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Abstract

The linear complexity ( LC ) of a sequence has been used as a con-
venient measure of unpredictability of the sequence. However it is
known that the LC has such an unnatural property as an extreme
increase by one-symbol substitution, one-symbol insertion or one-
symbol deletion. The k-error linear complexity { k-LC ) defined by
M. Stamp et al. is very effective for reducing the above-mentioned
unnatural property of the LC. M. Stamp et al. proposed the fast
algorithm for the k-LC of sequences over GF'(2) with period p”,
named as the Stamp-Martin algorithm. The Stamp-Martin algo-
rithm is derived from the Games-Chan algorithm for the LC of bi-
nary sequences with period 2" by the cost vector whose element
means the minimum number of changes about the original sequence
such that the k-L.C does not increase and previous conditions are
kept. The main result in this dissertation is the algorithm for the
k-LC and the error vector which gives the k-LC of sequences over
GF(p™) with period p", where p is a prime and n and m are positive
integers. This generalization is derived by the generalized Games-
Chan algorithm for the LC of sequences over GF(p™) with period
p™. Firstly another algorithm of the k-LC of sequences over GF(2)
with period 2" that is different from the Stamp-Martin algorithm
is derived. Moreover this algorithm gives not only the k-LC but
also an error vector. It is shown by the shift and offset of the cost
that this algorithm is equivalent to the Stamp-Martin algorithm.
Next in order to generalize the Stamp-Martin algorithm into non-
binary sequences, I discuss sequences over GF(3) with period 3".
The algorithm for the k-LC and the error vector of sequences over
GF(3) with period 3" is derived. Hence the two algorithms for the
k-LC and the error vector of sequences over GF(p™) with period p*
is shown by the generalized Games-Chan algorithm. One of them,
called the generalized k-LC algorithm, does not use the shift and
offset of the cost and consists two steps as the step of computing
the k-LC and the step of computing the error vector. Other one,
called the generalized Stamp-Martin algorithm, use the shift and
offset of the cost and consists only one step given the k-L.C and the
error vector at the same time. At the end of each chapter numerical
examples of proposed algorithms in that chapter are given.
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Chapter 1

Introduction

1.1 Background

The linear complexity (LC) of a sequence has been used as a con-
venient measure of unpredictability of the sequence, i.e., difficulty

in recovering more of the sequence from a short captured segment,
where the LC of a sequence is defined as the length of the shortest
LFSR (linear feedback shift register) that generates the sequence[Rup86].
The LC of a sequence

{a:} = (a0,01, ") (1.1)

over GF(q), denoted as LC({a;}), is defined as the minimum L
satisfying that fixed ¢g, ¢, - -+, ¢z exist in GF(q) such that

@r+i +CrLyi—10r4i—1+ -+ ca; =0 (1.2)

for i > 0. There are many useful algorithms such as the Berlekamp-
Massey algorithm[Berl68, Mas69|, the method using discrete Fourier
transform[MS86] and the method of continuous fraction[Mil75]. There-
fore the LC is studied by many researcher and there are many
results about the LC. However it is known that the LC has such
an unnatural property as an extreme increase or decrease by one-
symbol substitution[IMU91, DI98], one-symbol insertion[UI96] and
one-symbol deletion[UI97].

In 1993 M. Stamp and C. F. Martin[SM93] defined the k-error
LC (k-LC) of periodic sequences as the smallest LC that can be



obtained when any k or fewer of the symbols of a sequence are altered
in one period. The k-LC is very effective for reducing the above-
mentioned unnatural property of the LC. The k-LC of sequences is
a very natural and useful generalization of the LC. The k-LC of a
sequence {a;} over GF(q) with period N is defined as

k-LC = min{LC({a; + &;})|wx () < k}, - (1.3)

where {e;} = (eg, e1,--*) is a sequence over GF(g) with period N
and wy(€) is the Hamming weight of a vector € = (eg, €1, **,en—1)
with length IV, especially the vector & which gives k-LC is called the
error vector. Note that the period of € do not need the minimum
period, i.e., it is sufficient to satisfy

ENti = € for 1 Z 0. (1.4)

