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Abstract

Theminimumdistanceofanerrorcorrectingcodeisthemostimportantparameter

forevaluatingitserrorcorrectingability.TheBCHbound,Hartmann-Tzengbound,Roos

boundandShifLboundarethemostpopularlowerboundsfbrtheminimumdistanceof

cycliccodes.Itisinterestingtofindrelat圭onsbetweenthewell-knownbounds.TheFeng-

RaodesignedminimumdistanceandtheFeng-Raodecodingwereoriginallyintroduced

intoalgebraicgeometrycodes.Theyhavebeenextendedtothecaseofgenerallinear

codesovera丘nite丘eldbyMiura.Andrecentlythede丘nitionoftheFeng-Raodesigned

minimumdistanceoflinearcodeshasbeenslightlygeneralizedbyMatsumoto.According

tothede丘nitionbyMiurathevalueoftheFeng-Raodesignedminimumdistancefbra

linearcodeOoverafinitefieldFqdependsonthechoiceoftheorderedbasisofF,",

avectorspaceconsistingofallthen-tuplesoverFg,usedfordefiningthecodeO・In

practicalapplicationsoftheFeng-Raodecodingalgorithm,itisimportantto丘ndsuchan

optimumorderedbasisfbragivenlinearcode.

ThisdissertationcontainsthediscussionaboutunknownrelationbetweenRoosbound

andShifLboulldfromnumericalexperiments.ItisshownthattheFeng-Raodesigned

minimumdistanceofbinarylinearcodescannottakeanoddvalueexceptone,ifwe

useMiura,sde丘nition.MatsumotogaveageneraユizationofMiura'sde丘nitionwiththree

orderedbases.WehaveMiura'sde丘nitionifthreeorderedbasesaresameinMatsumot6's

definition.Ournumericalexperimentssuggestusconjectures,thatMatsumoto'sgeneral-

izationisnotsoeffectiveforbinarylinearcodescomparedwithMiura,sdefinition.Other

resultsofthisdissertationareinvestigationsfbrnonbinarycycliccodesandbinarycyclic

codes.TheTypeIorderedbasisBnwasintroduceda8averynaturalca皿didateneces-

saryforcomputingd朋.TheorderedbasisBnisTypeIifitssubsetBconsistsn-k

馳
rowvectorsofthepermutationoftheusualparitycheckmatrixdefinedbyparitycheck

polynomialofcycliccodes.ItwasshownthatthechoiceofanorderedbasiswithTypeI

isworstinmanycasesofnonbinarycycliccodes,sincetheFeng-Raodesignedminimum

distanceisequal七 〇1ifthecheckpolynomialhasacQe缶cientneitherequaltoOnor1.1七

isalsoshownthatincaseofbinary(n,k)cycliccodesOwithk=1,2,andn-1,there

existsanorderedbasiswithTypeIsuchthattheFeng-Raodesignedminimumdistance

isequalton-1,2(讐 一1),and2,respectively・
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Chapterl

Introduction

1.1Background

Theminimumdistanceofanerrorcorrectingcodeisthemostimportantparameterfor

evaluatingitserrorcorrectingability.Foracycliccodeσ,Bose-Chaudhuri一 且ocquenghem

(BCH)bound[1,2,6],Hartmann-Tzeng(HT)bound[5],Roosbound[10],theShiftbound

byvanLint,WilsonandvanEupen[11]arewell-knownlowerboundsfortheminimum

distance.ItisknownthattherelationbetweenBCHbound,HTboundandRoosbound,

andtherelationbetween且TboundandShiftbound.Howeveritisnot㎞owntherelation

betweenRoosboundandShiftbound.

Agooddecodingalgorithmfbrerror-correctingcodeshasalargedesignedminimum

distanced*,sincethealgorithmcancorrectL(d*-1)/2」orfewerrandomerrors.Incase

ofalgebraicgeometrycodes,asubclassoflinearcodes,theFeng-Raodecodingalgorithm

[3]isknownasthebestoneandhasalargedesignedminimumdistancecalledtheFeng-

RaodesignedminimumdistancedFR.TheFeng-Raodesignedminimumdistanceand

theFeng-RaodecodingalgorithmweregeneralizedbyMiura[8]tothemoregeneralcase

oflinea■codesoverFq,afinitefieldwithorderq,togetherwiththedefinitionofdFR.

AccordingtothedefinitionbyMiurathevalueofdFRforan(n,た)linearcodeOoverFq

dependsonthechoiceoftheorderedbasisBnof勢,avectorspaceconsistingofallthe

n-tuplesoverFq,usedfbrdefiningthecodeO・InpracticalapPlicationsoftheFeng-Rao

decodingalgorithm,itisimportantto丘ndsuchanoptimumorderedbasis.Bnfbragiven

(n,,k)linearcodeOasd朋(0,Bn)takesthemaximumvalued朋(σ).

Miura,sde丘nitionoftheFeng-Raodesignedminimumdistanced朋f6ran(n,k)linear

codeOoverafinitefieldFgoforderqdependson七hechoiceofanorderedbasisBn=

1
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{bl,b2,…,bn}ofthevectorspace勢withdimensionnover」Fq.Itisinterestingtofind

suchanoptimumorderedbasisBnasd朋ismaximum,sincetheFeng-Raodecoding

algorithmcancorrectuptoL(dFR(0,Bn)-1)/2」errors.Itisshowntha七someproperties

oftheFeng-Raodesignedminimumdistanced朋byMiurafbrbinarylinearcodesand

cycliccodes[13,19,15].

Recentlythede丘nitionofdFRoflinearcodeshasbeenslightlygeneralizedbyMat-

sumoto[7],whichusesthreeorderedbasesUn={ul,u2,…,un},Vn={vl,v2,…,vn}

andBn={bl,b2,…,bn}of理insteadofoneincaseofMiura,sde且nition,i.e.,Bnisused

fordefiningthelinearcode,andUn,Vnareusedf()rcomputingasyndromematrixinMat-

sumoto,sde丘nition.HenceMiura'sdefinitionisincludedbyassumptionUn=Vn=Bnin

Matsumoto,sdefinition.

1.21nThisDissertation.

Theminimumdistanceofanerrorcorrectingcodeisthemostimportantparameterfbr

evaluatingitserrorcorrectingability.Incaseofalgebraicgeometrycodes,asubclassof

linearcodes,theFeng-Raodecodingalgorithmisknowna8thebestoneandhasalarge

theFeng-Raodesignedminimumdistance.Thisdissertationdealswithsomeproperties

oftheFeng-RaodesignedminimumdistancebyMiuraandMatsumotoofbinarylinear

codesandcycliccodes.

Chapter2describesbrie且yconstructionofthecommunicationsystem.Thelinear

codesaremostlystudied,becausetheyareeasiertodescribe,encode,anddecodethan

nonlinearcodes.ThecycliccodesincludethefamilyofBCHcodesareimportantsubclass

oflinearcodes.ThepropertiesoflinearcodesandcycliccodesarepresentedinChapter

2.

InChapter3,therelationbetweellwell-knowndesignedminimumdistanceofcyclic

codes,suchasBose-Chaudhuri-Hocquenghembound,Hartmann-Tzengbound,Roosbound

andShiftboundarepresented.TheunknownrelationbetweenRoosboundandShift

boundareshownfromnumericalexperiments。Thischapterdealswithmanyexamples

andtablesofbinarycycliccodesofn≦31andternarycycliccodesofn≦26.

Chapter4ismainlyconcernedwithintroductionstotheFeng-Raodesignedminimum

distanceandtheFeng-Raodecodingoflinearcodes.Thefundamentali七erativealgorithm

anditsextension,whichareeffectivealgorithmsfbrdecodinglinearcodesuptothede.

signedminimumdistanced朋,areintroduced.Miura,sde丘nitionofdFRisdescribed,
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andsomepropertiesarelisted.MoreovertheFeng-Raρdecodingmethodisintroducedfbr

linearcodes.

Chapter5dealswiththeFellg-RaodesignedminimumdistancedFRofbinarylinear

codes.】Foran(n,た)line肛codeovera且nite丘eldF2,Miura,sde丘nitionof伽Rdenoted

bydFR(0,Bn)dependsonthechoiceofanorderedbasisBn={b1,b2,一 ・,bn}ofthe

vectorspa君e理withdimensionπover」F2,andtheorderingofπvectorsb1,b2,…,bnhas

meaning.ItisinterestingtofindsuchanoptimumorderedbasisBnasd朋ismaXdmum,

sincetheFeng-RaodecodingcancorrectuptoL(dFR(0,Bn)-1)/2」errors・Inthischapter

d朋(0,Bn)ofbina■ylinearcodescannottakeanoddvalueexceptoneifweuseMiura's

de丘nitionofdFR(0,Bn)isproved.

InChapter6,Matsumoto,sde丘nitionofdFRfbrlinearcodesisconsidered.Thedef-

initionofd朋oflinearcodeshasbeenslightlygeneralizedbyMatsumotodenotedbyへ
dFR,thatusesthreeorderedbasesUn={Ul,U2,●.・,Un},Vn={vl,"2,…,vn}and

Bn={61,b2,…,bn}ofF,ninsteadofoneorderedbasisincaseofMiura,sde且nition,

i.e.,Bnisusedfbrde丘ningthelinearcode,a皿dUn,Vnareusedfbrcomputingasyn-

dromematrixinMatsumoto,sde丘nitionandMiura,sde丘nitionisincludedbyassumption

Un=Vn=Bn.InthischapterwegiveconjecturesthatMatsumoto,s ,generalizationisnot

soeffectiveforbinarylinearcodescomparedwithMiura,sde且nitionf士omsomepropertiesバ
andsomenumericalexamplesofMatsumoto,sd朋.

Chapter7dealswiththeFeng-Raodesignedminimumdistanceofcycliccodes..The

"TypeI"orderedbasis
.Bnisde丘ned,thatcorrespondstothewell一 ㎞ownfbrmofthe

paritycheckmatrixofan(n,k)cycliccodeexpressedbyitsparitycheckpolynomial,

i.e.,weuseanaturalchoiceofB,asubsetofBn,as(n-k)vectors{bl,b2,…,bn_ic},

whichconsistsofapermutationofv㏄torscorrespondingtothecoef且cientofthecheck

polynomialandits(n-k-1)consecutiverightcyclicshifts.Thepossiblevaluesofd朋

ofan(n,k)cycliccodeareinvestigatedwhentheTypeIorderedbasisBnisused.R)r

nonbinarycycliccodesdFR(0,」Bn)≦1isproved,if」BnisTypeIandthecheckpolynomia1

ん(x)hasacoeHicient≠0,1.Moreoverthischaptershowsthat,fbrbinarycycliccodes,

dFR(0,Bn)=n-1fbrkニ1(repetitioncode),dFR(0,Bn)≧2(讐 一1)fbrk=2if」Bnis

TypeI,anddFR(0,Bn)=2fbrk=n-1(pa■itycode),respectively.

FinallyconclusionsandfutureworksarelistedinChapter8.



Chapter2

Preparations

2.11ntroduction

Codeswereinventedtocorrecterrorsonnoisycommunicationchannels.Supposethereis

atelegraphwirefromoneplacetotheotherplacedown,whichO,sand1,scanbesent.

UsuallywhenaOissentitisreceivedasaO,『orwhenalissentitisreceivedasa1,

butoccasionallyaOwillbereceiveda8a1,0ralasaO.Let,ssaythatontheaverage

psymbolswillbeinerror,i.e.,fbreachsymbolthereisanerrorprobabilitypthatthe

channelwillmakeamistake.Thisiscalledabinαr3tsymmetricchannel(Fig.2.1).

「

1-P
OO

11
1-P

SENDRECErVE

Figure2.1:TheBinarySymmetricChannel

Therearealotofimportantmessagestobesentdownthiswire,andtheymustbe

sentasquicklyandreliablyaspossible.Themessagesarealreadywrittenasastringof

O,sand1,sperhapstheyarebeingproducedbyacomputer.

Wearegoingtoencodethesemessagestogivethemsomeprotectionagainsterrorson

4
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thechanne1.Ablockofmessagesymbolsu=(ul,u2,…,uh)whereui=Oorlwillbe

encodedintoacodewordx=(x1,x2,…,xn)wherexi=Oor1,n≧k(Fig.2.1);these

codewordsfbrmacode.

CHANNEL

MESSAGEENCODERDECODERUSER

MESSAGECODEWORDRECEIVEDESTIMATE

ul,u2,…,ukxl,x2,…,τnVECTOROFMESSAGE

y=¢ 十e

ERROR

e1,e2,.",en

Figure2.2:TheCommunicationSystem

Inthemethodofencodingweareabouttodescribeproduceswhatiscalledalineαr

code.The£rstpartofthecodewordconsistsofthemessageitselfl

Xl=Ul,コ じ2=Z己2,。 ・願,2)鳶=竃 』た,

followedbyn一 南checksymbols

'Xle
十1,¢ 島十2,'。',Xn・

Supposethemessageu=(ul,u2,…,ule)whereui=Oorlisencodedintothe

codewordx=(x1,x2,…,xn),whichisthensentthroughthechannel.Becauseofchannel

noise,thereceivedvectory=(Yl,Y2,…,Yn)maybedifferentfromx.Let,sde且nethe

erro7・vector

e=y-X=(e1,ε2,…,en)。

Thenei=Owithprobability1-p(andthei-thsymboliscorrect),andei=1with

probabilityp(andthei-thsymboliswrong).Sowedescribetheactionofthechannelby

sayingitdistortsthecodewordxbyaddingtheerrorvectoretoit.

