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This work presents multiphysics numerical analysis of piezoelectric actuators realized
using the nite element method (FEM) and their performances to analyze the structureelectric interaction in three-dimensional piezoelectric continua. Here we choose the piezoelectric bimorph actuator without the metal shim and with the metal shim as lowfrequency problems and a surface acoustic wave device as a high-frequency problem.
More attention is given to low-frequency problems because in our application micro air
vehicle's wings are actuated by piezoelectric bimorph actuators at low frequency. We
employed the Newmark's time integration and the central di erence time integration to
study the dynamic response of piezoelectric actuators. Monolithic coupling, non-iterative
partitioned coupling, and partitioned iterative coupling schemes are presented. In partitioned iterative coupling schemes, the block Jacobi and the block Gauss-Seidel methods
are employed. Resonance characteristics are very important in micro-electro-mechanical
system (MEMS) applications. Therefore, using our proposed coupled algorithms, the
resonance characteristics of bimorph actuator is analyzed. Comparison of the accuracy
and computational eciency of the proposed numerical nite element coupled algorithms
have been carried out for 3D structure-electric interaction problems of a piezoelectric actuator. The numerical results obtained by the proposed algorithms are in good agreement
with the theoretical solutions.
: Micro-Electro-Mechanical System(MEMS), structure-electric interaction,
coupled algorithm, monolithic coupling, partitioned iterative method, piezoelectric effect, bimorph actuator
Keywords

1. Introduction

The piezoelectric e ect is widely used in MEMS for both sensor and actuator applications. The piezoelectric e ect is fundamentally an interaction between structure
and electric elds discovered in 1880 by J. and P. Curie. There is an increasing
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demand and requirement of CAE numerical modeling and simulation of MEMS devices because of multiphysics e ect and geometric complexity. In recent years, multiphysics modeling and simulation have gained a great attention and some researchers
are extensively developing numerical methods using FEM for MEMS [Ishihara et al.
(2015b); Prakasha et al. (2017)] and smart structures [Nguyen and Tong (2009);
Tzou (1989); Valliyappan and Chee (2004)]. Development of nite element method
for linear piezoelectric interaction analysis has been rst reported in [Allik and
Hughes (1970)]. A rather comprehensive literature survey on piezoelectric nite
elements can track back to [Benjeddou (2000)].
Piezoelectric bimorph actuators have a very wide area of applications. Recently,
piezoelectric bimorph actuators are used to actuate the wing of micro air vehicles
(MAVs) [Wood et al. (2012)] and the recent advances in the mechanics of the apping ight can be found in [Ishihara and Horie (2017); Ishihara et al. (2009a, 2009b,
2015a)]. MAVs are smaller, low power operated at low frequency and posse better
performance than their macro scale counterpart. The MEMS technology enables
repeatability, size control, and weight minimization of the MAVs. The exible wing
of the MEMS-based MAVs or MEMS yer is actuated from the root by a piezoelectric bimorph actuator that can produce large de ection at its resonance so that it
can produce enough lift force to support its own weight and y at low speeds [Ishihara et al. (2017)]. The constitutive equations and dynamic admittance matrices
for piezoelectric bimorph actuators without the metal shim and with metal shim
have been presented to study the transmission characteristics between the electrical and mechanical elds, static tip de ection, and to determine the resonance
frequencies in [Tzou (1989); Smits and Ballato (1994); Wang and Cross (1998);
Wang and Cross (1999)]. In many practical applications, piezoelectric bimorph actuators with metal shim are widely used to increase mechanical reliability and strength
so that the structure can be maintained even if the ceramics fractures [Wang and
Cross (1998)].
Various MEMS devices are actuated or operated at the resonance frequency of
their structures to improve their sensitivity because MEMS devices have very less
deformation when they operated away from their resonance. Resonance frequency,
transient dynamic response, dynamic steady state response and static tip de ection
are of the primary concern in the design of MEMS bimorph actuator and its practical
applications. The performance evaluation of nite element coupled algorithms for
piezoelectric interaction to analyze the transient dynamic responses of these piezoelectric bimorph actuators is very important in the design process of MEMS actuator
and MAVs. Experimental study on the vibration characteristics of the triple layer
actuators with di erent con gurations has been presented by [Kim et al. (2014)], and
they compared the Eigen modal frequencies using commercial CAE tools. Theoretical solutions to determine the resonance frequency and also static tip de ection are
available for bimorph actuators and triple layer actuator [Smits and Ballato (1994);
Wang and Cross (1998)]. A nite element model for the static and eigenvalue prob-
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lems for piezoelectric bimorph actuator without metal shim using a monolithic
coupling method can be found in [Wang S.Y (2004)]. It follows from the previous
literature survey that the numerical techniques for static and modal shapes are well
established using monolithic coupling method. The transient dynamic responses are
very important in the design process and application point of MEMS piezoelectric
actuators. Therefore, computational procedures to capture the transient dynamic
response of piezoelectric bimorph actuators and also their performance evaluations
based on accuracy and computational eciency must be discussed. The transient
dynamic response of piezoelectric actuators was presented using a monolithic coupling with the Newmark's time integration to solve ultrasonic ring motor [Kagawa
et al. (1996)] and partitioned coupling with the Newmark's time integration to
solve structure-electrostatic interaction in a microtweezer [Shi et al. (1996)]. Transient response of MEMS piezoelectric micro- ow sensors using matrix condensation
with monolithic coupling and Newmark's time integration shows 5% error in tip
de ection of plate [Lim et al. (1997)]. But, in these studies, the comparison of performances of various numerical FE coupled algorithms have not been presented for
transient dynamic responses of piezoelectric bimorph actuators.
Generally, coupled problems have been simulated using monolithic or partitioned coupling methods. Stability analysis of monolithic coupling and partitioned
coupling for both implicit and explicit integration methods was presented for piezocomposites [Fish and Chen (2003)], and monolithic coupling with the Newmark's
integration was well studied for the linear dynamic response of piezoelectric actuators [Kagawa et al. (1996)]. Monolithic coupling [Ishihara and Yoshimura (2005)]
and partitioned coupling strategy [Mitsume et al. (2014)] for uid-structure interaction was proposed by many researchers in the last decades. Although monolithic
coupling is available for linear piezoelectric analysis, it is computationally challenging when performing a nonlinear analysis. On the other hand, partitioned coupling
schemes are computationally ecient and are in general less accurate than monolithic coupling [Felippa et al. (2001)]. Initially, a partitioned algorithm was proposed
for the structure-electrostatic interaction for MEMS application [Shi et al. (1996)],
but the piezoelectric e ect was not mentioned. Electromagnetic and structural interaction are solved using simultaneous method [Horie and Niho (1997)] and staggered
method for a cantilever plate in [Niho et al. (2000, 2017)]. Nowadays, partitioned
iterative methods have gained a great attention because they can enhance the accuracy and robustness in comparison with non-iterative partitioned coupling methods. In partitioned iterative methods, structure and electric interaction are solved
separately and iteratively by xed point iteration at each time step satisfying the
convergence criteria. The convergence and robustness of partitioned iterative algorithms for uid-structure interaction were investigated in [Minami and Yoshimura
(2010)]. And very recently, [Ishihara et al. (2015b)] had proposed hierarchical decomposition for the interaction of structure- uid-electric interaction, where three
elds interactions are studied by partitioning them into uid-structure interaction
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and electrostatic elds using an iteratively staggered method, and the structureuid interaction is analyzed using projection method [Ishihara and Horie (2014)]. It
follows from the present literature survey that an implementation and development
of partitioned iterative coupling schemes have not addressed to analyze the steady
state, static, and transient dynamic responses of a low frequency operating piezoelectric bimorph actuators and transient dynamic responses of a high frequency
operating surface acoustic wave problems in MEMS area.
This study aims a comprehensive and systematic performances evaluation of various numerical coupled algorithms based on accuracy and computational eciency
to study the structure-electric interaction in piezoelectric bimorph actuators without metal shim as well as with metal shim and surface acoustic wave problems, and
their transient dynamic responses are demonstrated together with the static and
steady-state responses. The proposed algorithms are 1) the monolithic coupling
with Newmark's time integration, 2) block Jacobi partitioned iterative coupling
with Newmark's time integration, 3) block Gauss-Seidel partitioned iterative coupling with Newmark's time integration, 4) non iterative partitioned coupling with
central di erence time integration. Using these algorithms, the static, dynamic step
responses and transient dynamic characteristics of MEMS piezoelectric bimorph
actuator are predicted accurately. The static and dynamic behaviors of the model
from numerical and analytic results are compared with each other. It is shown from
these results that the numerical analysis using the proposed algorithms takes into
account the interaction of the structure-electric eld of the MEMS piezoelectric
actuator accurately. The performances of the proposed algorithms have been depicted in the present simulation results. The performances of these nite element
coupled algorithms are evaluated based on the accuracy of the solution and the
computational cost.
2. Formulation of nite element coupled algorithms for
structure-electric interaction in piezoelectric actuators
2.1. Governing equations of piezoelectricity