The sphere complexity defined by C. Ding, G. Xiao and W. Shen
in 1991 [DXS91] is essentially the same as k-LC except to don’t care
about the LC of the input sequence. The definition of the sphere
complexity of a sequence {a,}, denoted as SC({a;}) with period N,
15

SC({a;}) = min{LC({a; + &;})|1 < wx(?) < k). (1.5)

I must note that the sphere complexity defined by Ding, Xiao and
Shan in their book [DXS91] is earlier than the k-LC and they are
essentially the same (but not completely the same). In this disser-
tation will use the k-LC instead of the sphere complexity in spite
of the earlier introduction of the sphere complexity because of the
following two reasons. Firstly the use of the term “LC” is desir-
able to show that these complexities are natural generalizations of
the LC. Secondly an efficient algorithm has been given only for the
k-LC of a binary sequence with period 2. By the way the k-LC
and the sphere complexity are not completely the same, since for an
m-sequence over GF(q) with period N = ¢" — 1 the 1-LC is equal
to the LC of an m-sequence valued n, but the 1-sphere complexity
is equal to N — n[DXS91].

Unfortunately an effective algorithm for computing the k-LC has
been known only for sequences over GF(2) with period 2", named
the Stamp-Martin algorithm[SM93]. The Stamp-Martin algorithm



uses the Games-Chan algorithm|[GC83] for computing the LC of se-
quences over GF(2) with period 2". In 1991 by C. Ding, G. Xiao
and W. Shen[DXS91] the generalized Games-Chan algorithm of se-
quences over GF(p™) with period p" is proposed and independently
the same algorithm proposed by K. Imamura and T. Moriuchi[IM93]
in 1993.

The Stamp-Martin algorithm is very fast but this algorithm gives
only the value of the k-LC. I think not only the k-LC but also the
error vector of a sequence is very important in view of applications
such as the field of computer science, communication systems and
cryptography. '

Recently the author et al.[KUI9, KUI96-2, KUI98, KUI98-2,
KUI99] gave algorithms for the k-LC of sequences over GF(p™)
with period p™, p a prime.

Firstly another algorithm for the k-LC of sequences over GF(2)
with period 2" was proposed by the author et al.[KUI96-2] using
the shift and offset of the cost. Moreover equivalent between the
Stamp-Martin algorithm and the proposed algorithm was showed
and modified algorithms from the Stamp-Martin algorithm and the
proposed algorithm were proposed, respectively in order to decide
one of the error vectors in [KUI96-2].

Secondly the author et al.[KUI96] showed the algorithm for the
k-LC of sequences over GF(3) with period 3™ by generalization of
the cost vector into the cost matrix in 1996. At the same time
this algorithm derives one of error vectors which gives the k-LC
of the sequence. Since the algorithm uses the generalized version
of the Games-Chan algorithm for computing the LC of sequences
over GF'(3) with period 3", more generalization of the algorithm
into sequences over GF(p™) with period p” is possible by using the
generalized Games-Chan algorithm for the LC of sequences over
GF(p™) with period p".

Finally the author et al.[KUI99, KUI98-2] proposed two gener-
alized algorithm for &-LC and the error vector of sequences over
GF(p™) with period p®. One of them is the true generalization of
the Stamp-Martin algorithm by using the concepts called the shift
and offset of the cost{KUI98-2]. This algorithm gives the k-LC and
an error vector at the same time in step by step. Another algorithm



remains about the error vector throughout all the steps for comput-
ing the k-LC but stores data to determine an error vector. After
k-LC is decided the algorithm calculate an error vector by reading
the stored data in the reverse order from the last step to the first
step.

1.2 In This Dissertation

In This Dissertation I show the generalized algorithms for the k-
LC and the error vector of sequences over GF(p™) with period p™,
where p is a prime and n and m are positive integers.

Firstly the algorithm for the k-LC and the error vector of se-
quences over GF'(2) with period 2" is shown in chapter 2. I describe
the Games-Chan algorithm for the LC and the Stamp-Martin al-
gorithm for the k-LC of sequence over GF(2) with period 2" This
algorithm is different from the Stamp-Martin algorithm about do
not use the shift and offset of the cost and the cost matrix not but
the cost vector in the Stamp-Martin algorithm. I show that the
Stamp-Martin algorithm is derived from the proposed algorithm by
the shift and offset of the cost. Moreover the proposed algorithm can
derive an error vector which gives the k-LC. After the algorithm for
the k-LC is over, the algorithm for the error vector uses memories
of the change value at the algorithm for &-LC.