Thedecodermustdecide丘omywhichmessageuorwhichcodewordxwastransmit-

ted.Ofcourseit,senoughifthedecoderfinde,forthenxニy-e.Nowthedecoder

canneverbecertainwhatewas.Hisstrategytherefbrewillbetochoosethemostlikely

errorvectore,givenywasreceived.Providedthecodewordsareallequallylikely,this

strategyisoptimuminthesensethatitminimizestheprobabilityofthedecodermaking

amistake,andiscalledmαcimumlikelihooddecoding.
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1nthenextsectionthelinearcodeswillbestated.Andinthelastsectioncycliccodes

willbeexplained.

2.2LinearCode

Amongalltypesofblockcodes,linearcodesaremostlystudied.Becauseoftheiralgebraic

structure,theyareeasiertodescribe,encode,anddecodethannonlinearcodes.

LetF,"denotethelinearspaceofall7レtuplesovera丘nitefieldFq.AcodeOwith

codelengthnover」Fqisasubset .of号.IfOisakdimensionalsubspaceofF,n,thenO

willbecalledan(n,k)hnearcodeover1㍉.Weusuallywritethevectorsin勢aswords

x=(xl,x2,…,ωn)overthealphabetFqandcallavectorinOacodeword.ThefieldF2

isveryspecialincodingtheory,andcodesoverF2arecalledbinαrZtcα オe5。CodesoverF3

arecalledternarycodes.Thetwomostcommonwaystopresentalineaエcodearebya

generatormatrixandbyaparitycheckmatrix.

AgeneratormαtrixforalinearcodeOisanyk×nmatrixGwhoserowsformabasis

fbrO.Foranysetofkindependentrowsofageneratormatrixσ,thecorrespondingset

ofcoordinatesfbrmsaninfbrmationsetfbrO.

Recallthattheordinaryinnerproductofvectorsu=(Ul,U2,。 ●',Un)and"=

@・,V2,…,・ ・)in理is
れ

〈u・"〉 一 Σu・Vi

i=1
ThedualofOisthe(n,n-k)linearcodeO⊥definedby

O⊥ 一{・ ∈理1〈u・v>-Of・ ・allu∈ σ}.

An(n-k)×ngeneratormatrixHofO⊥iscalledapar吻checkmatrinforO.So

O-{x∈ 理1盟 丁一 〇}.

The石rammingdistanced(x,y)betweentwovectorsx,y∈ 号isdefinedtobethe

numberofcoordinatesinwhichxandydiffer,i,e.,

d(x,y)=#{ilXi≠yi,1≦i≦n},

where"Ameansthecardinalityofset.A.Distanceisametriconthelinearsp㏄e勢.The

minimumdistαnceofacodeOisthesmallestdistancebetweendistinctcodewordsandit
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isimportantindeterminingitserrorcorrectingcapabilities.TheHammingweightwt(x)

ofavectorx∈ 勢is七henumberofitsnonzerocoordinates.Clearly,d(m,y)=wt(x-y).

ThusifOisalinea■code,theminimumdistancedisthesameastheminimumweightof

anonzerocodewordfbrallcodewordsexceptzerocodeword.Iftheminimumdista皿ced

ofan(n,k)codeisknown,thenwerefertothecodeasan(n,k,d)code.

IftheminimumdistanceofOisd,thereexisttwodistinctcodewordssuchthatthe

spheresofradius亡+1aboutthemarenotdisjoint,thenthepackingradius孟sothatthe

spheresaboutthecodewordsarepairWisedisjoint,equalsl(d-1)/2」.Thepackingradius

tofacodeischaracterizedbythepropertythatnearestneighbordecodingalwaysdecodes

cor'rectlyareceivedvectorinwhicht,orfewererrorshaveoccurredbutwillnotalways

decodecorrectlyareceivedvectorinwhichオ 十1errorshaveoccurred.ThusOisat-error

correctingcodebutnot
.a(t十1)-errorcorrectingcode.Onewayto丘ndaclosestcodeword

toareceivedvectoryistoexamineallcodewordsuntiloneisfoundwithdistancetorless

丘omy。Butobviouslythisisarealisticdecodingalgorithmonlyfbrcodeswithasmall

numberofvectors.Generaldecodingalgorithma■ediscussedinSection4.4.

Theminimumdistancedisasimplemeasureofthegoodnessofacode.Foragiven

lengthandnumberofcodewords(equivalently,dimensioninthecaseoflinea■codes),a

fundamentalproblemincodingtheoryistodetermineacodewiththelargestd。

2.3CyclicCode

Cycliccodesaremostlystudiedofallcodes,sincetheyareeasytoencode,andinclude

theimportantfamilyofBCHcodes.

AlinearcodeOoflengthnoverFqiscyclicifthevector(q_1co…cn_2)obtained

丘omcodewordc=(coc1…cπ_2cn_1)inObythecyclic8ん 離ofcoordinatesiト>i十1is

alsoinO.CycliccodesandcertaincodesrelatedtothemaresomeofthemostusefUlcodes

㎞o㎜.InparticulartheGolaycodesandthebinaryHammingcodescanberepresented

ascycliccodes.

Thereisabijectivecorrespondencebetweenthevec七 〇rs

C=(CoC1…Cη 一1)

inF,nandthepolynomials

・(X)ニ ・0+・ 、X+…+(h-、xn-1
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inFq[x]ofdegreeatmostn-1.Weallowourselvesthelatitudeofusingthevector

notationcandthepolynomialnotationc(x)intercha皿geably.Thefa£tthatacycliccode

Oisinva■iantunderacyclicshiftimpliesthatifc(のisinOthensoisxc(勾providedwe

multiplymoduloxn-1.Thissuggeststhatthepropercontextfbrstudyingcycliccodes

isthesubsetoftheresidueclassring

R。=瑞 囮/(♂-1)・

Underthecorrespondenceofvectorswithpolynomiaユasgivenabove,cycliccodescorre-

spondbijectivelytotheidealsofRπ.

Todistinguishtheideals(g(x))of」Fq[x]fromthoseofRh,weusethenotation〈g(x)>

fbrtheidealofRngeneratedbyg(x),whereg(x)iscalledageneratorpolynomialofthe

ideal.LetObeanonzerocycliccodein.R!,,.Thereexistsapolynomialg(x)∈Owiththe

fbllowingProperties.

1.g(x)istheuniquemonicpolynomialofminimumdegreeinO.

2.0=〈9(x)〉.

3.9(x)1(xn-1).

Letた=n-deg(g(x)),andletg(x)=Σ 獅1g`♂wheregπ_k+1=…=gn_1=0.Then

4.thedimensionofOis南and{g(勾,xg(x),…,xle-1g(x)}isabasisforO,i.e.,

909192● ロ●9n-kOO● 。●0

・09091-・9
n_k_19n_kO。 ・・O

G=0090…9n_k_29n_le_19n_h…0

000・ ・・ …g7L_k

9(x)

xg(の

…

xle-19(X)

isageneratormatrixfbrO.

LetObeacycliccodewithgeneratorpolynomialg(x).Then,

た
ん(勾 一(xn-1)/9(x)一 Σh・X',(hk≠0),

i=0
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iscalledthecんeckpolynomialofO.1」et

hleん た_1… ん000…0

0んk… ん1ん00…O

H=

…

00hk… んo

usinganobviousnotation.Ifx∈OthenxHT=0.Since

'k
=deg(ん(勾)=n-deg(g(x))=dim(0),

a皿dtherowsofHareobviouslylineadyindependent,theconditionxHT=Oisalso

suHicientfbr¢tobeinthecode.ThusHisaparitycheckmatrixfbrO。



Chapter3

DesignedMinimumDistancesof

CyclicCodes

3.11ntroduction

Itissurveyedvariousboundsontheminimumdistanceofcycliccodesinthischapter.F()r

acychccodeOtheBose-Chaudhuri-HocquenghembounddBoH(0)[1,2,6],Hartmann-

TzengbounddHT(0)[5],RoosbounddR(0)[10],theShiftboundds(0)byvanLint,

WiBonandvanEupen[11]arewell一 ㎞ownlowerboundsfbrtheminimumdistance.It

is㎞ownthat4BoH(0)≦dHT(0)≦dR(0)anddHT(0)≦ds(0).Howevertherelation

betweendR(0)andds(0)dosenotbe㎞own.Inthischapterwewilldiscussthisrelation

withsomeexamplesbyauthor,scomputingprogram。

hlthischapter,丘rstlyitisreferredtothede丘nitionofBCHbounddBoH(0),Hartmann-

TzengbounddHT(0),RoosbounddR(0)andtheShiftboundds(0)fbracycliccode

O.Secondlytherelationsbetweendesignedminimumdistanceswillbediscussedfrom

numericaユexperiments.

3.2Well-KnownDesignedMinimumDistances

Somelowerboundswillbeintroducedontheminimumdistanceofcycliccodesinthis

section.A且nite丘ledisdenotedbyFandthemultiplicativegroupofnon-zeroelements

isdenotedbyF*.The且nite丘ledWithqelementsisdenotedby」Fq.

AcycliccodeOoflengthnoverFgwillbeidentifiedwiththecorrespondingidealin

theringl乾 囮/(xn-1),ThisidealOisgeneratedbyapolynomialg(x)whichdivides

10
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♂-1.ThetrueminimumdistαnceofOisdenotedbyd.Ifαisaprimitiventhrootof

unityinanextensionfield1㍉ 冊of1㍉,theng(x)isaproductofpolynomiaユsm`(x),where

mi(x)denotestheminimalpolynomia1長)rαzoverFq.Thefbllowingset

R={il9(αz)=0,0≦i≦n-1}

iscalleddefining5e孟ofOwithg(x).

Awell一 ㎞ownlowerboundfbrtheminimumdistanceofcycliccodesisthes(》called

Bose-Chaudhuri-Hocquenghem(BCH)bound[6].

Definition3.2.1(BOHbound?五etthelargestδ ≦nsuchtんat{i,乞+1,…,i+δ 一2}⊆R

/br50mei,〃lendBCH(0)=δ.

TheBCHboundwasgeneralizedbyHartmannandTzeng【5}.Theirresultwhichwe

caUtheHTbound,wasslightlymodi丘edbyRoos[10L

Definition3。22但71bound?Letthelargestnumberδ 十8,such孟 んαttんeree廊 孟i,α

andswi〃1〃lepropertythatgcd(α,n)=1αnd{¢+ゴ 十ka11≦ ゴ く δ,0≦le≦8}⊆1記,〃len

dHT(0)=δ 十8.

Definition3.2.3(Roosbound?五 εオわ αndnbetωopositiveintegerssuchtんatgcd(b,n)=

1,ijA⊂R,B={ilb,i2bジ ・・,乞¢b}ω んe陀0≦il<…<it<n,andit-il+1≦ オ+dA-2,

tんentんetrueminimumdistance()fOisd(0)≧ オ+dA-1.TheR・ ・8わ ・unddR(0)istん ε

la7yestnumbert+〔iA-1sucん 孟んαオthereexist〔ieflningsets/1andB,ωhere/1+B⊆R,

anddAtSm翻mumdistance・fO(A)・verFqm,ωhereO(孟)isdefin〔ntbydefin吻setA.

Letg(のbethegeneratorpolynomialofcycliccodeO,thecheckpolynomialん(勾=

(♂-1)/g(x)consistsoftheproduceofirreduciblepolyllomialん1(勾,ん2(x),…,妬(x).

TheShiftbound[1210fcycliccodesOisrecursivelydefinedas{bllowing.

Definition3.2.4(Sん 乖boun〔1?

1.InαaseOfu=1(h(勾isirreduciblepotynomial)'

Lε 孟Rbεdefining5θ 孟(ザ0αnd{rl,r2,…,rw}⊆R,プbTωseguencesα1,α2,…,α 卿,

ノbrω=1,2,…,n,thelαrgestnumberisuchthαt

{ai+r・,α 汁r2,…,ai+ri-・}⊂R,ai+ri¢R,(3.1)

wehαveds(0)=ω+1。
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2,lnαaseOfu>1'

LethO(x)1ん(x),九 〇(x)≠ ん(x),thecyclicc・de(]Oωithgenerat・rp・lyn・mialgO(x)-

9(x)ho(x)おtruesubcodeρ ∫0,ω εwrite(]o〈0.Let

ds(0)=minσ 。くods(Co).

For{rl,r2ヂ ・・,rw}⊆R,ω+1≦ds(0)αndi=1,2,…,ω,(3.1/ishol{1,ノbr舌 んε

largestnumberωsuchthatthereeStstthesequenoesai,α2,…,α 物 ωeんaveds(0)=

ω 十1.