In the actuation and sensing response of piezoelectric body of volume with boundary surface S B in three-dimensional space, the following governing equations have
to be satis ed. The mechanical equilibrium can be written as
ij;j + fiB

= ui;

(1)

where ij , fiB ,  and ui are the stress tensor, the body force vector, the density and
the acceleration, respectively.
The elector static equilibrium from Maxwell's equation can be written as
Di;i

q = 0;

(2)
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where Di is the electrical displacement vector and q is the electric body charge.
The constitutive equations of piezoelectricity can be written as
ij = Cijkl Skl ekij Ek ;
(3)
Di = eikl Skl ij Ek ;
(4)
where Cijkl is the elastic constant, Skl the mechanical strain tensor, ekij the piezoelectric coupling coecient, Ek the electric eld vector, and ij the dielectric constant. The strain tensor Sij and the electric eld vector Ei are derived from the
mechanical displacement vector ui and a scalar electric potential φ;i , respectively
[Benjeddou (2000)], as
1
(5)
Sij = (ui;j + uj;i );
2
Ei = φ;i :
(6)
2.2. Finite element equations of linear piezoelectricity

The standard nite element equations of piezoelectricity based on principle of virtual
displacements from the assembly of all the individual nite elements equations is
given as [Allik and Hughes (1970)]
Mu + Kuu u + Kuφ φ = F;
(7)
T
Kuφ u + Kφφ φ = q;
(8)
with
Z
M = NTu Nu d ;
Kuu =
Kuφ =
Kφφ =
F=
q=

Z

BTu CBu d ;

Z

BTu eBφ d ;

Z

BTφ Bφ d ;

Z

NTu fiB d

Z

S

+

NTφ qs dS B ;

Z

S

NTu fis dS B ;

where M is the constant mass matrix, Kuu is the mechanical sti ness matrix, Kuφ
is the piezoelectric coupling matrix, Kφφ is the dielectric sti ness matrix, F is the
external force vector, and q is the external electric charge vector. Superscript T
stands for transpose matrix. The interpolation functions for u and φ are Nu and
Nφ , respectively. Bu and Bφ are derivatives of shape functions for the displacement
and the potential, respectively.
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2.3. Time integration for piezoelectric nite element equations