In Chapter 3, I propose the algorithm over GF(3) with period 3"
in order to generalize the Stamp-Martin algorithm into non-binary
sequences. Since the concepts called the shift and offset of the cost is
applied, I can generalize the Stamp-Martin algorithm into sequences
over GF(3) with period 3™ at the first step for generalization into
sequences over GF'(p™) with period p™. Hence I show the generalized
Games-Chan algorithm for the LC into sequences over GF(3) with
period 3". Using this algorithm the generalization of the algorithm
for the k-LC is derived and the algorithm for the error vector is
given originally. At the end of Chapter 3 an example, denoted as
Example 3.1, of the performance of the proposed algorithm for the
k-LC and the error vector and the profile of the value k-LC about
k are given.

Moreover I propose more generalized algorithm for the k-LC and



the error vector into sequences over GF(p™) with period p", where
p is a prime, in Chapter 4. Firstly the generalized Games-Chan
algorithm is described as a preparation. Then I propose the gener-
alized algorithm for the k-LC and the error vector into sequences
over GF(p™) with period p". This algorithm has also two parts as
the algorithm for the k-LC and the algorithm for the error vector.
The algorithm for the error vector executes with the memories of the
change value after the algorithm for k-LC. Two examples are shown
at the end of Chapter 4. In Example 4.1 the performance of the
proposed algorithm for the k-LC and the error vector of sequences
over GF(3) with period 3%. In Example 4.2 the performance of the
proposed algorithm for the k-LC and the error vector of sequences
over GF(3*) with period 3% also.

In Chapter 5 I propose the another algorithm for the k-LC and
the error vector of sequences over GF'(p™) with period p”. This algo-
rithm gives the k-LC and the error vector at the same time. Firstly
several preparations of the cost matrices of the vector @ and the
vector b and the shift and offset of the cost and so on, is described.
Next I show the proposed algorithm for the £-LC of sequences over
GF(p™) with period p™ and the algorithm for the error vector of
sequences over G F(p™) with period p™. This algorithm for the error
vector is different from the algorithm proposed in Chapter 4 about
only one part for the k-LC and the error vector not but two parts
separated the k-LC and the error vector. A numerical example, de-
noted as Example 5.1, is the performance of the algorithm for the
k-LC and the error vector at the same time.

Finally I discuss the computational complexity in order to com-
pare two algorithm for the k-LC and the error vector of sequences
over GF(p™) with period p" in Chapter 4 and Chapter 5. After
these algorithm is written again, the time-complexity and the space-
complexity are evaluated. The time-complexity is the number of the
addition and subtraction except the comparison and the setting vari-
able in this dissertation. The space-complexity is the number of the
required memories in these algorithms.

In chapter 7, I describe the conclusions and the future works.
The result of this work is explained in this chapter. I need discuss
the problem of the period. More works in future are found in this



chapter.



Chapter 2

Algorithms for the k-LC
over GF(2) with Period 2"

2.1 Introduction

In this chapter an alternative derivation of the Stamp-Martin algo-
rithm is given. This method can compute not only k-LC but also
an error vector with Hamming weight < k& which gives the k-LC.

Unfortunately the Stamp-Martin algorithm[SM93] can apply only
for sequences over GF(2) with period 2", because of using the
Games-Chan algorithm[GC83] for computing the LC of sequences
over GF(2) with period 2™.

In next Section 2.2 I show algorithm for computing the k-LC of
sequences over GF'(2) with period 2" similar to the Stamp-Martin
algorithm after the Games-Chan algorithm for the LC of sequences
over GF(2) with period 2" is given.