3.3RelationsBetweenDesignedMinimumDistancesfrom

NumericalExperiments

Itfollowsdirectlyf士omthede丘nitionsthattheHTboundisageneralizationoftheBCH

boundandtheRoosboundisageneralizationoftheHTbound,sowehavedBoH≦

dHT≦dR.

AsetofintegersisdenotedbyZ,a皿dtheintegersmodulobynisdenotedbyZn.

Theorem3.3.1Theプ'ollowinginequαlitiesんold

ds(0)≧dHT(0)≧dBCH(0).

ProofThelastinequaJityisobvious.正etJ={i十 ゴ 十kα11≦ ゴ<δ,0≦k≦8}bea

subsetofZn,a皿dJ⊆R≠Zn.Thenthereisaδ'≧ δsuchthati+ゴ ∈Rforall1≦ ゴ 〈 δ'

andi十 δ'¢R.Theset{i十 ゴ 十kαll≦ ゴ く δ,k∈Zn}isequaユtoZn,sincegcd(α,n)<δ.

Sothereexist8'≧8andゴ'suchthati十 ゴ 十 鳶α ∈ 石ヒfbran1≦ ゴ 〈 δandO≦k≦5',and

1≦ ゴ'<δ,i十 ゴ'十(8'十1)α ～芒R.Letω=δ 十8'.

1、et毎=(k-1)αfbrall1≦k≦8'十1,and毎=δ'一 δ一8'-1十kfbrallksuchthat

8'十2≦ 鳶 ≦ δ 十8'.1、etゴt=i十lfbra皿1≦1≦ δ 一1,a皿dletゴ1=i十 ゴ'十(1一 δ十1)αfbr

alllsuchthatδ ≦1≦ δ十8'.Thenoneeasilychecksthat毎 十 ゴ,∈Rforallk十i≦ ω,and

毎 十 ゴ耀〃_k+1ニi十 ゴ'十(8'十1)α ～差Rf()rall1≦ た ≦8'十1,and毎 一1一ゴω_k+1=i十 δ'≠R

丘)rall8'十2≦k≦ δ 十8'.SowehaveasetwhichisindependentwithrespecttoRa皿d

hassizeω=δ 十8'〉 δ 十8.

Fromthede丘nitionofShiftbound,wehaveds(0)〉 δ十sforalldefiningsetsRwhich

containJanda■enotequaltoZn.Therefbreds(0)≧dHT(0).ロ
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TheRoosboundisageneralizationoftheHTbound,sodR(0)≧dHT(0).Thenext

wediscussabouttherelationbetweendRanddsfromnumericalexperimentsthatusethe

computingprogramofRoosboundandShiftboundbyauthor.

o

ExplanationofComputingProgram

ItisintroducedthemethodfbrcomputingprogramofRoosboundandShiftbound

asfbllOWS.

1.R)rtheComputingProgramofRoosBound

Le田bede丘ningset,andA+B⊆R.WechoicethesetAisthesubsetofR,which

thelargestcontinuouselements,suchthatdA=dBoH(0).From.4+B⊆R,we

decidethesetB.LetibfbrO≦i<n,wechoicetheelementsthatbelongtoset

Bbytheorderofi,whereb∈{0,1,…,n-1},gcd(わ,n)ニ1.WechoiceBthat

satisfiesit-il十1≦ オ十dA-2,andcomputedR(0)=オ 十dA-1,

2.R)rtheComputingProgramofShiftBound

Itismadeoutcomputingprogramthatsearchallsequencessatis取ingthecondition

ofde丘nition.

Inmanycasesofbinarycodesoflengthatmost62,theShiftboundisequaltothe

trueminimumdistance[12].Inabout95%ofaUternarycodesoflengthatmost40,the

Shiftboundisequaltothetrueminimumdistance[11】.

3.3.1FbrBinaryCyclicCodesofn≦31

1ncaseofdR(0)〈 〔オ3(0)wecanfinddR(0)=(オBσH(0)QrdR(0)=dHT(0).

Example3.3。1Leオn=21,R={0,1,2,3,4,6,7,8,11,12,14,16},ω ε んavedBoH(0)=

d月rT((フ)=dR(0)=6,andds=8.Theminimum(tistanceρ ∫thtsc〃cあccodeis8.

Example3.3.2五 ε毒 η=31,R={1,2,4,7,8,14,16,19,25,28},ω εhavedBcH(σ)=

3,dHT(0)=dR(0)=4αn(オd3=5.Theminimum(iistαnceo∫ 孟んおc〃cあccodeis5,

Incaseof{IR=ds,wehave〔iBoH(0)=dR(0)={is(0)ordHT(0)=d、R(0)=d3(0)

inmanycases.Weshowtheexamplewhichisnotso,i.e.,incaseofdBoH(0)<dHT(0)〈

dR(0)=ds(0).
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Example3.3.3Letnニ21,R={1,2,3,4,6,7,8,9,11,12,14,15,16,18}.Wehαve

dBcH・(0)=5,dHT(0)=6.Let/1{1,2},わ=4,B={11,12,13,14,16,17},ω εhave

dR(0)=8,ds(0)=8』hem伽numdtStance(ゾthiscyclicc・deis8,

Fbrthebinarycycliccodesofn≦31,about25%isdR(0)<ds(0),about75%is

dR(0)ニds(0),andthereisnocaseofd児(0)>ds(0),ThereforewehavedR(0)≦ds(0)

f()rbinarycycliccodesofn≦31.

3.3.2ForTernaryCyclicCodesofn≦26

Allterna■ycycliccodesofn<26a■edR(0)≦ds(0).Therearetwoexampleswith

dR(0)>ds(0).Oneoftheexampleisin[11],andtheotheroneisfbundbyauthor.

Example3.3.4/1/F()rn=26,R={0,13,14,16,17,22,23,25},let」4={13,14},bニ

3,B={0,1,3,4},ω εhavedR=6andds=5.TheminimumdtStanceρ ノthisc〃c面ccode

is6.

Example3.3.5F()rn=26,R={0,5,8,13,14,15,16,17,19,20,22,23,24,25},letAニ

{13,14,15},b=9,B`={0,1,3,4,6,7},ω εhavedR=9andds=8.Theminimum

dt5tanceρ ノ オん琶8cyclicCα ∬εis9.

Fortheternarycycliccodesofn≦26,about32%isdR(0)〈ds(0),about67%is

dR(0)=ds(0),andtherearetwoexampleswithdR'(0)>ds(0).

Expla皿ationofTables

Itiscomputedallbinarycycliccodesofn≦31,a皿dallternarycycliccodesofn≦26

byauthor,scomputingprogram.InmanycaseswehavedR(0)=ds(0),thenthetables

onlygivethecaseofdR(0)〈ds(0).Andthetablesgivethecodelengthn,dimension

le,RoosbounddR(0),Shiftboundds(0),andthesetσsuchthatg(x)=n乞 ∈Gmi(x),in

otherwords,R={αtli∈ σ}isadefi皿ingset.

3.4Conclusion

Itissurveyedvariousboundsontheminimumdistanceofcycliccodes.R)rcychccodesthe

BCHbounddBcH(0),HTbounddHT(0),RoosbounddR(0)andtheShiftboundds(0)

fbrtheminimumdistancearewell一 ㎞own.ItisknownthatdBoH(0)≦dHT(0)≦dR(0)
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anddHT(0)≦(オ3(0).Buttherelationbetween(オR(0)andds(0)isnotknown,Itis

discussedwithsomeexamplesinthischapter.

Fbrallbinarycycliccodesofn≦31,about25%isdR(0)<ds(0),about75%is

dR(0)=ds(0),andthereisnocaseof(オ 、配(0)>ds(0)。ThereforewehavedR(0)≦{is(0)

fbrbinarycycliccodesofn≦31.

Fbrallternarycycliccodesofn≦26,about32%isdR(0)〈ds(0),about67%is

dR(0)=ds(0),andtherearetwoexampleswithdR(0)>ds(0).

Table3.1:Bina■yCyclicCodesofn≦31

NO.nkdR(0)ds(0)θ

115340,3,7

2340,7,9

3219561,3,9

4680,1,3,7

56781,3,5

62312561

711670,1

8451,5

921451,7

10453,7

1131453,11

1220560,1,5

13460,1,7

1416671,5,7

1515670,1,5,7
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Table3.2:TernaryCyclicCodesofn≦26

iNO・lnlkld・(0)id・(0)1σ1

1560,1,2

2136560,1,7

3560,2,7

4450,1,10

5169451,2,8

6450,2,5

77561,2,4,8

815340,1

9340,11

1013340,1,5

11341,5,10

122010560,1,4,10

13560,1,2,10

149561,4,5,10

15560,1,2,5

168580,1,2,5,10

17580,1,4,5,10

1816340,1

19342,11

202215340,1,11

21340,2,11

227781,2,4

2369101,2,4,11

242259100,1,2,4,11

259100,1,2,7,11

262312561

2711670,1

2819340,7,17

2918340,7,13,17

302617452,8,17

31454,14,17

3216562,4,13,17

33564,7,13,17
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Table3.3:TernaryCyclicCodesofn≦26(Oontinueの一 一 コ
34561,8,13,17

35464,8,13,17

3616467,8,13,17

37561,13,14,17

38562,13,14,17

39564,13,14,17

40567,13,14,17

4115560,7,8,13,17

42560,4,8,13,17

43561,2,8,17

44564,7,14,17

45561,7,8,17

4614461,7,14,17

47571,8,14,17

4826562,8,14,17

49564,8,14,17

50571,8,13,14,17

51561,7,8,13,17

52564,7,8,13,17

53581,2,13,14,17

5413561,4,13,14,17

55562,4,13,14,17

56784,5,13,14,17

57561,7,13,14,17

58674,7,13,14,17

59564,8,13,14,17

60780,4,7,13,14,17

6112560,4,7,8,13,17

62780,1,8,13,14,17

63670,1,8,13,14,17

6411571,4,8,14,17

65562,4,8,14,17

66782,7,8,14,17



Chapter4

TheFeng-RaoDesignedminimum

DistanceandtheFeng-Rao

Decoding

4.11ntroduction

InthischapterwewillbrieflyreviewMiura,sdefinition[8]oftheFeng-Raodesigned

minimumdistancedFRoflinearcodesandrelatedfactsincludingtheFeng-Raodecoding

oflinearcodes,sincedFRiscloselyrelatedtotheFeng-Raodecoding.

TheFeng-Raodecoding[3,8]ofan(n,ん)linearcodeOover、Fqisasfbllows.

(1)Weconsideranorderedbasis

Bn={bl,b2,・ 。・,bn}(4.1)

of」F,"anddefinean(n,le)linearcodeOoverFqas

O=Span{B}⊥,(4.2)

where

B={bUi,bu2,一 ・,bUn _k}⊂Bn,(4.3)

andSpan{B}meansasubspa£eof理spannedbyB.

(2)Letc=(c1,c2,…,h)∈ 勢beacodewordofO.Ify=(Yl,Y2,_,Yn)∈F,n

isreceivedwhenthecodewordcwassent,wedefineasy=c十e.ThentheFeng-Rao

decodingwill丘ndtheerrorvectore=(e1,e2,…,en)∈ 勢correctlyas

e=3ノ ーc(4.4)

18
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when

wt(e)≦L({iFR-1)/2」.(4.5)

(3)Thedeterminationofewillbedoneasfbllows.Defineann×nsyndromematrix

3(e)・verFqas

3(e)ニH(Bn)diag(e)亡 正∫(Bπ),(4。6)

where

bl

b2
H(Bn)=.,(4・7)

:

bn

el

e20
diag(e)= ,,(4.8)

0・.

eη

andオ 正1(Bn)isthetra皿sposedmatrixof正 「(Bn).Ifwecancompute3(e)fromthereceived

wordy,thenwecandeterminetheerrorvectorebytheinversematrixesofH(Bn)and

tH(B
n)as

diag(e)=H(Bn)-13(e)tH(Bπ)-1(4.9)

SinCeH(Bn)iSnOnSingUlar.

ThemaineHbrtoftheFeng-Raodecodingisthecomputationof3(e)f止omy.This

eflbrtcanbedoneasfbllows.

The(i,ゴ)elementof5(e)isgivenby〈e,b信bj>.R)rtwovectorsI診=(xl,x2,_,コcn)∈

F,"andy=(Yl,Y2,…,Yn)∈ 勢wede丘netheinnerproduct

〈X,y>=X・ 〃・+X2〃2+…+X・ 〃n∈ 理

andvectorproduct

xy=(X・y・,X2Y2,…,X・ 〃・)∈ 号,
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respectivelyByexpandingbibiwithrespecttotheorderedbasisBn={b1,b2,…,bn}

theelement〈e,b盛bゴ>canbecomputedfrom

〈e,b1>,〈e,b2>,・ 。。,〈e,bn>.(4.10)

Amongthenvaluesof(4.10),then-kvalues

〈e,bUi>(i=1,2,…,n-k)(4,11)

canbeeasilycomputedby

〈e,bUi>=〈y,bUi>,

since〈c,bui>=OfromthedefinitionofO,i.e.,(4.2)and(4.3).Theremainingkvalues

〈e,b」 〉 ゴ ¢{U・,U2,…,Un-k}

willbedeterminedbyapplyingtheExtendedFundamentalIterativeAlgorithm(EFIA)to

then×nmatrixS(y)usingthemajorityvotingprincipletogether[3,4].