Various implicit and explicit time integration methods are presently in use for piezoelectric analysis [Fish and Chen (2003)]. We consider here the Newmark's integration method [Newmark (1959)] and the central di erence method .
2.3.1. Newmark time integration for linear dynamic piezoelectric analysis
In an implicit time integration method, the piezoelectric nite element equations
Eq.(7) and Eq.(8) are considered at the time t + t as
Mt+t u + Kuu t+t u + Kuφ t+t φ = t+t F;
(9)
T
t
+
t
t
+
t
t
+
t
K uφ
u + Kφφ
φ=
q;
(10)
where t+tu and t+tφ are the displacement and potential solution vectors, respectively. Now, using Newmark's time integration to Eq.(9), we obtain
^ uu t+t u + Kuφ t+t φ = t+t F^ ;
K
(11)
where
^ uu = Kuu + 1 2 M +
(12)
K
t 
t B ;

t+t F
^ = t+tF + M 1 2 tu + 1 t u_ + 1 1tu) ;
(13)
t
t
2
where K^ uu , t+tF^ and B are the e ective sti ness matrix, the e ective force vector at t + t and the damping matrix, respectively. The current accelerations and
velocities are evaluated using
1 (t+tu tu) + 1 t u_ 1 1tu;
t+t u
=
(14)
t 2
t
2
t
t
t+t u
t+t u t u)
_=
(
1
u_ t
1
u;
(15)
t
2
where and are algorithmic parameters. Even though Newmark's time integration
is unconditionally stable, numerical instability occurs in coupled problems [Niho
et al. (2017)].
2.3.2. Central di erence method for linear dynamic piezoelectric analysis
The linear piezoelectric equation of motion Eq.(7) in any explicit time integration
method will be at time t is given by;
Mt u + Kuu t u + Kuφ t φ = t F:
(16)
The acceleration tu and the velocity t u_ in terms of the current displacement t+tu
is given in [Bathe (2006)]. By substituting tu and tu_ to Eq.(16) to give t+tu as

h 1
i
ML t t  t
1
t+t u =
t
t
t
F Kuφ φ Kuu u + 2 2 u +
u ;
(17)
 t 2 ML
t
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where ML is a lumped mass matrix. The choice of t is an important parameter
in central di erence method to obtain an accurate and stable solution. t < tcr
must be satis ed in order to achieve a stable solution, where tcr =qL=Cv is critical
time step, L is the e ective length of the nite element and Cv = E is the wave
propagation velocity, E and  are Young's modulus and the mass density of the
material, respectively.
2.4. Coupled algorithms for structure-electric interaction in

piezoelectric actuators

2.4.1. Monolithic coupling with Newmark's integration (MN)
The monolithic method treats both structural and electric elds in the same mathematical framework as a single computational entity and solve simultaneously [Fish
and Chen (2003); Ishihara and Yoshimura (2005); Ishihara and Horie (2014)]. The
Eqs.(10) and (11) can be rearranged in the monolithic form as
"
^ uu Kuφ # t+tu t+tF^ 
K
= t+tq ;
(18)
KT Kφφ t+t φ
uφ

The analysis ow of the MN algorithm is shown in Figure 1. The step by step
calculation procedure is that the sti ness matrices Kuu , Kuφ, Kφφ , the e ective
sti ness matrix K^ uu and the consistent mass matrix M are rst calculated and the
solution is carried out with the initial values 0u, 0 u_ , 0u , 0 φ and 0 F. The factorization
of the sti ness matrices are performed in rst time step only. Then the solutions of
t+t u, t+t φ, t+t u
_ and t+t u, are calculated using Eq.(18), Eq.(14), and Eq.(15).
This process is repeated following the time marching.
2.4.2.

Block Jacobi partitioned iterative coupling with Newmark's integration
(BJN)

Block Jacobi is one of the partitioned iterative coupling methods. Eqs.(10) and
(11) are solved separately at each time step iteratively using the solutions obtained
from previous iterations until the convergence criteria is satis ed. Applying the
block Jacobi partitioned iterations to Eqs.(10) and (11), the nite element coupled
algorithm BJN is written as
Kφφ t+t φ(i) = t+t q KTuφ t+t u(i 1) ;
(19)
^Kuu t+tu(i) = t+tF^ Kuφ t+tφ(i 1) ;
(20)
where i indicates the current iteration. The analysis ow of the proposed BJN coupled algorithm is illustrated in Figure 1 where dotted lines
indicate iteration process.
(
i)
t
+
t
The solution for the current electrical potential φ will be derived from the
previous mechanical displacement t+tu(i 1). Similarly, the solution for the current mechanical displacement t+tu(i) will be obtained from the previous electrical
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potential t+tφ(i 1) . Compare the values of electrical potentials and displacements
obtained in the current iteration i with those obtained in previous iterations i-1, by
evaluating convergence for both potentials and displacements. It is noted that both
electrical potential and mechanical displacement for each iteration in a time step
are evaluated from the previous iteration quantities. The mechanical and electrical
elds are solved parallelly, this approach makes parallelization of subsystems very
easy during the dynamic analysis. It is important to note that, the factorization of
sti ness matrices is carried only in the rst iteration of the time step.
 Initialize : 0 u, 0 u_ and 0 u, choose and
 Form : Kuu ,Kuφ , Kφφ , and M. Make K^ uu using Eq.(12).

Factorization of Kuu , Kφφ and Kuφ
Calculate t+tF^ using Eq.(13)

Time loop
Iteration loop

MN algorithm:
Solve mechanical displacement and
electrical potential using Eq.(18).
* Exclude iteration loop
BJN algorithm:
Solve mechanical displacement using Eq.(20),
electrical potential using Eq.(19), parallely.
BGSN algorithm:
Solve mechanical displacement using Eq.(22),
solve potential using Eq.(21), sequentially.
Not converged
i=i+1

t = t + t

Check convergence

Calculate new accelerations and velocities
using Eq.(14) and Eq.(15), respectively

Fig. 1: Flow of the analysis procedure of the MN, BJN and BGSN algorithms.
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2.4.3.

