling injection, and its share decreased with increasing the scale of rockets. Moreover,
practically, well-designed post-chambers with any mixing enhancer like baffle plates may enable high c* efficiency

near to 100 [%]. Throat erosion had a barely meaningful 5.75 [%] contribution to the Isp increase for the smallest scale,
but the share was down to 1.21 [%] for 2100 [kg], a negligible impact due to its scale effect.
Therefore, we can conclude that O/F control applying swirling injection gives 2.04 to 2.42 [%] increase in the
time-average Isp in the scale of rockets from S-210 to S-520 series mainly due to the improvement of the unit mass
enthalpy of the product gas and c* efficiency. The contributions of these factors are approximately 70 to 77 [%] and
22 to 24 [%], and the throat erosion had a very small contribution of less than 6% only for the smallest scale of S-210.

VII.

Conclusions

This paper evaluated the improvement of flight performance by applying the O/F-controlled hybrid propulsion for
single-stage sounding rockets as a complex practical problem of hybrid rocket propulsion, assuming the nominal fuel
regression behavior. The flight simulations included the calculation models of the three factors affected by O/F shifts.
The two of them, c* efficiency and throat erosion, were validated with experimental results.
The flight simulations were performed for the O/F-controlled and –uncontrolled types with the three scales of the
gross mass and the propellant O/F ratio ranging from 1.6 to 2.1. The O/F-controlled rockets performed better than the
O/F-uncontrolled rockets both in specific impulse and apogee for all the conditions. The differences between the two
types were from 1.95 to 2.44 [%] in specific impulse and from 4.21 to 8.10 [%] in the highest altitude, respectively.
The performance improvement slightly decreased with increasing the scale of rockets mainly due to the improvements
of the ideal specific impulse, c* efficiency, and throat erosion of the O/F-uncontrolled type. The O/F-controlled type
had the larger weight-averaged c* efficiency by propellant mass flow rates than the O/F-uncontrolled type, not due to
the increase of 𝐿̅∗ but due to large Sg in high throttling operations. The final throat area of the O/F-controlled type was
larger than that of O/F-uncontrolled type for all cases, but the O/F control gave the smaller weight-averaged throat
area.
Scale effects were observed in throat erosion but negligible for c* efficiency. The total throat expansion ratio for
the O/F-controlled hybrid rockets with the scale of S-210 was 14.2-23.8 % larger than that for the scale of S-520
because the scale of throat erosion rates did not depend on the scale of rockets. The differences of the weight-averaged
c* efficiency by propellant mass flow rates were less than ±0.15 [%] between the scales of S-210 and S-520 because
L* was large enough for the sufficient staying time.

For the scale of S-210, approximately 70% of the total performance improvement was attributed to the elimination
of enthalpy shifts, and 24% was due to the improvement of c* efficiency. The remaining improvement was the
contribution of the improvement of throat erosion, but it was less than 0.3 [s] in specific impulse. With increasing the
scale, the contribution of the elimination of enthalpy shifts to the Isp improvement increased, and its share became
approximately 77 [%] for 2100 [kg]. The contribution of c* efficiency improvement was secondarily significant up to
approximately 24 [%] but slightly decreased the share with increasing the scale down to approximately 22 [%] for
2100 [kg]. However, the implementation of mixing enhancers like baffle plates may eliminate such large contributions
of c* efficiency improvement because the improvements observed in the simulations were mainly due to the use of
strong swirl in large throttling operations of O/F-controlled rockets. The contribution of throat erosion improvement
to Isp improvement was negligible -- less than 5.5 [%] -- corresponding to the increase by 0.298 [s] in this range of the
scale.
As a conclusion, this paper clarified that O/F control in hybrid rocket propulsion improves the flight performance
of sounding rockets by 1.2 to 2.7% in the averaged specific impulse for the median fuel regression behavior without
any uncertainty in fuel regression. These small performance increases can be canceled out by the increase in the
structural mass of a more complex oxidizer feed system of O/F-controlled hybrid rockets.
However, the performance shown in this paper is the best case not considering the statistical uncertainty in the fuel
regression, and this assumption allows neglecting the effects of residual propellants. In order to evaluate the effects
of O/F shifts due to the uncertainty in fuel regression, some statistical or random error models should be applied to
the fuel regression behavior. This problem should be an important future topic in the field of hybrid rocket propulsion.