TherefbrewewillbrieflyreviewtheEFIAinSection4.2,thedefinitionanduseful

propertiesofdFRinSection4,3,andtheFeng-RaodecodinginSection4,4.

4.2TheFundamentalIterativeAlgorithmandItsExtension

InthissectionweexplainthefUndamentaliterativealgorithmanditsextensionasreference

fbrtheFeng-Raodecoding.

Let

α11α12。 一 α1N

α21α22畳"α21V

A=.
●.●

αルt1αM2。 ●● αルTN

bea皿M×1Vmatrixoverafield.F.Weassumerαnk(A)〈N.ThenthecolumnsofA

arelinearlydependent・1・et

O(x)=・ 。+・ 、x+…+Ctxl,・ 。-1

・(の(x)一 ・i,。+・ 、,、針 …+・i,N・N,・ ・,・-1,乞 一1,2,…,M.

Let[0(x)α ω(x)]n,1十1≦.n≦1V,bethecoef且cientofxninO(x)α(の(x).deg(0(x))≦l

suchthat[0(x)α(の(x)]i+1=Ofbri=1,2,一 ・,ハ4
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恥 ・each・ ・1… ゴ,w・d・ 丘・・0(i-・,ゴ)(x)一 £ 仁 も・無一1・ゴ)x・・,wh・ ・e1≦i≦M,・8-1・ ゴ)-

1,tobethepolynomialwiththepropertythat

[0('-1・ ゴ)(x)・(ん)@)1、 一 ・耐 ・S'-1の ・・,ゴ.、+…+・}h1ゴ)・ ・,・

=0ん くi-1.

0(o・ ゴ)(x)isthenreferredastheinitiaユpolynomialfbrcolumnゴ.WiehaveO(o,1)(x)=1

fbrthe且rstcolumn.Wereferto

喝 一[0(`-1の(x)・ ④(x)}ゴー ・耐 ・i'-1ゴ)・姻+…+弓 ゴ の・i,・

asthediscrepαncyattherowiandcolumnj'.Wedefinethe丘nalpolynomialatcolu㎜

ゴtobeO(,)(x)=0(『-1・ の(x)andrefertothisnonzerodr,ゴasthefinaldiscrepancyin

colu㎜ ゴ.Wewillalsorefertoafinaldiscrepancyasaprimarydiscrepancyandmarkits

existencewithan"×"..

(1)FundamentalIterativeAlgorithm(FIA)

Step1:EmptyTableDandC,1→8,1→ ア,1→0(o・8)@).

Stap2:Computedr,5=[0(卜1・5)(x)α(「)(x)]5,

Stap3:Ifdr ,8=0,then

(a)ifr=ハ4,then8-1→1,0(「-1)・3(x)→0(x),stoP;

(b)otherwiseO(「-1・s)(x)→0(「 ・5)〈¢),r十1→7・,andreturntoStep2.

Stap4:Ifdi,s≠0,then

(a)ifthereexistsadr,u∈Dfbrsome1≦u<8,then

C(r-1・ ・)(x)一 舞0(u)(x)xs-u→0(「-1・s)(c)

andreturntoStep3(a);

(b)otherwise,dr,εisstoredinD,

0(卜1,ε)(x)→0(5)(x)→0(o,ε+1)(x)

andO(s)(詔)isstoredinC,then8十1→s,1→r,a皿dreturntoStep2.
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Thefina18andO(卜1,ε)(x)givethesolutionstoZandO(x).Itisseenthatwhenever

di ,ゴ=0,thetop乞componentsofgolu㎜ ゴisalinearcombinationofthetop乞components

ofitsprecedingゴ ー1columns.

Example4.2.1Lettheb伽 瑠 π協 孟惚

001101・ ・。

α11α12α13'。'α16"。100001・ 一

.A-allal2al3●"α16● ●'-898188:::・
コ コ ロ ロ

α6、 α62α63… α66…000111…

001011…

ijωeuseF1」4,ω ε んα"e孟 んe.followingmαt7・ixD

OO1(1)0…

1000…

000…D
=

1(1)(1)…,

10…
0…

αndl=8-1=4,0(x)=0(5・5)(x)=1十x十x2十x3.'

NowweconsidertheapplicationoftheFIAtothematrix.A.Foranycolumnゴ,assume

wehaveobtainedO(「-1・ ゴ)(x)suchthat[0(「-1・ ゴ)(x)α(の(x)]ゴ=Ofbri=1,2,…,r-1

andar ,ゴisunknown.Thentherearetwocasestobeconsidered,ifthereisnoprimary

discrepa皿cyatrowrtotheleftofαr,ゴ.

(1)IncaseofdT,ゴ=0:

dr ,ゴー[0(卜1・ ゴ)(x)・(「)(x)]ゴ ー ・。,ゴ+・(ア ー1・ゴ)・。,ゴ.、+…+・(「-1・ の ・。,、-0,

then

ゴー1

・r,ゴ ー 一 Σ ・(卜1・ ゴ)・ 。
,ゴ.k,

k=1

thevaluecomputedforαr,ゴistrue,ifar,ゴisunknownsyndrome・

(2)Incaseofdr,」 ≠0:dア,ゴisaprimairydiscrepancy,thevalueofαr,ゴcannotbedecided・

(2)ExtendedFundamentalIterativeAlgorithm(EFIA)
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Step1:EmptyTableD,C
,EandF,1→8,1→r,1→0(o・3)(x).

Stap2:Computedr
,5=[0(「-1・s)(x)α(r)(x)]3.

Stap3:If〔 轟,ε=0,then

(a)ifr・=2t十1-8,thenifthereisnodr+1,u∈D,thengoto(a1),otherwisego

t・(a2);

(a1)calculate

お　ユ

・。+・
,。 一 Σ ・『 ・ε)・。+、,。.、,た=1

ar+1 ,sandO(「-1・s)(x)arestoredinEandF,respectively,thengoto(a2);

(a2)if8=2t,thenstop,otherw圭se

O(「-1)・5㈲ →0(s)(x)→0(o・s+1)(x),

8十1→8,1→r,andreturntoStep2;

(b)・th・ ・wi・eO(卜1・s)(x)→0(「 ・s)(x),r+1→r,and・etumt・St・p2.

S七ap4:Ifdr ,5≠0,then

(a)ifthereexistsadr,u∈Dfbrsome1≦u<8,then

・圃(x)一 象1・@)(x)・ ・'u→ ・團(・)

andreturntoStep3(a);

(b)・th・ ・wi・e,dr,。 三sst・・edi・D,・ndO(8)(x)isst・ ・edi・C,th・ng・t・St・p3(・2).

Whenthealgorithmstops,TableEcontainsallthevalu(mscompu七edforunknownsyn-

dromes.Obviously,thecomplexityofthisalgorithmisO(n3).

4.3TheDefinitionoftheFeng-RaoDesignedMinimumDis.

tancebyMiura

WiewillcallBn={bl,b2,…,bn}⊆F,nanorderedbasisofF,nifBnisabasisof勢and

theorderingofnvectorsbl,b2,…,bnha8meaning・ThesubsetBiofBnisde且11edby

Bi={b・,b2,…,bi}fbr1≦i≦n.
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D・ ∬niti・n4・3・1F・ravect・ ・b∈ 勢,th・ 卿 σ ・勢 →{0,1,2,・ …n}i・d・fin・d・ ・

σ(b)ニmin{ilb∈Span{Bi},0≦i≦n},

ωんereSpan{Bi}isαsubspaceoゾ 理spannedby」BiαndSpan{Bo}={0}・

R)rtwovectorsx=(xl,x2,…,xn),y=(Yl,Y2,…,Yn)∈F,",theirproductxyis

definedasx!ノ=(xlYI,x2Y2ヂ ・・,xnYn)∈ ・F,n・

Definition4.3。2Theproductbibゴissαidtobeωell-behαvedOfσ(bubv)<σ(bibi)ノ'o「any

u,vsαtisiv吻1≦u≦i,1≦v≦ ゴ,(u,v)≠(i,の,

Definition4.3.3Theproductbib」'issaidtobeweαklywell-behαvedifσ(bubv)<σ(bibj)

ノ'orαnyusatisfying1≦u<i,v・=」,andαnyv5α 孟醜1吻u=i,1≦v<ゴ ・

Definition4.3。4」Por1≦8≦n,ω θd〔乖 πeIV(8),1V*(8)α8

N(8)一#{(i,ゴ)1σ(b葛bゴ)ニ5,1≦i,ゴ ≦ η,b乞b」25ωeZ」-behαved},

N*(・)一 哲{(i,ゴ)1σ(b、b」)一 ・,1≦i,ゴ ≦n,b、b」 ¢・ ω・aklyw・ll-b・ ん・吻,

ωんe剛 且mθ απ5thecardinalityOfsεtA.F・rαn・rder・dbαsisB・ ㎡ 珊 ωεd吻e

ハr(Bn),1V*(Bn)α8

N(Bn)=(1V(1),N(2),・ 一,1VF(n)),

ハr*(Bn)=(N*(1),1V*(2),…,1V*(n)).

Lemma4.3.1ForagivenorderedbasisBn={b1,b2,…,bn},wecαndetermineN(Bn)

伽 ・mputati・n・1・ ・mpl・ 物0(n4).

ProofWecancalculateN(-Bn)f士omthen×nmatrix

[σ(bあ)](1≦i,ゴ ≦n),

whereσ(b6bゴ)canbedeterminedasfbllows.Let

れ

b・bゴ ー Σ α・bk

k=1

一 α・b1+α2b2+∵ ・+αnbn

=αH(Bn),
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where

α:=(α1,α2,…,αn)

and

blbllb12'●.bln

b2b21b22'● ●b2n

H(Bn);.=....

b7Lbnlbn2…bnn

Wehaveα=b乞bゴ 正「(Bn)-1and

σ(bibゴ)=max{klαle≠0,1≦k≦n},

whereH(Bn)-1istheinversematrixof正1(.Bn).ThecomputationalcompleXityofH(Bn)-1

andαareO(n3)andO(n2),respectively.Therefbrewecancomputethen×nmatrix

[σ(b¢bゴ)]withthecomputationalcomplexityofO(n4).

口
Lemma4・3・2Leta,b∈ 勢,α,β ∈Fq,ωehaveσ(α α+βb)≦max{σ(α),σ(b)}・The

equα1吻holdsOfα ≠0,β ≠0,σ(α)≠ σ(b).

ProofLetσ(α)=u,σ(b)=v.Wehave

α=Clb1十C2b2十 。'。 十(勉bu,

ノ ノ ノ
b=Clb1+C2b2+…+C。bv,

wh・ ・eCi,・1∈Fq(1≦i≦u,1≦ ゴ ≦v)・

Ifu>vandα ≠0,theIIwehave

αα+βb

=(αCl+βCl)bl+(αC2+βC5)b2+…+(αClo+βC葛)bv+α()z)+1bv+1

+…+α(labu,

andσ(α α+βb)=肱

Ifu<vandβ ≠0,thenwehaveσ(α α+βb)=v・

Ifu=v,thenwehaveσ(α α 十 βb)≦u=v.

口
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Lemma4.3.3For1≦t≦n,b∈ 聖,げ σ(btb)<ちthenthereexistsatleastoneiω 伽

1≦i〈tsuchthαtσ(玩b)≦ σ(bib).'

ProofSeetheproofofLemma5.2.1in七henextchapter.

口

ThisLemmatellsusthatb乞bゴisnotweaklywell-behaved,therefbreb乞bゴisnotalso

well-behaved,ifσ(bibゴ)<iorσ(bibゴ)<ゴ.

Comllary4.3.1∬ σ(6吻)=8andb乞bゴisweαklywell一 わehaved,thenωehave1≦i≦

8,1≦ ゴ ≦8.

ProofIfweassumetha七i≧8,thenwehaveσ(b`bゴ)=8<i.FromLemma4.3.3

thereexistsatleastoneuwith1<uくisuchthat

σ(b。bゴ)≧σ(bibゴ),

whichisacontradictiontotheassumptionthatb6bゴisweaklywell-behaved,

Theproofofゴ ≦8isthesimilaL

口

Lemma4.3.4For1≦s≦n,wehαveO≦1V(8)≦ ノV*(8)≦ 乱

ProofO≦N(8)≦2V*(8)isobvious.2V*(5)≦8isshownasfbllows.

(1)Whenuis丘xed,N*(5)=1{(i,ゴ)1σ(b乞bゴ)=8,1≦i,ゴ ≦n,b乞bj

iswell-behaved},thereexistsatmostonevfor1≦v≦n.FromCorollary5.2.1,we

have1≦v≦8,N*(8)≦8.