Block Gauss-Seidel partitioned iterative coupling with Newmark's
integration (BGSN)

Block Gauss-Seidel iteration method is one of the widely used partitioned iterative
coupling algorithm owing to its simplicity, faster convergence than block Jacobi
method. By applying the block Gauss-Seidel partitioned iterations to Eq.(10) and
Eq.(11), we obtain the BGSN coupled algorithm for linear dynamic analysis of
piezoelectric e ect written as follows,
Kφφ t+t φ(i) = t+t q KTuφ t+t u(i 1) ;
^ uu t+tu(i) = t+tF^ Kuφt+tφ(i) :
K

(21)
(22)
The Eq.(19) and Eq.(21) are the same because the electric potentials are computed
using mechanical displacements obtained in the previous iteration. But Eq.(20) and
Eq.(22) are in contrary to each, where the displacement component is evaluated in
each iteration of a time step using the updated/current electric potential obtained
in Eq.(21). The analysis ow of the proposed BGSN algorithm is illustrated in Figure 1. This allows the solutions in BGSN algorithm to converge faster than BJN
algorithm. Because the physical quantities are computed sequentially in the block
Gauss-Seidel partitioned iterative method. This algorithm makes parallelization difcult but tends the solutions to converge faster. The nite element formulation for
the nonlinear dynamic analysis of piezoelectric e ect using block Gauss-Seidel coupling scheme can be found in [Prakasha et al. (2016, 2017)].
2.4.4. Non iterative partitioned coupling with central di erence method(PCD)
In general, partitioned methods treat both structure and electric elds as a single
computational entity and solves the unknown variables separately by transforming
interaction e ects between them. For ease of convenience, we reuse Eq.(17) and
Eq.(10) as,

i
h 1
ML t t  t
1
t
t
t
t+t u =
u ;
(23)
F Kuφ φ Kuu u + 2 2 u +
 t 2 ML
t
Kφφ t+t φ = t+t q KTuφ t+t u:

(24)
The analysis ow chart is illustrated in Figure 2. In PCD algorithm the coupling
iterations are not performed in each time step. In this algorithm, the mechanical
displacement solution at time t + t is obtained by solving Eq.(23) using central
di erence integration and the electric potential at a time t + t is solved from
Eq.(24). The Eq.(23) and (24) are solved separately to obtain t+tu and t+tφ,
respectively. t+tu is used to calculate t+tφ. It is observed in Eq.(23) that, the
t+t u is based on previous solutions such as t u, t t u, t F and t φ.

9
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 Initialize : 0 u, 0 u_ , 0 u , 0 φ and 0 F
 Form : Kuu ,Kuφ , Kφφ , and ML

Time loop

Factorization of Kφφ and Kuφ
Solve mechanical displacement using Eq.(23)

Solve Electrical potential using Eq.(24)
Calculate new accelerations and velocities, if necessary
t = t + t
Fig. 2: Flow chart of the analysis procedure of the PCD algorithm.

3. Analysis of piezoelectric bimorph actuators

In this section, we present the numerical results obtained using the proposed nite
element coupled algorithms for piezoelectric bimorph actuator problems. The piezoelectric bimorph actuators consist of a double layer of piezoelectric ceramic joined
together over their long surfaces. Usually, a metal shim is attached between the two
piezoelectric ceramic in-order to enhance the reliability and mechanical strength.
This type of the piezoelectric bimorph actuator called as bimorph actuators with
metal shim or triple layer actuator [Wang and Cross (1998)]. The classi cation of
piezoelectric bimorph actuators are depicted in Figures 3.
In general, two types of electrical connections are practically used in the con guration of the bimorph actuator shown in Figure 4. One is a series connection, where
the piezoelectric layers have opposite polarization directions, and an electric eld is
applied across the thickness of the bimorph as shown in Figure 4a and 4c. The second type of connection is a parallel connection, where the two piezoelectric ceramic
layers have a polarization in the same directions, and the electric eld is applied
across each individual layer with opposite polarity as shown in Figure 4b and 4d.
Due to the symmetrical structure, in both the case when an electric eld is applied
to the piezoelectric layers, the induced electric forces in the upper half thickness
is canceled by that of the lower half thickness. Hence, for the given con gurations
in Figure 4 the upper piezoelectric layer contracts and lower piezoelectric layer expands, resulting in a pure bending in the upward direction [Smits and Ballato (1994);
Wang and Cross (1998)]. Length, width and thickness directions of the bimorph actuator are assigned as X , Y , and Z axes, respectively. Directional parameters of
piezoelectric constants are indicated by the subscripts 1,2, and 3, which correspond
to X , Y , and Z axes, respectively. The bending e ect of piezoelectric bimorph actuator con gurations shown in Figure 4 subjected to external voltages is depicted
in Figure 5. The material properties used in the numerical simulation and theoretical calculation of piezoelectric bimorph actuators shown in Figure 4 are listed in
Table.1.
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Piezoelectric bimorph actuators
Bimroph actuators without
metal shim or Bimorph actuator
Series connection

Bimroph actuators with metal
shim or Triple layer actuator

Parallel connection Series connection Parallel connection

Fig. 3: Classi cation of Piezoelectric bimorph actuators
+

tp

P

V

+

–
P

–

tp

P

tp

(b) Bimorph in parallel connection

P

tp

P

tm
tp

V

P
–

tp

(a) Bimorph in series connection
+

V

(c) Triple layer actuator in series connection

+

V

P

tp

P

tm
tp

–

(d) Triple layer actuator in parallel

Fig. 4: Di erent con gurations of cantilever piezoelectric bimorph actuators with
tp =0.5 mm, tm =0.1 mm and V =1 volt
:piezoelectric layer (PVDF), :metal layer (brass), P " : polarization direction.
u3

u3
Z

Contraction

P
P

Z

Contraction

P
P

Expansion

X
X=0

X=L

(a) Bimorph in series connection

X=L

(b) Bimorph in parallel connection
u3

u3
Contraction

P

P

Z

P

Expansion

P

E3

Contraction

E3

Expansion

E3

X

X
X=0

E3

Expansion

E3

X
X=0

Z

E3

X=L

(c) Triple layer actuator in series connection

X=0

X=L

(d) Triple layer actuator in parallel

Fig. 5: Bending in piezoelectric bimorph actuators subjected to external voltages.
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Table 1: Material properties used for calculation
Piezoelectric Piezoelectric
materials stress constant strain constant
e31 (C=m2)
d31(C=N)
PVDF
0.046
2.3010 11
Brass
-