Appendix A: Validation of Thrust Control Law
This appendix presents the derivation of the thrust control law used in the flight simulations. As discussed in
Section VI, for the simplicity of the derivation, the thrust control law was modelled from an idealized Goddard
problem: a) specific impulse is constant; b) re-ignition is not accepted; and c) throttling ratio has lower and upper
limits, and the lower limit depends on the ambient pressure. The difference in this problem from the Goddard problem
typically discussed is whether throttling range has a lower limit or not. The following three candidates of the optimal
thrust are derived by applying Pontryagin’s maximum principle for this problem as in that without the lower limit of
thrust [30] using the state vector x = (x1, x2, x3)T = (x, v, m)T and its adjoint vector 𝝀 = (𝜆1 , 𝜆2 , 𝜆3 )𝑇 : 1) when 𝜆3 −

𝐼𝑠𝑝 𝑔𝜆2 > 0, 𝑚̇ = 𝑚̇𝑚𝑎𝑥 ; when 𝜆3 − 𝐼𝑠𝑝 𝑔𝜆2 < 0, 𝑚̇ = 0; when 𝜆3 − 𝐼𝑠𝑝 𝑔𝜆2 = 0, 𝑚̇ = 𝑚̇𝑠 . 𝑚̇𝑠 should be selected to
satisfy
𝑥2 (𝐼𝑠𝑝 𝑔

𝜕𝐷
𝜕𝑥2

+ 𝐷) − 𝐼𝑠𝑝 𝑔(𝐷 + 𝑥3 𝑔) = 0

(37).

The candidates of thrust 1) and 2) correspond to the bang-bang controls, and the other candidate 3) is called as a
control on a “singular arc” or “singular surface” because the condition of 3) eliminates the control variable (propellant
mass flow rate) from the Hamiltonian of this problem, and Eq. (37) describes a surface in the space of the state vector.
Though we easily found the above candidates of the optimal control, it is practically impossible to analytically find
the optimum control and the concrete adjoint vector because either initial or terminal boundary condition is indefinite
for all the elements of the state and adjoint vectors. Moreover, there are infinite combinations of the control options
1) to 3). In these infinite candidates, Ben-Asher [30] recommends to check the performance of plausible control
programs of {𝑚̇𝑚𝑎𝑥 − 0}, {𝑚̇𝑚𝑎𝑥 − 𝑚̇𝑠 − 0}, {𝑚̇𝑚𝑎𝑥 − 𝑚̇𝑠 − 𝑚̇𝑚𝑎𝑥 − 0}, {𝑚̇𝑚𝑎𝑥 − 𝑚̇𝑠 − 𝑚̇𝑚𝑎𝑥 − 𝑚̇𝑠 − 0}, … in
increasing order of complexity for the Goddard problem with the throttling range from zero to the maximum.
For our problem with the lower limit of throttling, the constraint of throttling is expressed as

{

𝑚̇𝑚𝑖𝑛 (𝑥, 𝑚) ≤ 𝑚̇ ≤ 𝑚̇𝑚𝑎𝑥 (𝑚)
𝑚 = 𝑚𝑓𝑖𝑛 → 𝑚̇𝑚𝑎𝑥 = 𝑚̇𝑚𝑖𝑛 = 0
𝑚 > 𝑚𝑓𝑖𝑛 → 𝑚̇𝑚𝑖𝑛 = 𝑚̇𝑠𝑒𝑝 (𝑥), 𝑚̇𝑚𝑎𝑥 = 𝑚̇0