(2)Whenvis丘xed,theproofisassameas(1). 口
LetBbeasubsetofanorderedbasisBnofF,n.Thelinea■codeO(Bn,B)overFqis

de丘nedas

.0(Bn,B)=Span{B}⊥,

whereSpan{B}⊥meansthesetofallvectorsin勢orthogonaltoSpan{B}.
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Definition4・3・5TheFeng一 丑αodesignedminimumdistαnceofthelineαrcodeOisde-

n・t・d・ ・dFR(σ ・B・)・ndd・ 伽 吻 ・

d朋(0,Bn)=min{N(5)lb。 ∈Bn＼B,1≦8≦n},

d》R(0,Bn)-min{N*(8)lb。 ∈Bn＼B,1≦8≦n},

ωhereBn＼Bisthesubset()fBnωith・uttheelementsOfB.

4.4TheFeng-RaoDecoding

Definition4.4.1Fory=(Yl,Y2,…,Yn)∈ 勢,thenxndiagonalmα 緬 記diag(y)over

Fq,isd〔 伽edα5

Y1

.Y20d
lag(9)= ..0・.

〃π

LetBn={b1,b2,…,bn}beanorderedbasisof勢 ・LetH(Bη)beann×nnonsingular

matrixdefinedas
bl

b2
H(Bn)=..

bn
Definition4。4。2Fory∈ 号,then×nmatrixS(y)overFg,isd〔ifinedas

3(y):=H(Bn)diag(y)tH(Bn),

ωん・retH(Bn)漁 ・傭 脚 ・伽 呵H(B・)・S(y)i・call・dth・ ・yn伽m・m・tri・ ・fy∈ 理 ・

Lemma4.4.1∬br1≦i,ゴ ≦n,ω ε んα"ε5(y)=[〈y,bibゴ 〉],

ProofFromabovede丘nition,wehave

3(y)

ニH(Bn)diag(y)亡H(Bn)
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わ・・ わ・2…b、 。Y1わ 、1b2、 …bn・

b21b22…b2nY20b12b22…bn2

:::0㌦.:::

bnlbn2…bnnYnblnb2n…bnn

Σ 塁一1わ1ゴblゴ防 Σ 峯1わ1ゴ わ2ゴ防 … Σ笄1わ1ゴbnゴ 防

_Σ ㌍ ・b・ゴb・ゴ防 Σ ㌍ 、b・ゴわ・ゴ〃ゴ … Σ乳 ・b・ゴb醐

Σ 塁一・b・ゴb・ゴ防 Σ罫一、わ吻 δ・ゴ〃ゴ … Σ ㌘一、わ・ゴわ醐

一[蹴 Σ細 謙1] ・
Ontheotherhand,

[〈y,b琶6」〉]

〈y,b・b1>〈y,b・b2>… 〈y,blbn>

〈y,b2b・ 〉 〈y,b2b2>… 〈y,b2bn>

〈y,bnbl>〈y,bnb2>… 〈y,bnbn>

Σ 塁=1わ1ゴわ1ゴ防 Σ塁_1blゴb2ゴ防 … Σ 塁=1わ1ゴわη勘

Σ 塁_1b2ゴ わ1ゴ防 Σ塁_1わ2ゴb2ゴ駒 … Σ 撃=1わ2ゴbπ勘

'Σ撃
=ibnゴ わ1助 Σ 舞=ibnゴ わ2ゴ防 … Σ 穿_1b吻bπ ゴ防

一[歌:諺:::1Σ細 蹴;]・

Consequently,wehaveS(y)=[〈y,bibゴ 〉]・ 口
Lemma4.4.2Fory∈F,",wehαvewt(y)=rank(diag(y))=rank(S(y)).

Proofwt(y)=rank(diag(y)>isobvious.Since∬(Bn)isnonsingularmatrix,

rank(H(Bn))=rank(tH(B鴨))=n.From

8「(y)=H(Bn)diag(y)オ 石「(Bn),

wehave

rank(H(Bn)diag(y))=rank(diag(y)).
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1nthesameway,from

rank(diag(y)tH(Bn))=・ra皿k(diag(y)),

wehave

ra皿k(3(y))=rank(diag(y)).

Consequently,wecanprove

wt(y)=rank(diag(y))=rank(S(y)).

口

Lemma4.4.3Letdbethetrueminimumdistαnce{ゾ0(Bn
,B).Thenω εhαved≧

dPR(0,Bn)≧d朋(0,.Bn).

ProofLetc∈0(Bn,B)=Span{B}⊥,c≠0.For1≦8≦n,let

〈c,b・ 〉=〈c,b2>=…=〈c,b。 一、〉=0,

and〈c,b5>≠0,thenb、 ∈Bn＼B.For

∀(k
,1)∈{(i,ブ)1σ(b・bゴ)一 ・,1≦i,ゴ ≦n,6あi・w・aklyw・11-b・h…d}

theelement〈c,blebt>ofS(c)isnonzero,because

8

〈・,b・bi>一 〈c,Σ α・bt>

¢=1

5

一 Σ α・〈c
,bt>

¢=1

5-1

一 α。〈c,b。 〉+Σ αt〈c,bt>

t=1

=α 。〈c
,b。 〉

≠0.

Ontheotherhand,foru=i,1≦v〈 ゴor1≦u<i,v=ゴ,〈c,bubv>=0.Theithcolumn

andゴthrowof[〈c,b¢bゴ>1arelinearlyindependent.Therefbratlea8tthematrix[〈c,b乞bj>]

has2V*(8)independentroworcolumn.FromLemma4.4.1andLemma4.4.2,wehave

wt(c)=rank(5(c))=rank([〈c,b¢b」>D≧N*(8)≧N(8).
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M・ ・e・v・・,fr・mth・D・ £・iti・n・fd》
R(0β 。)andd朋(0,B。),w・hav・

d≧d》R(0,Bπ)≧dFR(0,Bn).

口

恥 ・li・・a・c・d・ ・0(Bn
,B),1・ty∈ 勢b・ ・ecei・ ・dvect・ ・,・・d・ ∈ 町beerr・ ・vect…

Th・nc-y-・ ∈0(B。 β).W・ …um・wt(・)≦1(伽R(0
,B。)-1)/2」,f・ ・b,∈B。 ＼B

suchthat5,1≦8≦n,thereisrank(θ(e))=wt(e)≦L(N(8)-1)/2」 .FromL,emma4.3.4,

wehavewt(e)≦L(8-1)/2」 ・If8≦2,thereisnoerrorbecausewt(e)=o.Therefbrewe

canassumeb1,b2∈B・Let〈e,b1>,〈e
,b2>,…,〈e,b8_1>beknown.

Incaseofbs∈B,wecandetermine〈e
,b、 〉,fromy-e∈0(Bπ,B),wehave〈y,b、 〉一

〈e,b5>=Oand〈e,b8>=〈y,bε 〉.

Incaseofb5≠B,i・e.,b5∈Bn＼B,let

(海,の ∈{(i,ゴ)1σ(bibゴ)=8,1≦i,ゴ ≦ πゐ 盛bゴiswell-behaved}.

Wehaveσ(bubの く σ(blebt)=8fbr1≦u≦k,1≦"≦1
,(u,")≠(k,の.Letσ(bubの ≦

5-1.Wecandetermine〈e,bubv>,since〈e,b1>,〈e,b2>,…,〈 ε,b8 _1>areknown.The

portion〈e,bkbl>of5(e)withthelocation

(ゐ,の ∈{(i,ゴ)1σ(bibゴ)=8,1≦i,ゴ ≦n,bibゴiswell-behaved}

canbedeterminedfromtheEFIAinSection4.2. 喝
Letrank(3(e))=L(N(8)-1)/2」=レ ≦t,thenthereareatmostレprimarydiscrep-

ancies.Fbreach

(k,の ∈{(i,ゴ)1σ(b乞bゴ)=8,1≦i,ゴ ≦n,b乞bゴiswell-behaved},

thenumberofprimarydiscrepancyatitsinternalisatmostμwhereμ ≦ レ.Theelements

atlowerorrightofaprimarydiscrepa皿cycannotdetermine,thenthereareatmost2μ

unknownpositions.Ifμ=レ,thenumberofunknownasfollows

L(N(・)-1)/2」・2-{雑1=1:雛:1=1::麗 ・

Thenthenumberofthetruevaluesisatleastone,andthenumberofthetruevaluesis

greaterthanthenumberofthefalsevalues.
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Sinceσ(blebl)=8,wecanwrite

bleb』=α1b1+α2b2+…+α 。b。.

Thenwecancalculateby

〈e,blebl>=〈 ε,α 、b、+α2b2+…+α 。b、〉

=α ・〈e
,b・ 〉+α2〈e,b2>+…+α 。一・〈ε,b。 一・〉+α 、〈e,b。>

8-1

一 Σ αk〈・,bk>+α 。〈・
,b。 〉.

k=1

Hencewehave

5-1

〈e,bs〉 一(〈 ・,b・bt>一 Σ α・〈・,bk>)/α 。,k=1
therefbre,〈e,bs>canbecomputed.Consequently,theelement〈e,bibゴ>of3(e)suchthat

σ(b信bゴ)≦8,1≦i,ゴ ≦na■eaknown,

From

S(e):=H(Bn)diag(e)tH(Bn),

wehave

diag(e):=H(Bn)-13(e)tH(Bπ)-1,

thentheerrorvectorecanbecomputed.



Chapter5

TheFeng-RaoDesignedMinimum

DistanceofBinary正inearCodes

5.11ntrodUction

TheFeng-RaDdesignedminimumdistanced朋andtheFeng-Raodecodingwereoriginally

introducedintoalgebraicgeometrycodesbyG.LRmgandT.R.N.Rao[3].Theyhave

beenextendedtothecaseofgeneralhnearcodesovera丘nite丘eldbyMiura[8].

Miura,sdefinitionofdFR(0,.Bn)fbran(n,k) .linearcodeCoverafinite丘eldFqWith

orderqdependsonthechoiceofanorderedbasisBn={b1,b2,…,bn}ofthevectorsp㏄e

聖withdimensionnover、Fq,andt与eorderingofnvectorsbl,b2,…,bnhasmea皿ing.

Itisinterestingto丘ndsuchanoptimumorderedbasisBnasd朋ismaXdmum,sincethe

Feng-RaodecodingcancorrectuptoL(dFR(0,Bn)-1)/2」errors.

ThischaptershowsthatdFR(0,Bn)ofbinarylinearcodescannottakeanoddvaJue

exceptoneifweuseMiura,sde丘nitionofdFR(0,Bn).

Recentlythede伽itionofd朋(0,.Bn)oflinearcodeshasbeenslightlymodi丘edby

Matsumoto[7]whichusesthreeorderedbasisof理ins七eadofoneincaseofMiura's

de丘nition.Thischapterdoesnotdiscusswhetherthef士eedomintroducedinMatsumoto,s

definitionwillresultinanotherconclusionornot,althoughitisaveryinterestingproblem.

WeWilldiscussaboutthisprobleminChapter6,

32
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5・2・TheEeng-RaoDesignedMinimumDistanceofBinary

LinearCodes

R)ragiven(n・k)linearcodeσover」F
q,thevalueoftheFeng-Raodesignedminimumdis-

tancedFR(0,Bn)dependsonthevalueofthenumberofwell,behaved
,sincethede丘nition

ofdFR(0,Bn).

Thematrix[σ(b歪bゴ)]is

σ(blbl)σ(b、b2)… σ(b、bn)

σ(b2b・)σ(b2b2)… σ(b2bn)

・ 齢.・,

σ(bnbl)σ(bnb2)… σ(bnbn)

fromthepropertyofsymmetry,wehaveσ(bibj)=σ(bゴb乞)』et

れ

b・b」 一 Σ α・bi,α 一(α ・,α・,…,α 。)∈ 堵,

i=l

ifb歪bゴ ≠Othenwehave

σ(b¢bゴ)=max{i1αi≠0,1≦i≦n}.

FromLemma4.3.4,theidealN(s)isequaltos,thereforethematrix[σ(b捌becomes

thefbllowingideaユfbrm

1234・ 。・n-3η,-2n-1n

2345…n-2n-1n

3456…n-1γ 乙

4567…n・

Particularly,fbr(nニq-1,k)Reed-SolomoncodeOover」Fq(g=pM),伽R(0)=n-iC十1

whichisequaユtotheSingletonbounda皿dthetrueminimumdistance.

However,incaseofbinarylinearcodewheni=ゴ,wehaveσ(bibの=σ(b霧)=σ(bの=i,

thenthematrix[σ(b信b」)lis

1σ(blb2)σ(b・b3)… σ(blbn)

σ(b2b1)2σ(b2b3)… σ(b2bn)

σ(b3b1)σ(b3b2)3… σ(b3bπ),

σ(b。b、)σ(b。b2)σ(b。b。)…n
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ThenextwillconsideronlybinarylinearcodesoverF2.Thefbllowinglemma[[8},Lemma

3.3]anditscorollary[[8],Corollary3.4]areessentialinourdiscussionsinthissection・

Theywillbequotedincaseofbinarylinearcodes,althoughMiuraprovedthemincase

oflinearcodesoveranyFq.Theirproofwillbegivenfbrtheconvenienceofreaderswho

willfinddiMcultyinobtainingMiura,sthesis[8].