Secondly I propose another algorithm for the k-LC of sequences
over GF(2) with period 2", denoted as the Algorithm I in Section
2.3. By the extended cost matrix from the cost vector at the Stamp-
Martin algorithm, the Algorithm I is derived. And the Algorithm I
is executed without the shift and offset of the cost matrix. Therefore
it is possible that the value of k is fixed and the vector @ is given
simply at each step. Moreover I propose the algorithm for the error
vector in the Algorithm I by using the stored data about the value
of changing at each step. The validity of the Algorithm I is shown



by the property of the Algorithm I as Proposition 2.1. An example
of the Algorithm I, denoted as Example 2.1, is given in the end of
this section.

In Section 2.4 I try to derive the Stamp-Martin algorithm from
the Algorithm I proposed in Section 2.2 by rewriting the Algorithm
I into the Algorithm II by using the shift and offset of the cost
matrix. It is clear to be equivalent between the Algorithm I and the
Stamp-Martin algorithm.

I propose the part of computing an error vector of Hamming
weight < k which gives the k-LC about the Algorithm I in Section
2.5. An efficient computation is necessary not only of the k-LC but
also of an error vector, since the number of possible candidates of

the error vector
2Tl
b ( : ) (2.1)

o<i<k \ !
1s very large number even for moderate n and k.
At the end of this chapter an example, denoted Example 2.2, of
the performance of Algorithm II is given.

2.2 The Stamp-Martin Algorithm

In this section I briefly review the Games-Chan algorithm[GC83]
and the Stamp-Martin algorithm[SM93].
In this chapter I will consider a periodic sequence

{a‘i} = {Q'D, a1, a2, " } (2'2)
over GF'(2) with period N = 2" for n > 1. Let

@ = (ag, a1, -, an_1). (2:3]
I will write @ as
a= (&:(0)1 E(l))v (2'4)
where
6(0) = (ﬂo, ay,---, EN/2—1)=
a1) = (anp,anaen,--, an-). } &)

For a binary periodic sequence (2.2) there exists the following fast
algorithm[GC83] for computing the LC of {a;} denoted as LC({a;}).

10



[Games-Chan Algorithm)]

1. Initial values:
N=2" LC=0, i=Eq(23).

2. Repeat the following (a)~(c) until N = 1.

(a) From the given @ in (2.4), compute
b= (bO) bl',- =5 :bN/'Z-l) by

b = @(0) + @(1). (2.6)

(b) If b = 0, then
@« a(0), N < N/2
and go to (a).
(c) If 575 0, then
d—b LC—LC+N/2, Ne—N/2
and go to (a).
3. 1f d # 0 for N =1, then

LC «— LC + 1.

The final LC is equal to the LC({a;}).

The basic logic of the Stamp-Martin algorithm[SM93| for com-
puting the k-LC of a binary sequence (2.2) with period N = 2™,
denoted as k-LC({a;}), is “apply the Games-Chan algorithm, but if
b # 0 and I can force b=0,1doso”. The algorithm uses the cost
of current element a;, denoted as A(7), as a measure of the “cost”
(in terms of the number of bit changes required in the original se-
quence (2.3)) of changing the current element a; without disturbing
the results of any previous steps. The algorithm can be summarized
as follows (I use here some notations different from those used in
[SM93], so that the comparison with our method stated in the next
section will become more obvious).

11



[Stamp-Martin Algorithm]|

1. Initial values:
N=2", LC=0, d= Eq.(2.3).
A(O)=A(1)=---=A(N—1)=1.

2. Repeat the following (a)~(c) until N = 1.
(a) From the given @ in (2.4), compute
b= (bo, b1, -+, bnja-1) by
b= a(0) + a(1). (2.7)
Compute TB by
TB= Y. bmin(A(3),A(i + N/2))

0<i<N/2-1

(b) If TB < k, then firstly
k—k—-TB; N« N/2
and secondly compute 4 = (A(0), A(1),---, A(N —1)) and

a= (a’ﬂ,ala'“:a’N—l) by
e if b; =1 and A(i) < A(i + N) then

A(R) — AL+ N)— A(i); ai+—a;+1

o if b; = 1 and A(i) > A(i + N) then

A(i) «— A(t) — A(z + N)
e if b; = 0 then

A(i) «— A(i) + At + N)
and thirdly

d «— (ag, a1, "+, an-1)-
If N # 1, then go to (a).