Young's
modulus
(N=m2 )
2.0 109
110

Density Poisson's
(kg=m3) ratio
1800
0.29
8800
0.35

3.1. Bending displacement and resonance of bimorph actuators:

Theory

We summarize the theoretical solutions as follows. The transverse de ection u3 for
bimorph actuator without metal shim is given as [Tzou (1989)]
2
u3(X ) = 34Xt d31E3;
(25)
p
where d31 is piezoelectric strain constant, E3 is an electric eld in the thickness
direction and tp is the thickness of each piezoelectric layers. u3 reaches the maximum
value at X = L, where L is the total length of the bimorph actuator. Therefore, the
tip de ection of the bimorph actuator in both series and parallel connection [Tzou
(1989); Smits and Ballato (1994); Wang and Cross (1998)] is given as
2
(26)
u3(L) =  = 34Lt d31 E3 :
p
For series connection the electric eld E3 = V=2tp and for parallel connection
E3 = V=tp . Substituting E3 = V=2tp into Eq.(26), the tip de ection of bimorph
actuator in series connection is given as
3L2
(27)
 = 2 d31 V:
8tp
Substituting E3 = V=tp into Eq,(26), the tip de ection of bimorph actuator in
parallel connection is given as
3L2
 = 2 d31 V;
(28)
4tp
From Eq.(27) and Eq.(28), it is noted that with the same geometrical dimensions
and under the same external voltages, the maximum tip de ection which can be
achieved in piezoelectric bimorph actuators connected in parallel is twice of that
in piezoelectric bimorph actuators connected in series. Therefore, piezoelectric bimorph actuator connected in parallel is competent. The tip de ection of triple layer
piezoelectric actuator [Wang and Cross (1998)] is given as
6Epd31E3(tm tp + t2p)L2
=
(29)
2E (3t2 t + 6t t2 + 4t3 ) + E t3 ;
p

m p

m p

p

m m
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where Ep is Young's modulus of piezoelectric layer, Em is Young's modulus of
metal layer, tp is thickness of each piezoelectric layer, tm is thickness of metal
layer and E3 = V=2tp for series connection and E3 = V=tp for parallel connection.
The thickness of the metal layer has a signi cant e ect on the performance of
the bimorph actuator. As mentioned in [Wang and Cross (1998)], the thickness
ratio tm =2tp = 0:2 is good enough to reinforce the actuator mechanical strength,
resulting in a reduction of very small tip de ection. We choose tm =0.1 mm in this
study satisfying the thickness ratio criteria. By using the above equations for tip
de ection, the theoretical solution of static tip de ection for the con guration shown
in Figure 4 and using material properties given in Table 1 for L=100 mm, w=1 mm
(width of each layers), tp=0.5 mm, tm =0.1 mm and V =1 volt are given in Table 2.
The rst bending resonance !r(1) for bimorph actuator in series connection and also
bimorph actuator in parallel connection is given as [Smits and Ballato (1994)],
s
1
:8752 Ep I
(1)
;
(30)
! =
r

L2

p A

where I is moment of area, A is the cross sectional area, and 1.875 is constant
eigenvalue for rst bending mode. Using the material properties of PVDF given in
Table 1 and dimensions L=100mm, w=1mm, tp=0.5mm into Eq.(30) we obtain the
resonance frequency for rst bending mode as
!r(1) = 106:988 rad=sec:

The rst bending resonance !r(1), for triple layer actuator (Figure 4c and 4d) is
given as [Wang and Cross (1998)],
s
1
:8752 Ep1=2 2t3p + 6tp (tm + tp )2 + (Em =Ep )t3m
(1)
!r =
:
(31)
2L2
3(tm m + 2tpp)
Substituting the material properties of PVDF and brass metal given in Table 1 into
Eq.(31) we obtain the resonance frequency for rst bending mode in triple layer
actuator as
!r(1) = 103:30 rad=sec:

Table 2: Theoretical solution of tip static de ection.
Piezoelectric Bimorph con guration Static tip de ection  (m) : Theory
Bimorph in series connection
0.345
Bimorph in parallel connection
0.690
Triple layer in series connection
0.298
Triple layer in parallel connection
0.597
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3.2. Results and discussion

The central di erence method requires t<tcr . The critical time step
tcr = L=Cv for the present bimorph cantilever mesh assemblage is 1:18585s and
a scale factor of 0:1tcr would give t = 1:18585  10 7 sec. From the theoretical
solution, the natural period Tr of the rst mode of bimorph actuator without metal
shim is about 0.05873 s. When the bimorph cantilever vibrates at its rst resonance
frequency at least 495,265 steps (step nt = Tr =t) are essential in order to capture one period [Shi et al. (1996)], which becomes very expensive computationally.
Therefore, all the dynamic analysis of piezoelectric bimorph actuators have been
carried out using MN, BJN and BGSN algorithms.