L・mma5・2・1五 ・tBn-{b1,b2,…,bn}わ ・an・rd・r・db・ ・i・ ・ゾ 町 ・ijσ(b・b)<孟 ≦n・

thenthereeStstsatleαstoneisuchthαtσ(btb)≦ σ(bib)and1≦i〈t・

ProofWewillshowacontradictionifweassume

σ(bib)く σ(btb)fori=1,2,…,t-1.(5,1)

Letσ(btb)=8<t.Wehave

b孟bニ α1b1十 α2b2千 … 十 α3b8,α8=1.(5.2)

α信∈F2fbr1≦i≦s.Fromtheassumption(5.1)wealsohave

bib=βz,1b1+β 乞,2b2+・ 一+β 盛,5_1b5-1・(5・3)

β`,ゴ ∈F2fbr1≦i<孟,1≦ ゴ 〈5・Wehavebb=bfbranybinaryvectorbandwehave

btb=b古bb=(btb)b

-(α 、b、+α2b2+…+α ・b・)b

=α1blb十 α2b2b十 … 十 α5b5b(5・4)

丘om(5.2).From(5.3)wehave

btb=α1(β1,1b1+β1,2b2+…+β1,8-1b5-1)

+α2(β2,1b1+β2,2b2+…+β2,8-1bs-1)

+…+α5(β8,1b1+β8,2b2+…+β5,5-1b8-1)

=・(α1β1 ,1+α2β2,1+…+αsβs,1)b1

+(α1β1,2+α2β2,2+…+α5β8,2)b2

+…+(α1β1,β_1+α2β2,5-1+・ 一+α5β β,8-1)b3-1

ど　ユ お

ニ Σ(Σ αPi ,ゴ)b♪

」=1乞=1



SomePropentesoftんeFeng-RaoMin舳mDtStanoeofB伽 悩 歪π㎝rO幽 απ40画Oo伽35

thenσ(btb)<8・However(5.2)and(5 ,4)arecontradiction,sincethetermα5b8in(5.2)

ismissingintheright-handsideof(5ド4) .

口

Corollary5.2.1写 σ(b勘)=8α η4bあiswell.behαved
,tんenωehαve1≦i,ゴ ≦8.

ProofIfweassumei>8
,thenapPlicationof■emma5.2.1withオ=iandb=bゴ

showsthatb`bゴisnotwell-behavedfromthede負nitionofwell-behavedness .

Theproofofゴ ≦8isthesame.

口

Nextwewillprovethefbllowingtheorem.

Theorem5。2.1AnybinαrZflinearcodehαsd朋(0
,Bn)equαltoei.theroneorαneven

number.

ThistheoremtellsthatbinarylinearcodescannothaveanodddFR(0,Bn)≧3.Our

proofofTheorem5.2.1isverysimpleasshownbelow.

Firstweusethefbllowingpropertywhichisobviousf士omthede伽ition.

Lemma5.2.2写bあ(i≠ ゴ)iswell-behaved,thenbゴbiisalsoωell-behαved.

ProofSincethepropertyofsymmetry,theproofofthisLemmaisobvious.

口

Nextweusethe負)llowinglemmawhichisalmostobviousfromCorolla■y5.2.1.

Lemma5。2.3ifbibiiswell一 わeんαved,thenwehαveN(の=1.

ProofR)rabinaryvectorb乞wehavebibi=biandσ(bibの=i.Therecannot

existanotherbubv,(u,v)≠(i,のwhichsatisfiestheconditionthatσ(bubの=iandbubv

iswell-behaved,sincesuchbuandbvmustsatis£y1≦u,"≦ifromCorollary5.2.1and

σ(bubのmustbelessthanibecauseofbibibeingwell-behaved.

ProofofTheorem5.2.1WehavelV(1)=1becauseofσ(blb1)=1.

Ifbibiisnotwell-behavedfori≧2,then2V(i)isevenfori≧2fromLemma5,2.2.

Ifth・ ・eeXi・tssμ ・h・bi∈B・ ＼B・ ・b・b・i・w・ILb・hav・d,七h・ ・w・hav・N(の 一1f「 ・m

Lemma5.2.3andd朋(0,Bn)=1fromthede丘nitionofdFR(0,Bn).

There丘)rewehaveTheorem5.2.1.

口
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5.3Conclusion

ThisChap七ershowedthatdFR(0,Bn)ofbinarylinearcodescannottakeanoddnumber

greaterthanorequalto3ifweuseMiura,sdefinition[8]ofd朋(0,Bn)fbrlinearcodes.

RecentlyMiura,sdefinitionofdFR(0,Bn)hasbeenmodi丘edbyMa七sumoto[7]sothat

wecanincludethecasewhereLemma5.2.2doesnothold.Therefbreitisaninteresting

problemtoexaminewhetherTheorem52.1stillholdsornotifweuseMatsumoto,s

definitionofdFR(0,Bn)fbrlinearcodes.InChapter6wewillgivesomeconjecturesfbr

Matsumoto,sdefinitionofd朋(0,Bn).



Chapter6

Matsumoto,sDe丘nitionandSome

Conjectures

6.11ntroduction

Theorem5.2.1inthepreviouschapteriscloselyrelatedtothefactthatthematrix[σ(bibゴ)]

issymmetricinMiura,sde丘nition[8]ofd朋.

RecentlyMatsumoto[7]slightlyextendedMiura,sde丘nitionofdF児byusingthree

orderedbasisUn={　 ul,%2,・ 一,un},Vn={"1,v2,一 ・,vn}andBn={b1,b2,…,bn}

insteadoftheonlyoneorderedbasisBnincaseofMiura.Thisgeneralizationinducethat

thematrix[σ(ILivゴ)]isnotsymmetricingeneral・

Inthischapterwewilldiscusstheeffectoftheunsymmetryof[σ(uivゴ)]onthepossible

valueofd朋ofbinarycycliccodes。Ournumericalexperimentssuggestaconjecturethat

thisgeneralizationisnotsoeffective・ バ
6.2Matsumoto,sDe丘nitionofdFRandSomeConjectures

Miura,sde且nitionoftheFeng-RaodesignedminimumdistanceinSection4.3,hasbeen　
generalizedtod朋byMatsumoto[7].

D・ 伽iti・n6.2.1F・rαvect・rb∈ 珊,th・ 脚 σ'勢 →{0・1,2・ ・一 ・n}i・d・fin・d・ ・

σ(b)=min{ilb∈Span{B乞},0≦i≦n}・

Defillition6.2.2五etILi∈Un,"ゴ ∈Vn.7「heproductuiv」 ・o/uiandvj/brαnordered

b。、i,B。is、 αidt・b・w・ll一 わ・伽 ・dOfσ(u・vの く σ(・LiVゴ)foran〃1≦u≦ ¢,1≦v≦

37
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ゴ,(u,")≠(i,ゴ).

Definition6.2.3For1≦8≦n
,ωed〔 躯 ηε パプ(8)as

カ(・)一"{(i,ゴ)包鯉 藏lb櫨 富 ≦n・}・

バ バ
F・rαn・ 伽 ・db・ ・i・B・,砺 απd琉 け 珊 ω・d・fin・1V(B。

,Un,Vn)・ ・N(B・,Un,Vn)=
　 バ バ

(N(1),1V(2),…,N(n)).

Ournumericalexperimentsinca£eofall(7,た)linearcodesbygeneratingallthepossibleバ へ
setof七hreebasesshowIV(1)≦1and/V(2)≦2.Sowehavethefbllowingconjecture.

ゐ
Co叫jec加re6.2.1既 んα"eO≦N(8)≦8,ノbγ1≦8≦n.

Definition6.2.4Tん ε 」Feng-Rαodesignedminimumdistanceby.Matsumoto(ゾ 仇elinear　
c・deO(Bn,B)琶5伽 ・tedasdFR(0,Bn,Un,Vn)anddefinedas

♂一(C・Bn姻 一mi・琶(・)争ξ脚 ・}・

Definition6.2.5Fory=(Yl,Y2,…,Yn)∈ 町,thesyndromemα オ鷹S(y)overFq,is

definedas

5(y)=H(こfn)diag(y)tH(Vn)

ε

UlYl"1

u2Y201フ2

:0..:

UnYnVn

Lemma6.2.1For1≦i,ゴ ≦n,wehaveS(y)=[〈y,砺uゴ 〉].

ProofWecanrefertotheprdofofLemma4.4.1.

口

L・mma6.2.2F・ry∈ 町,w・ ん・v・wt(y)一 ・ank(di・g(y))一 ・ank(5(y))・

ProofSeetheproofof五emma4.4.2,

口
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L・mma6・2・3L・tdb・ 舌ん・ 蜘 ・min伽mdtSt・nceOfO(B
n,B),Th,。 ω,hav,d≧　

d・ ・(c,B。,Un,Vn).

ProofLetc∈0(Bn,B)=Span{B}⊥
,c≠0.Let

〈C,b・ 〉=〈 ゆ2>=… 一 〈C,b。 一、〉=α

and〈c,bs〉 ≠()1thenb8∈Bn＼B.Fbr

∀(k
,の ∈{(i,ゴ)1σ(2・iVゴ)-s,1≦ 鴇 ゴ ≦ 嘱 ・ゴi・w・ll-b・hav・d}

theelem臼nts〈(:,ukvt>of8(c)arenonzer()
7becauseof

8

〈C,UleVl〉 一 〈◎ Σ ψ ・〉

孟=1

5

一 Σ α・〈c
,bt>

オ=1

5-1

-・ ・s〈c,bs>+Σ α・〈c
,bt>

古=1

=as〈c
,bs〉

≠0.

Ontheotherhan(1,fbru=i,1≦v<ゴor1≦u<i,v=ゴ,〈(:7uuvv>=0.Thei-th

colu㎜andチthrowof[〈c,uivゴ 〉]arelinearlyindependent.Thereforatleastthematrixバ
[〈c7吻]hasN(5)independentroworcolumn.FromLemma6.2.1andLemma62.2,we

have

バ

wt(c)=rank(5(c))ニrank([〈(㍉UiVゴ 〉])≧ ハr(8).

Moreover,丘omthede丘nitionofd朋((ろBn,Un,Vn),wehave

　
d≧4。R(c,B。,Un,Vn).

口

Definition6.2.6ForαlineαrcodeOω εd〔]fine孟 んε5e孟q/all捗 吻lesω 伽threeordered

bαsessuchthαtOαanbedefinedbyαn・rderedbasisBn,i・e・,

綱一{一)翻 総 制 ・
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NotethatBisuniquelydeterminedf士omOandBn .MoreoverUnandVnarenot

concernedwiththelinearcodeαThepurposeistogiveanoptimumtripleofthree

orderedbases(Bn,Un,Vn)fbragivenlinearcodeO。

Definition6.2.7The」Peng-Raodesignedminimumd¢8オ αηceゐR(0)qプOby」Mαtsumoto

isdefinedαs

ハ 　

dFR(0)=max{d朋(0β 。,Un,Vn)1(B。,Un,Vn)∈ γ(0)} .

Thet吻leOftんreeorderedbases(B。,Un,Vn)SαtistWing

バ バ

dFR(0)=dFR(0,Bn,し ㌦,Vn)

iscalledanop伽bUMt吻leプbrO.

ThenextshowsanexampleofatripleofthreebasesinordertodiscussMatsumoto,s

ハ
generalizationofdFR.

Example6.2.1For(7,4/binarylineαrcode,letthreeorderedわasisbeasfollows'

b1=Ul=(1011100),

b2=u2=(0101110),

b3=u3=(0010111),

b4=%4=(0001100),

b5=u5=(0000011),

b6=u6=(0001010),

b7=u7ニ(0000010),

αnd
"1=(0000010),

"2=(0000011),

v3=(1011100),

v4=(0001100),

"5=(0101110),

"6=(0010111),

v7=(0001010).

Thenthematrix(ザ σ(}ゴ)is

OO14457

7744266

7557637

0044477.

7500757

7777676

7700777
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Abovematrixσ(uivゴ)showsthatσ(ulv3)=1andulv3iswell。behaved
,whichcon-

tradictswithCorollary5.2.1.TherefbreinMatsumoto,sde且ni七ionwedon,thaveLemma

5.2.1andCorollary52.1,whichareusedinprovingTheorem5,2.1.

口

Howeverournumericalexperimentson(7,k)binarycodesstronglysuggestthefbllow-

ingconjecturewhichisthesameourpreviousTheorem52.1.

パ
Co叫lecture6。2.2.4nybinαrylinearcodeん α8伽 、配(0,Bn,し 「n,Vn)equαltoeitんeroneoア

α7Levenη 　秘mbeT・.

6.3Conclusion

InthischapterwediscussedMiura,sde且nitionandMasumoto,sdefinitionoftheFeng-Rao

designedmillimumdistancefbrbinarylinearcodes.Matsumoto,sde且nitionisagener-

alizationofMiura,sde丘nition.Somepropertiesandexamplesinducesomeconjectures

whichtellMatsumoto,sgeneralizationisnotsoeffectivecomparedwithMiura,sde伽ition

fbrbinarylinearcodes.