(38)

where 𝑚̇𝑠𝑒𝑝 (x) and 𝑚̇0 refers to the minimum propellant mass flow rate not to cause the nozzle flow separation at an
altitude 𝑥 and a given maximum mass flow rate, respectively. Therefore, the candidates of the optimum thrust control
are replaced by 1) 𝑚̇ = 𝑚̇𝑚𝑎𝑥 , 2) 𝑚̇ = 𝑚̇𝑚𝑖𝑛 , and 3) 𝑚̇ = 𝑚̇𝑠 . In our problem, the existence of 𝑚̇𝑚𝑖𝑛 increased the
candidates of thrust control laws. According to the discussion of the optimal control for a Goddard problem [37] with
a complex aerodynamic drag model around the transonic region, sometimes 𝑚̇𝑠 becomes negative when the state
vector reaches the singular surface. For these cases, Tsiotras et al. [37] found control laws to leave the singular surface
at that moment and select a bang-bang control, to reach the singular surface again as quickly as possible, and to stay
on the singular surface under a given throttling constraint.
Here, we also compared the performance of the candidates to find the best control law under the constant specific
impulse of 260 [s]. The candidates were the following two simple control laws: a) {𝑚̇𝑚𝑎𝑥 − 𝑚̇𝑠 − 𝑚̇𝑚𝑎𝑥 − 0}; b)
{𝑚̇𝑚𝑎𝑥 − 𝑚̇𝑚𝑖𝑛 − 𝑚̇𝑠 − 𝑚̇𝑚𝑎𝑥 − 0} . The second 𝑚̇𝑚𝑎𝑥 in both control laws is used when the calculated 𝑚̇𝑠 is larger
than 𝑚̇𝑚𝑎𝑥 . The thrust control law was switched in the following way using a threshold parameter 𝛿 = 10−3 and Eq.

(29), which is Eq. (37) normalized by −𝑚𝑔2 𝐼𝑠𝑝 : 1) when f(x) > 𝛿, the rocket operates at 𝑚̇ = 𝑚̇𝑚𝑎𝑥 ; 2) when f(x) <
−𝛿 , the rocket operates at 𝑚̇ = 𝑚̇𝑚𝑎𝑥 (control law a)) or 𝑚̇ = 𝑚̇𝑚𝑖𝑛 (control law b)); 3) when |𝑓(𝒙)| ≤ 𝛿 , the
controller checks whether 𝑚̇𝑠 is in the throttle range, and when 𝑚̇𝑠 > 𝑚̇𝑚𝑎𝑥 , 𝑚̇ = 𝑚̇𝑚𝑎𝑥 , when 𝑚̇𝑠 < 𝑚̇𝑚𝑖𝑛 , 𝑚̇ =
𝑚̇𝑚𝑎𝑥 (control law a)) or 𝑚̇ = 𝑚̇𝑚𝑖𝑛 (control law b)), and otherwise, 𝑚̇ = 𝑚̇𝑠 . The following minimum throttling
ratio used in the validation was modeled by approximating the resultant flow separation limit in the flight simulation
with the gross mass of 2100 [kg] and the propellant O/F ratio of 1.9:
𝑚̇𝑚𝑖𝑛
𝑚̇𝑚𝑎𝑥

= −3.471 × 10−2 𝑥 + 0.4966

(39)

where x refers to an altitude of the rocket in km less than 14.31 [km]. For x larger than 14.31 [km], 𝑚̇𝑚𝑖𝑛 = 0. We
assumed that the rocket had the diameter of 656 [mm] and the gross and final masses of 2100 [kg] and 609 [kg],
respectively, and it was launched with the initial acceleration of 78.5 [m/s2] at the maximum throttling ratio. These
initial conditions are similar to those of the flight simulations for the gross mass of 2100 [kg] and the propellant O/F
ratio of 1.9.
Figure 14 shows the time traces of the throttling ratio and switching parameter of the two control laws. For control
law a), the state vector could not stay on the singular surface when it reached there at 7.75 [s] so that throttling ratio
continued to be 100% whereas the state vector successfully reached again and stayed on the singular surface from
13.88 [s] to the end of the burn for control law b). The apogees were 310.1 [km] above sea level for a) and 339.7 [km]
for b), respectively. This comparison has demonstrated the superiority of control law b) when the lower limit of
throttling exists, therefore, we applied control law b) for the flight simulations.
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