(c) If TB > k, then firstly
N« N/2; LC+—LC+N

and secondly compute A = (A(0), A(1),---, A(N —1)) and
a= (a'[h a1,y aN—l) by

12



A(i) + min(A(i), A(i + N))
and
a; < Qi + iy N.
If N # 1, then go to (a).
3. If @ # 0 and A(0) > k for N =1, then

LC «— LC + 1.

The final LC is equal to the k-LC({a;}).

2.3 Another Algorithm for Computing the k-
LC

In this section I give a new method for computing the k-LC of
binary sequence (2.2) with period 2™ by applying the method of
[KUI96]. Some basic properties of the algorithm are also shown. The
relation between our algorithm and the Stamp-Martin algorithm will
be shown in the next section.

Instead of the cost vector A = (A4(0), A(1),---, A(N — 1)) in the
Stamp-Martin algorithm I will use the following 2 x N cost matrix

= [A(4,7)], (3—0,1,0<3<N—1 N=2 “)atthestepu
and cost vector B = (Bo, By, - -+, Bnj2—1) of the vector b at the step
u, A(j,1) is defined as the minimum number of changes about the
original sequence (2.3) with period N = 2" necessary and sufficient
for changing the current element a; to a; + 7 with the condition that
all the previous b=0s are-kept unchanged. The definition of B; is
similar to that of A(4,1) except that I change b; to 0.

The Games-Chan algorithm for a binary sequence with period
2™ consists of n + 1 steps and at the step u, (0 < u < n), the
length of the vector @ is equal to 2"7". I need to find formulas
for determining (i) the cost vector B at the step u and (i) the
cost matrix A" = [A'(4,7)] at the step u + 1 from the cost matrix

= [A(4,1)] and the vector b at the step w.

Note that b; = a; + a;yn/2 and B; is the cost (in terms of the
number of symbol changes required in the original sequence (2.3))

13



of making b; to 0 with the condition that the previous b= 0’s are
kept unchanged. Making b; to 0 with such a condition is performed
by changing a; and ay/s4 to a; + dp and apnya4i + di, Tespectively,
where dy and d; must satisfy (a; +do) + (an/24i +d1) = 0. Therefore
I have

B; = min (A(j,1) + A(j + b;, N/2 + 1)) (2.8)
je{o,1}

Let @’ = (ag,af,--- ,ajwz_l) be the vector @ at the step u + 1.

There are two cases; (i) ) = a; if I can make b = 0 at the step
v and (i) a} = a; + an/2+; otherwise. Note that A'(j,7) is the
cost of making a} to a; + j with the condition that the previous

b = 0’s are unchanged. Therefore making a; to a} + 7 must be
performed in both (i) and (ii) by changing a; and ay/y4; to a; + do
and ayya4i + dy, respectively, where dy and d, must satisfy a; +dp =
a; + j and (a; + do) + (an/24i + d1) = a; + any244 in case of (i), and
(a;i+do)+(anj24+i+d1) = (a;+an/24:)+ 7 in case of (ii), respectively.
Those two cases can be decided by using the total cost

TB=By+B +:--+ BN/2—1 (2.9)

at the step u, i.e., the case (i) corresponds to TB < k and the case
(if) to TB > k. Therefore I have

A'(j,i) = A(j,i) + A + b, N/2+1i) fTB<k,  (2.10)
A'(4,1) = sg%ci;]}}(A(S’ i)+ A(j+s,N/2+14) fTB>k (2.11)
I will define a 2 x N matrix D = D(u) = [ﬁ(j, z)], where D(j, 1)

is a binary 2-tuple, j = 0,1, 0 < ¢ < N—1and N = 2*% The
element D(j,1) = (dy,d;) is defined as

A'(5,4) = A(do, 3) + A(dr, N/2 + ). (2.12)
From (2.10)-(2.12) I have

do=3j, di=j+b, iTB<E, (2.13)

do=s, d=j+s, iTB>k, (2.14)

14



where s is a solution of A'(j,i) = A(s,i) + A(J + s,N/2 + 1) in
(2.11). It may happen that the 2-tuple (dp,d;) in (2.14) is not
unique because of non-uniqueness of s in (2.11).

I have the following algorithm for computing the k-LC.