FutureworksaregivingproofSfbrtheseconjecturesandinvestigatenonbinarylinear

codes.



Chapter7

TheFeng-RaoDesignedMinimum

DistanceofCyclicCodes

7.11ntroduction

ThischapterisafirsttrialtofindanoptimumorderedbasisBnfor(n,k)cycliccodesover

Fq,whichareinaclassofthemostusefullinearcodes。ForacycliccodeOthereexists

agooddesignedminimumdistancesuchasBC且designedminimumdistancedenotedby

dBcH.Itisinterestingtocompared朋(0)withdBoHofacychccodeO.

The"TypeI"orderedbasisBnwillbeintroduced,whichcorrespondstothewell-

knownfbrmoftheparitycheckmatrixofan(n,た)cycliccodeexpressedbyitsparity

checkpolynomial,i.e.,weuseanaturalchoiceofB,asubsetofBn,as(n一 ゐ)vectors

{bl,b2,…,bn_k},whichconsistsofapermutationofvectorscorrespondingtothecheck

polynomialandits(n-k-1)consecutiverightcyclicshifts.Thepossiblevaluesofd朋

ofan(n,ゐ)cycliccodewillbeinvestigatedwhenweusetheTypeIorderedbasisBn.

Firstly,itisshownthatf()rnonbinarycycliccodes,i・e・,incaseofq≠2wehave

d朋(0,Bn)≦1ifBnisTypeIandthecheckpolynomialん(x)hasacoe伍cient≠0,1.

Secondly,fbrbinarycycliccodes,i・e・,incaseofq=2itisshownthatdFR(0,Bn)=

n-1」fork=1(repetitioncode),dFR(0,Bn)≧2({}-1)fbrk=2ifBnisTypeI,a皿d

dFR(0,Bn)=2fbrた=n-1(paritycode),respectively・

42
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7・2TheFeng-RaoDesignedMinimumDistanceofCyclic

CodesandTypeIOrderedBasis

InthissectiontheFeng-Raodesignedminimumdistanced朋(0)fbr(n
,k)cycliccodeO

overFgisinvestigated.Weareinterestintherelationbetweenthechoiceoforderedbasis

Bnニ{b1・b2,…,bn}andthe】 艶ng-Raodesignedminimumdistanced朋(0
,.Bn),sincethe

valueofd朋(0,Bn)dependsonthechoiceofBn[8] 。Ifwede丘ned朋(0)asthemaximum

valueofd朋(0,Bn)amongallthepossiblechoicesof .Bnf()rO,itisbelievedthatd朋(0)

isagoodlowerboundoftheminimumdistanceofO .

ForafixedlinearcodeOwecanchoosemanybasesBnsuchthatO=0(Bn,B).

Definition7.2.1ForαcycliccodeOωed(郭 ηe舌 んe5eオ β(0)ofαllorderedbasessuch

thatOcanbedefinedbytんis・rderedbasis,i.ε.,

β(0)={B司 ヨB⊆Bn8.オ,0=0(Bn,B)}.

Notethat.BisuniquelydeterminedfromOandBn.Ourpurposeistogiveanoptimum

orderedbasisBηfbragivencycliccodeO.

Definition7.2。2TheFeng一 丑 αodesignedminimumdistαnced朋(0)qfOisd〔ifCnedas

d朋(0)-max{d朋(0,Bn)1Bn∈ β(0)}.

The・rderedbαsisBnsatisfyingd朋(0)=dFR(0,Bn)iscαlledαn・ 画numorderedbasis

forO.

Thecomputationofd朋(0)needsthechoiceofanorderedbasisof聖,i.e.,

Bnニ{b1,b2,…,bn}.(7.1)

Inthischap七erwewillconsideran(n,ん)cycliccodeOoverabasefieldF{～.Letg(x)

bethegeneratorpolynomialofO.Let

ん(x)一(♂-1)/9(x)一 ♂+b2♂ 一'+…+bk+、(7.2)

bethecheckpolynomialofO.ItiswellknownthatOconsistsofallvectorsin勢

orthogonalto

b=(1,b2ヂ ・・,ble+1,0,…,0)∈F,",ble+1≠0(7.3)
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and

δ(b),・ ・。,δn-le-1(b),

whereδ(c)=(傷,cl,…,cπ _1)fbrc=(c1,c2,…,q)istherightcyclicshiftofc.Therefbre

withoutlossofgeneralitywewillassumethat

OニSpan{b,δ(b),…,δn-k-1(b)}⊥.(7.4)

TherearemanychoicesfbLBπ.FromLemma4.3。4andDe丘nition4.3.5weneedtoset

b5∈Bfbrsmall8inordertoobtainalargevalueofd朋.

ThefollowingBnisanaturalchoiceforcomputingd朋(σ,Bn)incaseof(n,k)cyclic

codesO.

Definition7.2.3Theorderedbasis.Bniscalled"TypeI,,ifB={b1,b2,…,bπ_le}isα

permutationOf

{b,δ(b),…,δn}le-1(b)},

ωんe7ebistんevect・rOf(7.3?。

7.3TheFeng-RaoDesignedMinimumDistanceofNonbi-

naryCyclicCodes

FirstthefbllowingpropositionwillbeprovedabouttheproductoftwovectorsofB.

Proposition7。3.1Lε オB={bu1,bu2,…,bun_k}beαsubsεt(ザanorderedbasisBnωith

7ktpel.For1≦i≦n-le,1≦ ゴ ≦n-k,ωehavefoll・ ω吻tω ・statements'

1.bUibu、=αbu、withα ∈Fq＼{0}orbUibu奮 ≠Span{B}・

2.ザi≠ ゴ,thenbuibUj=Ooアbu、bU」 ≠Spa皿{B}・

ProofLet孟1=bandち=δ 臼(b)fori=2,3,…,n-k.FromDe且nition7.2.3we

have

B={b。 、,b。 、,…,b。 。,le}={t・,孟2,…,孟 。-k}・

WeWil1丘rstprove1.Wehave

t、¢、一(12,…,bZ.、,0,…,0)≠0'(7.5)
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Whenweassumetiti∈Span{B}
,wehave

π一ん

ε・舌・一 Σ β・ち・

`=1

1nordertosatisfy(7・5),weneedfii=Ofori=n-k
,n-k-1,…,2from(7.3)and(7.5).

Thenwehaveβ1=α ≠Ofromtlt1≠0 .Consequentlywehavetlti=αtl.Itisobvious

that¢1¢1≠Span{・B}if¢1¢1≠ αtl.

Theproofofち ぢ=α ちorち 孟¢¢Span{B}issimilar
,sinceち ぢ=α ちisequivalentto

tltl=αtlfromち=δi-1(¢1)andち ぢ=δi-1(tltl) .

Nextwewillprove2.Sinceち ぢ ニ ち ぢ 即d

titゴ=δ(ti_ltゴ_1)=δi-1(tltゴ_i+1)

f()ri〈 ゴ,itisenoughtoprovethecaseofi=1and2≦ ゴ ≦n-k .Wehave

孟1ち=(0コL1,*,…,*,on-k-1),(7.6)

whereOudenotesthezerovectoroflengthuand*meansanyvalueinFq.Whenwe

assume孟1ち ∈Span{B},wehave

π一ゐ

t・ち 一 Σor・t・ ・

i=1

From(7.3)and(7,6)wehavetitゴ=0.

口

ThefbUowingpropositionshowsthatthechoiceofa皿orderedbasisBnwithTypeIis

worstinmanycasesofnonbinarycycliccodes.

Proposition7.3.2LeオObeαnonbinary(n,k)cycliccode.JJVeん α"e

dFR(0,Bn)≦1,(7.7)

ザBnisTypelandthecheckp・lyn・miα1ん(x)(,f(7.2ノ んα5αc・efiicientbi≠0,1,

ProofIfb1¢BwehavedFR(0,Bπ)≦1f士omLemma4.3.4andDefinition4.3.5.

Thenweconsiderthecaseofb1∈B.FromProposition7.3.1,

blb1:EOSfl'・ 麟161・bZ…o・'"・o)(7
・8)
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0r

blb1¢Span{B}.(7・9)

From(7・8)weneedbi=Oorαforalli=1 ,2,…,k十1.Sinceわ1=1≠0,wehaveα=1.

Ifthereexistsabi≠0,1withi=2
,3,…,k十1,then(7.8)cannothold,

Incaseof(7・9),wehaveσ(b161)=r>1and2V(r)ニ1
,whichmeansdFR(0,Bn)≦1

becauseofbr∈Bn＼ 」B.

口

Proposition7.3.2showsthatthechoiceofanyTypeIorderedbasisisnotgoodfbr

mostofnonbinarycycliccod(ms,althoughnoe缶cientmethodhasbeenknownforcomputing

goodorderedbasis.Anotherpossibleapproachistomodifythede丘nitionofdFRforlinear

codes[7】.

7.4TheFeng-RaoDesignedMinimumDistanceofBinary

CyclicCodes

Weconsider(n,k)cycliccodesoverF2withanoddlengthnandた=1,k=2and

kニn-1inthissection.Wewillshowthatthereexistsnotsobadorderedbasiswith

TypeI.

7.4.1(n,1)BinaryCyclicCode(RepetitionCode)

Inthiscasethecodehasonlytwocodewords,i.e.,0=(0,0,…,0)and1=(1,1,…,1).

Sinceitsgeneratorpolynomialg(x)=xn-1十xn-2十 … 十x十1hasn-1roots,i.e.,α,

α2,…,α π一1withαbeingaprimitiven-throotofunity,wehave

dBOH=n.(7.10)

Lemma7.4.1F・rαbinarStrepetiti∂nc・deC(k-1ノ,ωehαvedFR(0,.Bn)≦n-1・

ProofIfbn∈B,thenwehaveBπ ＼B={b5}(1≦8≦ η 一1)anddFR(0,、Bn)=

1V(8)≦n-1丘omLemma4.3.4.

ThereforeweconsiderthecasewhereBn＼B={bn}anddFR(0,Bn)=N(n).Wehave

N(n)=nifandonlyif

{激 に3一諸 な嶺 ±1'(7・)
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Fo「abina「yvect・ ・b・w・hav・b・bi-b・and・(b望b穿)一 穿 く ・・Th・ ・ef・・e(7・1・)

cannothold.

口

Proposition7・4・1・Forαbinαry(n
,1)cycliccodeO,ωehαvedFR(0,Bn)=n-1.

ProofWewillshowtheexistenceofaTypeIorderedbasisBπ={b1,b2,…,bn}

whichsatisfies〔 オ、FR(0,Bn)=n-1.1、et

ei=(oi-1,1,0π 一i)∈ 」F,n,(7.12)

Fromん(の=(xn-1)/g(x)=x十1,wecanchooseBnas

{駿 姦1為　一 盤;}妾…翠:
andB=Bn_1.Sinceeil差Span{Bn_1}fbri=1,2,…,n,wehave

隔{羅

llηi驚 三r・-i'圃
WehaveN(n)≧n-1andd朋(0,Bn)≧n-1.FromLemma7.4.1wehaved朋(0,Bn)=

n-1.

口

Th・ ・ef・・efr・m(7.10)・ ・dP・ ・P・・iti・n7.4.1,w・h… 陶 ゴ 」-L・d・・g9=・ ・'」-1.

Example7.4.1Forthebinar1(7,1/cycliccodewiththecheckpolynomialh(の=x十1,

ωe伽cん ・・5ε.B={b、,b2,…,b6}andBn＼B={b7}asfoll・ws'

b1=(1100000),

b2=(0011000),

b3=(0000110),

b4=(0000011),

b5=(0001100),

b6=(0110000),

b7=(1000000).

Sincethematrix〔 ザ σ(b吻)is
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1000077

0200770

0037700

0074000,

0770500

7700060

7000007

ωehavedFR(0,Bn)=6.・FromdBOH=7,wehave(tFR((フ,Bn)=(tBOH-1.

口
7.4.2(n,2)BinaryCyclicCode

LetObeabinary(n,2)cycliccode.Inthiscase,itisobviousthatthecheckpolynomialof

Oisonlyん(x)=x2十x十1.Wehavex3-11xn-1and31n,sinceん(x)1xn-1,x-11xn-1,

¢3-1=(x-1)ん(x),andxn-1=x「(x3-1)(x3(m-1)十x3(m-2)十 ・。・十x3十1)十(x「-1)

f()rn=3m十randO〈r<2.

Lemma7.4.2Theoddcodelengthofbinary(n,2)cycliccodesOisamultipleOf3.