3.2.1. Static tip de ection of piezoelectric bimorph actuators
The numerical problems described in Figure 4 are examined here. We employed the
monolithic coupling, the block Jacobi (BJ) partitioned iterative coupling and block
Gauss-Seidel (BGS) partitioned iterative coupling, where the time integration is
not taken into account, by eliminating the inertial and damping e ects. The metal
layer in triple layer actuator ( Figures 4c and 4d) is not polarized. A large value
of dielectric permittivity constant 11 = 22 = 33 = 1040 F/m is used for the
metal layer in the computer program because brass used for the metal layer is
regarded as a medium of in nite dielectric constant [Chazalviel (1999)]. The mesh
of 3D bimorph actuator consists of 1343 nodes and 160 elements, and triple layer
actuator consists of 1939 nodes and 240 elements, where hexahedron 20 node nite
element is used for both structural analyses and electric analyses.
At rst, we present the convergence properties of the BJ and BGS partitioned
iterative algorithms to perform static analyses. Figure 6a shows the convergence
results of partitioned iterative coupling algorithms (BJ and BGS algorithms) for tip
de ection. It follows from these results that, at least 6 iterations are necessary for
BJ algorithm and 4 iterations for BGS algorithm in order to satisfy the convergence
criteria of relative error [%]. The tolerance value used is =110 5. From iteration
convergence study, we employed 7 iterations in BJ algorithm and 4 iterations in
BGS algorithm for static analysis.
Figure 6b shows the static bending de ections of bimorph actuator in series
connection from the theoretical and numerical solutions. Table 3 shows the accuracy
of the proposed coupled algorithms compared with the theoretical solution for all
the numerical problems described in Figure 4. It follows from these static analyses
that the proposed coupled algorithms can solve accurately for the static bending
de ection of bimorph actuator and triple layer actuator. A same level of accuracy
is obtained for monolithic, BJ and BGS algorithms.
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Fig. 6: Convergence of BJ and BGS and numerical analyses using the proposed
algorithms for static bending de ection of bimorph actuator in series connection
Table 3: Accuracy of the proposed algorithms: Static tip de ection
solution error [%]
Con guration
Theory(m) Numerical
Monolithic BJ BGS
Bimorph in series
0.345
0.032 0.035 0.035
Bimorph in parallel
0.690
0.045 0.038 0.038
Triple layer in series
0.298
0.058 0.051 0.051
Triple layer in parallel
0.596
0.015 0.017 0.017
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Fig. 7: Step response of piezoelectric bimorph actuator to input step bias V =1V
3.2.2. Dynamic analysis of piezoelectric actuators: Response to step voltage
The numerical problems described in Figure 4 dynamic problem are examined.
The values of and for Newmark's time integration are chosen as = 0:6 and
= 0:25( +0:5)2 = 0:3025, respectively, to obtain steady state equilibrium after a
long time interval. The piezoelectric bimorph actuator is driven by step voltage V =1
V. The time increment t is chosen as 1.010 3 sec for all the coupled algorithms.
The number of iterations used for BJN and BGSN algorithm is 7 and 4, respectively, which are determined based on the discussion in Sec 3.2.1. Figure 7a
shows the step response of numerical problem in Figure 4a, and the tip de ection
in the steady state equilibrium is 0.34509 m with MN, BJN and BGSN algorithm,
whereas the theoretical static tip de ection by Eq.(27) is =0.34500m. Their relative error [%] is 0.0262%. Figure 7b shows the step response of triple layer actuator
in series connection, and the steady state de ection is very close to the theoretical
solution. Similar results were obtained for other numerical problems in Figure 4.
High accurate solutions are obtained using the proposed coupled algorithms.
3.2.3. Dynamic analysis of piezoelectric actuators: Response to AC voltage
The dynamic problem of AC type input is examined. When the applied signal to
the bimorph cantilever beam is of the AC type, the corresponding charge q will be
V sin! t, where V is the amplitude of the signal, and ! is the angular frequency of
the charge q. The accuracy of these coupled algorithms is dependent on the choice
of time increment t. The analysis was carried at an unconditionally stable and
numerically undamped condition ( = 0:25 and = 0:5 ).
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When the frequencies of input signals to the bimorph actuator is much larger or
smaller than its resonance frequency, the displacement amplitude computed with all
the time increment coincide with each other as shown in Figure 8a, i.e the in uence
of t on tip de ection is not much in uential compared to that with resonance
frequency. But a ne t is necessary for input frequency near resonance to obtain
converged solutions as shown in Figure 8b. This is because the de ection is very
sensitive to the resonance and a ne time increment is necessary to capture the resonance e ect. Therefore, the time increment is chosen as t=(1/100)(2=!) for input frequencies much smaller or larger than the resonance, and t=(1/300)(2=!)
for input frequency near resonance, to obtain the converged vibration amplitudes.
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Fig. 8: Time increment t for transient dynamic analysis with the MN algorithm
for AC voltage V =1V near resonance and away from resonance, respectively.
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Fig. 9: AC response of the bimorph actuator in series connection at di erent frequencies with MN algorithm.
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Fig. 10: Summary of amplitudes of the responses to di erent input frequencies with
MN algorithm
Figure 9 shows some response of the bimorph actuator to AC signals with different frequencies for input signal V =1 V with MN algorithm. From the results in
Figure 9 it is also noted that, for the input frequencies close to resonance frequency
(!=106, 107, 108 rad/sec), the responses have large amplitudes. Because the actuator is very sensitive to the input AC signals whose frequencies are close to the
structure resonance frequency. When the frequencies of input signals to the bimorph
actuator is much larger or smaller than its structural resonance frequency (!=30,
185 rad/sec), the vibration amplitudes of the tip will be approximately equivalent
to the tip de ection when the force is applied statically.
Figure 10 is the summary of the amplitudes of the response to the input signals with the di erent frequencies. The peak appears at the input signal frequency
! =107 rad/sec. The theoretical solution of resonance frequency using the relation
given in Eq. (30) is 106.988 rad/sec, and in the numerical solution using MN algorithm, the resonance appears at frequency !=107 rad/sec. Therefore, the numerical
results with MN algorithm for dynamic analysis of bimorph actuators are in good
agreement with the theoretical solution.
In Figure 11, we present the convergence properties of the partitioned iterative
algorithms (BJN and BGSN algorithms) at di erent time steps in order to perform
dynamic analysis of piezoelectric bimorph actuators. As can be seen in the Figure
11a, after 6 iterations for each time increment, the solution is converged satisfying
the convergence criteria of relative error [%] in BJN algorithm and 4 iterations
for each time step in BGSN algorithm. From these results, xed the number of
iterations to 7 in BJN, and 4 in BGSN to compute the response of bimorph actuator
at di erent frequencies.
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Fig. 11: Convergence results of BJN and BGSN algorithm for dynamic analysis
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Fig. 12: Change of de ection with time increment for !=120 rad/sec
Figure 12 shows the choice of time increment for dynamic analysis of input frequencies much smaller or larger than the resonance using BJN and BGSN algorithm.
The displacement coincides at every time step for input frequency (!=120 rad/sec)
away from the resonance in both BJN and BGSN algorithms. Whereas, a ne time
increment is necessary near resonance input frequency to achieve convergence as
shown in Figure 13. The time increment is chosen as t=(1/100)(2=!) for input
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frequencies much smaller or larger than the resonance, and t =(1/300)(2=!)
at resonance frequency as well as input frequencies near resonance, to capture the
vibration characteristics with BJN and BGSN algorithms.
The variation of the amplitude of the numerical problems described in Figure
4 with di erent input frequencies obtained using MN, BJN and BGSN algorithms.
All the algorithms give the resonance peak at the input frequency !=107 rad/sec
in the bimorph actuators in series and parallel connection (Figure 4a and 4b).
Similarly, the resonance appears in the numerical results when input frequency
! =103.3 rad/sec in triple layer actuators in series and parallel connection (Figure
4c and 4d). The numerical solutions are in good agreement with theoretical solutions
in terms of resonance point.
BJN algorithm : 7 iterations/time step
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Fig. 13: Change of de ection with time increment for !=107 rad/sec
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Fig. 14: Responses to di erent frequencies with MN, BJN and BGSN algorithm
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Table 4: Computing time for each coupled algorithm at each time step : Piezoelectric
bimorph actuators
Computing time(s)
Time step (nt)
BGSN
MN iterationBJN
i=1 i =2
i=1 i =2
nt =1
47.02
3.93
0.11 3.93 0.11
n t =2
0.11
0.11
0.11 0.11 0.11
3.2.4. Computing cost : Piezoelectric bimorph actuator
The computational eciency of the numerical nite element coupled algorithms
is a great concern from the viewpoint of practical usage during dynamic analysis.
Therefore, it is compared based on the numerical results made under the conditions
of the time increment t satisfying the convergence of the solution. The comparison
is made between algorithms employed to perform dynamic analysis of piezoelectric
bimorph actuators described in Figure 4a. This actuator is basically a low frequency
operating MEMS device. The analysis was carried using a computing environment
with Intel (R) Xeon(R) 2.33GHz processor.
The results in Table 4 indicates that the MN algorithm is computationally expensive than BJN and BGSN at the rst time step. This is because in MN algorithm both the structural and the electrical elds are solved in a single mathematical framework simultaneously, but in the case of BJN and BGSN algorithm,
the structural and the electrical elds are solved separately thereby reducing the
computational cost. As a consequence, the computing time for the rst-time step is
very high for MN algorithm, but it is very less in BJN and BGSN algorithms. Because of the linear dynamic analysis problem, the factorization of sti ness matrices
is performed only for the rst iteration of rst time step in both of the BJN and
BGSN algorithms, whereas in the MN algorithm factorization of sti ness matrices
are performed only for the rst time. Therefore the computing cost in the rst iteration of the rst time step in both the BJN and BGSN algorithm is large compared
to that of the subsequent iterations. After rst time step in MN, and after the rst
iteration in the rst time step in BJN and BGSN, the computational time reduces
and posse same computing time as shown in Table 4 because the coupled algorithms
reuse the factorized sti ness matrices in the case of a linear analysis.
Figure 15 shows the computing time for MN, BJN and BGSN algorithms. BJN
and BGSN algorithms cross the MN curve at 0.12 sec and 0.3 sec, respectively, as
shown inside the blue dotted circle. Therefore, in the linear dynamic piezoelectric
bimorph actuator analysis, MN algorithm is ecient. If only 1 iteration is used
for each time step in BJN and BGSN algorithm, the computing time between the
MN, BJN and BGSN algorithms would be similar to each other. Using the results
in Table 4, we can estimate the computing time for the nonlinear case where the
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Fig. 15: Computing cost of MN, BJN and BGSN algorithms for analyses of piezoelectric bimorph actuator
factorization of sti ness matrices is done at each time steps. As shown in Figure 15b,
the results indicate that, for nonlinear dynamic analysis of piezoelectric bimorph
actuators, BGSN algorithm is most ecient with regard to computational cost.
4. Analysis of surface acoustic wave (SAW) problem