Letαbeaprimitiven-throo七 〇funity,thentworootsofthecheckpolynomialof

Oareαn/3andα2n/3ニ α一n/3.Sincethenumberofconsecutiverootsofthegenerator

P・ly・ ・mi・1・fOi・ 釜n-1,w・hav・ 2
dB・H-5n・(7・14)

Proposition7.4.2Forαbinary(n,2)cycliccodeO,wehαve

dF・(C・B・)≧ ・(量一 ・)(7・ ・5)

withα 鞠pe∬orderedbasisBn・

ProofAlowerboundof(7.15)isshowedbyfindinganorderedba8isBnsatisfying

equation(7.15).LetBn={b1,b2,…,bn}beanorderedbasiswith

b、-e3i-2+e3i-、+e3if・ ・1≦i≦ 号,

bg+2k-・=・n-3k+en-3k+・+en-3ic+2

f・r1≦k≦ 讐 一1,

bg+2ic-・n-31e-・+・n-3k+e・-3k+・

fbr1≦k≦ 号 一i,

bn_1=e3,bn=e2,
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whereeiisdefinedby(7.12).Fromthiswehave.B=Bn_2anddFR(0,Bn)=min{N(n-

1),N(n)}.Wecanwritee3i,e3`_1ande3i_2fbr1≦ ¢ ≦{}a8

e3乞=b・ 一・+("),e3i-・=b。+(甘),e3i-2=b。+b。 一、+(茸),

where(甘)representsavectorinSpan{Bn_2}.Therefbrewehave

{li継 ㌦三t1≦ゴ<n-2'-1'(7・ ・6)

fbr1≦i≦{}-1,sinceb乞bゴ ニ0丘)ri十1≦ ゴ<n-2i-1,bibn_2i_1=e3i,and

bibn_2i=e3i+e3i_1.

HencewehaveIV(n-1)=N(n)=2(量 一1)anddFR(0,Bn)=2(讐 一1).

口
Example7・4・2Forthebinary(9,勿cycliccodeω 伽thecんeckpolynomialん(x)=

x2+x+1,ωe伽cん ・…B-{b、,62,…,b7}andBn＼B={b8,bg}asfoll・ ωsl

b1=(111000000),

b2=(000111000),

b3=(000000111),

b4=(000001110),

b5=(000011100),

b6=(001110000),"

67=(011100000),

b8=(001000000),

bg=(010000000)・

Thε7natrixσ(bあ)is

100008989

020898900・

003890000

088490000

099959000(7.17)

880096980

990009789

800008880

900000909

andωeんavedFR(0,Bn)=4・Onオ んeotherhand盟ehαvedBOH=6・ ロ
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Alth・ughP・ ・P・ ・iti・n7・4 ・2gi…al・w・ ・b・und・fd朋(0β 。)f・ ・abina・y(n
,2)

cychccodeOwithaTypeIorderedba8isB
π,thefbllowingconsiderationsuggestsusto

conjecturethatthelowerboundisalsoanupPerbound .Letbl=δ ¢-1(b)(1≦i≦7),i,e,,

　
b1=(111000000) ,　
b2=(011100000)

,ノ
b3=(001110000),　
64-(000111000),ノ
b5=(000011100),　
b6-(000001110) ,　
b7=(000000111).

Fr・mthi・f・ ・e㏄h乞(1≦i≦7)th・numb…fth・p・i・{bl ,房}(i≠ ゴ)・ati・馳gb河 ≠0

(1≦ ゴ ≦7)isequalto2(i=1,7),3(i=2,6),or4(i=3,4,5).Forsuchapairwehave

O≠b河 ∈B。＼B-{bs,bg}

fromProposition7.3.1.Thereforewecanmaked朋(0,Bπ)=6>4,ifσ(bibj)isthefbrm

1000089**

020089***

00389****

0084*****

089*5****,(7.18)

89***6***

9*****7**

*******8*

********9

whichgivesIV(8)=N(9)=6.

The丘rstrowof(7.18)requeststhatblshouldbeblorbl.Weconsidertheca8eof

ノ ノ
b1=b1.Thecaseofbl=b7issimilar.

Fr・mth・f・ ・m・fth・ 且rst・ ・w・f(7,18),w・h…b,-bl,b,-bl・ ・b,-bl,b,-bl.

H・w・v・ ・any・h・ice・fb、 ∈{bと,bl,b6,bl}・ann・t・ati・fyth・f・ ・m・fth・ ・ec・nd・ ・w・f

(7.18).Therefbre(7.18)isimpossible.Fromthesymmetricpropertyσ(b`bゴ)=σ(bゴb`)and

σ(bibの=i(1≦i≦n)fbrbinarycodes,thevalueofdFR(0,・Bn)isevenifdFR(0,・Bn)>1

【19]andsod朋(0,Bn)〈6meansd朋(0,Bn)≦4.

FromtheabovediscussionwestronglyconjecturethatdFR(0,Bn)=2(号 一1)<dBcH

andL年 」-L禦 」-1輌th・Typ・1・ ・d・・edbasi・B。 ・



SomeP「oPe「ties()ftheFen9-RaoMinimumDtStanoeqノ ・BinaTltLinαarOodεsand(]yclicOodes51

7・4・3(n・n-1)Bina・yCy・li・C・d・(Pa・ityC・d・)

正etObeaparity(n,n-1)codewithん(x)=♂-1十xn-2十 … 十x十1 .Erom

b・ 一(1・1・ …,1)∈ 珊,w・h… σ(b、bゴ)一 ゴf・・ゴ ー1
,2,…,n・ndN(2)-2.W・

haved朋(C・Bn)=2,sinceB={b1}andBn＼B={b2
,b3,…,bn}.Sincetheminimum

distanceoftheparitycodeis2
,wehavefbllowingproposition.

Propos趾ion7・4・3Forthepαrity(n,n-1)codeO
,ωehαvedFR(0,Bn)=dBcH=d=2.

7.5Conclusion

Th・ ・el・ti・nb・tweenthech・ice・far…d・ ・edbasi・B・ 一{bl
,b2,。 ・。,bn}・f聖 ・・d

d朋(0,Bn)wasdiscussed,whered朋(0,Bn)istheFeng-Rao .designedminimumdistance

ofan(n,k)cycliccodeO,computedbyusingBπ,

TheorderedbasisBπWithTypeIisdefinedsuchthatthesubsetB={b1
,b2,…,bn_le}

ofβnsatisfiesO=Span{B}⊥andBisapermutationof{b,δ(b),…,δn『k-1(b)},where

b=(1,b2,…,bk+1,0,…,0)correspondstothecheckpolynomialん(勾=xic十b2xk-1十

… 十bk+1andδ(b)istherightcyclicshiftofb .

Itwasshownthatthechoiceofanorderedbasis .BnwithTypeIisworstinmany

casesofnonbinarycycliccodes,sinced朋(0,Bn)≦1ifthecheckpolynomia1ん(x)hasa

coef丘cientneitherequaltoOnor1.

RecentlyitisshownthatdFRofbinarylinearcodescannotbeanoddnumbergreater

thanone[19].Thisisduetothesymmetricpropertyofσ(bibゴ),i.e.,σ(bibゴ)=σ(bゴbのin

Miura,sde且nition[8]whichisnotassumedin[7].

Itwasalsoshownthatincaseofbinary(n,k)cycliccodesOwithk=1,2,and

n-1,thereexistsanorderedbasisBnwithTypeIsuchthatdFR(0,Bn)=n-1,

d凡R(0,Bπ)=2(讐 一1),anddFR(0,Bn)=2fbrk=1,2,andn-1,respectively..Especially

wehavedFR(0)=n-1incaseofk=1anddFR(0)=2incaseofk=n-1fbrbinary

cychccodeswitha皿yBn.

R)rcyeliccodesconventionaldecodingmethodsuptoBCHbound,HTbounda皿d

Roosboundneedthecomputationovertheextension且eld,ontheotherhandtheFeng-Rao

decodinguptotheFeng-Raodesignedminimumdistanceneedsonlythecomputationover

itsbase丘eld.WieshowedthattheFeng-Raodesignedminimumdistanceisinferioronly

byoneorequaltotheBCHdesignedminimumdistanceintheabilityoferrorcorrection

fbrbina■y(n,k)cycliccodeswithoddlengthnandk=1,k=2,andた=n-1.
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FindinganoptimumorderedbasisBnforcomputingd朋(0)ofany(n,k)cycliccode

Oisadesirablefuturework.Furtherinvestigationofthecomputationalcomplexityof

theEeng-Raodecodingoflinea■codes[8]andtheirmodificationfbrcycliccodesareve「y

importantfutureproblems・



Chapter8

ConclusionsandFutureWorks

8.1Conclusions

Somelowerboundsfbrtheminimumdistanceofcycliccodesaresurveyed.F()rcyclic

codestheBCHbounddBoH(0),HTbounddHT(0),RoosbounddR(0)andtheShift

boundds(0)fortheminimumdistancearewell-known.ItisknownthatdBoH(0)≦

dHT(0)≦dR(0)anddHT(0)≦ds(0).ButtherelationbetweendR(0)and{オ3(0)has

beennotknown.InChapter3thisrelationisdiscussedwithsomenumericalexamples.

Fbrthebina♂ycycliccodeswithn≦31,about25%isdR(σ)<ds(0),about75%is

dR(0)=ds(0),andthereisnocaseofdR(0)>ds(0),ThereforewehavedR(0)≦ds(0)

fbrbinarycycliccodeswithn≦31.Forthetemarycycliccodeswithn≦26,about

32%isdR(0)〈ds(0),about67%isdR(0)=ds(0),a皿dtherearetwocaseswith

dR(0)>ds(0),Oneofthemwasreportedin[11]andanotheronefbundbytheauthor.

Miura,sdefinitionofdF児(0,Bn)fbran(n,h)linearcodeCovera丘nite且eldFqdepends

onthechoiceofanorderedbasisBn={b1,b2ジ ・・,bn}ofthevectorspa£eF,".InChapter

5weprovedthatd朋(0,.Bn)ofbina■ylinearcodescannottakeanoddnumbergreater

thanorequalto3ifweuseMiura'sdefinition[8]ofd朋(0,Bn)f()rbinarylinearcodes.

RecentlyMiura'sdefinitionofd朋(0,Bn)hasbeenmodifiedbyMatsumoto[7]sothat

wecanshowthecasewhereL,emma52.2doesnothold.Therefbreitisaninteresting

problemtoexaminewhetherTheorem5.2.1stillholdsornotifweuseMatsumoto's

de丘nitionofd朋(0,Bn)forbinarylinearcodes.InChapter6wegavesomeconjectures

fbrMatsumoto'sdefinitionofdFR(0,Bn).

TheorderedbasisBnWithTypeIisdefinedsuchthatthesubsetB={bl,b2,_,bπ 読}

ofBnsatis丘esO=Span{.B}⊥andBisapermutationof{b,δ(b),…,δn-k-1(b)},where

53
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bニ(1,b2,…,bk+1,0,…,0)correspondstothecheckpolynomia1ん(x)=xk十b2xk-1十

… 十bk+1andδ(b)istherightcyclicshiftofb
.InChapter7,itwasshownthatthe

choiceofanorderedbasisBnwithTypeIisworstinmanycasesofnonbinarycyclic

codes,sinced朋(0,Bn)≦1ifthecheckpolynomialん(x)hasacoe伍cientneitherequal

toOnor1.Itwasaユsoshownthatincaseofbinary(n,た)cycliccodesOwithk=1,2,

andn-1,thereexistsanorderedbasisBnwithTypeIsuchthatdFR(0,.Bn)=n-1,

dFR(0,Bn)=2(讐 一i),anddF、 配(0,Bn)=2fbrん=1,2,andn-1,respectivelyEspecially

wehavedFR(0)=n-1incaseofk=1anddFR(0)=2inca8eofた=n-1fbrbinary

cychccodeswithanyorderedbasisBn.

FbrcycliccodesconventionaldecodingmethodsuptoBCHdesignedminimumdistance

needthecomputationovertheextension丘eld,ontheotherhandtheFeng-Raodecoding

methoduptotheFeng-Raodesignedminimumdistanceneedsonlythecomputationover

itsbasefield.WeshowedthattheFeng-Raodesignedminimumdistanceisinferioronly

byoneorequaltotheBCHdesignedminimumdistanceintheabilityoferrorcorrection

丘)rbina■y(n,た)cycliccodeswithoddlengthη,andk=1,ゐ=2,and鳶 二n-1.

8.2FutureWorks

InChapter6somepropertiesandexamplessuggestussomeconjectureswhichtellMat-

sumoto,sgenerahzationisnotsoeffectivecompa■edwithMiura,sde丘nitionfbrbinary

linea■codes.GivingproofSfbrtheseconjecturesandinvestigatingnonbinaryHnea■codes

arefUtureworks.

Chapter7discussedthecaseofbinary(n,鳶)cycliccodesOwithk=1,2,andn-1.

AderivationofdFR(0,Bn)foranykisveryinterestingwork.Weneedthattheupper

boundofd朋(0,Bn)withた=2isprovedassameasthelowerbound.

FindinganoptimumorderedbasisBπforcomputingdFR(0)ofany(n,k)cycliccodeO

ora皿ylinearcodeOisadesirablefUturework.Furtherinvestigationofthecomputational

complexityoftheFeng-Raodecodingoflinearcodesandtheirmodificationf()rcychccodes

are'veryimportantfutureproblems・
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