The purpose of considering surface acoustic wave (SAW) problem is to validate the
PCD algorithm with MN, BJN, and BGSN algorithms for high frequency MEMS applications. Piezoelectricity is also extensively employed in the fabrication of MEMS
based surface acoustic wave devices. Wave propagation can be achieved in a beam
using piezoelectric actuators and sensors. In general, these SAW devices are operated at resonance condition, at the very high bias voltage. The piezoelectric beam
used in this study had the dimensions of the length 5 mm, width 1.5 mm and
thickness 1mm. The width and gap between the comb type interdigital transducer
(IDT) electrode is 100 m. The bottom surface and the end near IDT is xed. The
AC bias voltage is applied to the interdigital transducer located at the xed end of
the actuator as shown in Figure 16. The mesh of the beam consists of 3195 nodes
and 500 elements where hexahedron elements with 20 nodes were used for simulation. The piezoelectric beam made of Lithium niobate LiTiO3 has Young's modulus
ELiT iO3 =200 GPa and mass density of 4700 kg=m3 . Surface acoustic waves can be
generated and detected by interdigital transducer (IDT) electrodes located on the
plane surface of a piezoelectric beam.
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(a) 3D model of SAW numerical problem

(b) Mesh model:Hexahedron 20 node element

Fig. 16: Surface acoustic wave (SAW) with Inter-Digital-Transducer (IDT)
4.1. Calculation setup

The critical time increment for the nite element assemblage shown(1)in Figure 16b
is tcr =1.5810 8sec. The rst resonance mode of the problem is !r = 60:3  106
rad/sec and its natural period is Tr =1.042110 7 sec. The time increment t is
chosen as 2.60410 9 sec for all the coupled algorithms, which satis es the condition
t < tcr . The values of and , appear in MN, BJN, and BGSN algorithms are
chosen as = 0:5 and = 0:25. The number of iterations required in BJN and
BGSN for this problem is 13 and 9, respectively, which satis es the convergence
criteria of relative error [%]. A sinusoidal input AC voltage is applied to these combtype electrodes. The model is actuated at its resonance frequency ! =60.3106
rad/sec, at an amplitude of input voltage V =125 V for all the coupled algorithms.
4.2. Results and discussion

Figure 17 shows the response of the SAW made of a piezoelectric beam for the AC
signals. The results obtained are compared in Figure 17 with the response using
the MN, BJN, BGSN, and PCD. As can be seen in Figure 17, as the time progress,
the amplitude of the displacement increases along the length direction, hence it
generates an acoustic wave. The displacements coincide with all the coupled algorithms at the initial time interval as shown in Figure 17a. The amplitudes with
MN, BJN and BGSN algorithms visually coincides at all the time intervals. However, a small di erence is seen between partitioned coupling with central di erence
(PCD) and other algorithms after natural time. The propagation of surface acoustic
wave at di erent time interval is shown in Figure 18 for PCD algorithm. At time
t=15.6310 9 sec, the maximum displacement is observed between the length X =0
to 1000 m, as shown in Figure 18a. As the time progress, the displacements can
be seen along the entire length of the piezoelectric beam. In fact, the computing
cost makes PCD more feasible, whereas MN, BJN, and BGSN would be expensive,
demonstrated in Section 4.3.
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Fig. 17: Excitation of SAW with AC voltage of 125.0 sin 60.3106 t V
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Fig. 18: Propagation of surface acoustic wave using PCD algorithm
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4.3. Computing cost : High frequency operating MEMS device -

SAW

Here we present the computational eciency of the MN, BJN, BGSN and PCD
algorithm for SAW device. Table 5 shows the computational time for each time
step for all the coupled algorithm. The computing time in the rst time step with
MN algorithm is expensive compared to others and also PCD algorithm has the
least computing time in the rst time step as well as subsequent time steps compared with others. Note that, in PCD algorithm the structural eld is solved using
central di erence time integration, where the factorization of sti ness matrices is
not necessary, but electric eld is obtained from a simultaneous equation, where
the factorization of sti ness matrices is done in the rst time step only. Therefore,
the computing cost is very less in the PCD algorithm than MN, BJN and BGSN
algorithms. In BJN and BGSN algorithms, the computing time is high at the rst
iteration of a rst-time step, after the rst iteration of rst time steps the cost is
same. Figure 19 shows the total computing time with all the coupled algorithms.
BJN and BGSN algorithms cross MN curve because more iterations are necessary
to achieve convergence, and PCD is very ecient compared with other algorithms.
Table 5: Computing time for each coupled algorithm at each time step
Computing time(sec)
Time step
BJN
MN i=1 i =2 i=1BGSN
PCD
i =2
nt =1
594.85 44.8 1.85 44.8 1.85 1.34
n t =2
1.85 1.85 1.85 1.85 1.85 0.46

Total computing time(sec)
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Fig. 19: Computing cost of MN, BJN , BGSN and PCD algorithms for high frequency MEMS actuator - SAW
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From these results, we can say that the PCD algorithm is computationally ecient than MN, BJN, and BGSN coupled algorithms for linear dynamic analysis of
a high frequency MEMS piezoelectric actuator. The proposed coupled algorithms
can be used in high frequency MEMS piezoelectric actuator applications.
5. Conclusion

This paper demonstrates a comprehensive and systematic performances evaluation
of MN, BJN, BGSN and PCD numerical coupled algorithms based on their accuracy and computational eciency to analyze the structure-electric interaction in
piezoelectric bimorph actuators with di erent con gurations and their transient
dynamic responses as well as the static and steady state responses. This study can
be of important for CAE modeling to assist designers of piezoelectric actuators in
resonance MEMS devices of complex geometries.
High accurate solutions are obtained using the proposed nite element coupled
algorithms to analyze structure-electric interaction in a 3D piezoelectric actuator.
As shown in the present results, a ne time increment is necessary to obtain converged solutions of transient dynamic responses for input frequencies near resonance.
The resonance vibration characteristics of piezoelectric bimorph actuator with different con gurations were presented.
In the analysis of high frequency piezoelectric actuators, PCD algorithm is computationally ecient compared with other proposed coupled algorithms. In piezoelectric bimorph actuator analysis, the MN algorithm appears to be more accurate.
However, a same level of accuracy was obtained using partitioned iterative coupling
algorithms (BJN and BGSN) with a several numbers of iterations in each time step.
The MN algorithm is computationally very expensive for the rst-time step
than partitioned iterative coupling algorithms. In the linear dynamic analysis of low
frequency MEMS devices such as piezoelectric bimorph actuators, the MN algorithm
is computationally ecient than BJN and BGNS algorithm, but in the nonlinear
dynamic analysis, BGSN algorithm is most ecient with regard to cost and MN
algorithm is very expensive.
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