[Algorithm I

1. Initial values:
N=2", LC=0, &=Eq(23).
A(D;5) =0, A(l,i)=1for0<Li<N=1

2. Repeat the following (a)~(c) until N = 1.

(a) From the given @ in (2.4), compute
b= (bo, by, -+ -, bnja—1) by (2.7) and its cost vector B =
(BO,BI, LR BN/?—I) by (28) and TB by (29)

(b) If TB < k, then firstly
e compute the cost matrix A" = [A'(j,4)] and the matrix
D = [ﬁ(j,z’)], (D(j,i) = (do,d:)), at the next step by
(2.10) and (2.13), respectively,
and secondly
e N« N/2, @« d0), A< A.
If N # 1, then go to (a).

(¢) If TB > k, then firstly

e compute the cost matrix A" = [A'(j,7)] and the matrix
D = [D(j,9)], (D(j,i) = (do,d1)), at the next step by
(2.11) and (2.14), respectively,
and secondly
e N« N/2, @« ad(0)+a(l), A— A, LC—LC+
N.
If N # 1, then go to (a).
3. If A(ap,0) > k for N =1, then
LC « LC + 1.

The final LC is equal to the k-LC({a;}).

15



The validity of the Algorithm I can be proved by the following
proposition.
Proposition 2.1

Let M AS(u) at the step u, (0 < u < n), be defined by

MAS(u)= Y min(A(0,i),A(1,7), N=2""  (2.15)

0<i<N-1
Let TB(u) be TB at the step u. I have the following (i)-(iv).
(i) MAS(u) < TB(u).
(i) MAS(u+1)=TB(u)  if TB(u) < k.
(i) MAS(u+1) = MAS(w) if TB(u) > k.
(iv) 0 = MAS(0) < MAS(1) < --- < MAS(n) < k.

proof

(i) This is obvious from (2.8), (2.9) and (2.15).

(i) If TB(u) < k, then A'(4,1) = A(j,7) + A(F + b;, N/2+1) from
(2.12) and (2.14). I have

MAS(u+1)= > min(A'(0,3),A'(1,%)) = TB(u)

0<i<N/2-1

from (2.8).

(iii) This is also obvious from (2.11) and (2.15).

(iv) M AS(0) = 0 is trivial from the initial values. The remaining
relation can be easily proven from (ii) and (iii) by the induction on
u.

The validity of the Algorithm I is now clear, since its basic logic is
the same as that of the Stamp-Martin algorithm and Proposition2.1
ensures that min(A(0,0), A(1,0)) < k, which means that at least
one of the minimum cost necessary and sufficient for changing a, at
the step n to either ag+0 or ap+ 1 is not greater than k. In section
2.5 I will give a method for computing an error vector by reading
the matrices D(n), D(n — 1), ---, D(1) in this order.
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[Example 2.1]
Consider the 2-LC (i.e., k = 2) of the following binary sequence
with period 32 = 2° defined by

@ = (0001 1010 1001 1010 1000 1010 1001 1010). (2.16)

(Step 0) A(0,i) =0, A(1,i)=1, for0<i<3l.
b = (1001 0000 0000 0000), B = (1001 0000 0000 0000),
TB=2=k,  LC=0.

(Step 1) @ = (0001 1010 1001 1010),
A(0,0 < i < 15) = (1001 0000 0000 0000),
A(1,0 <1< 15) = (1221 2222 2222 2222).
D(0, %) = (01,00, 00, 01, 00, 00, 00,00, 00, 00,00, 00, 00,00, 00, 00),
D(1,%) = (10,11,11,10, 11,11,11,11, 11,11,11,11, 11,11,11,11),
b= (1000 0000), B = (1001 0000), TB=2=k, LC =
0.

(Step 2) @ = (0001 1010),
A(0,0 < i< 7)= (3001 0000),
A(1,0<i<7)= (1443 4444),
D(0,0 < i < 7) = (01,00,00,00, 00,00, 00, 00),
D(1,0 <& <7)=(10,11,11,11, 11,11,11,11),

b=(1011), B=(1043), TB=8>k=2,
LC=0+4=4

(Step 3) a=(10 11),
A(0,0<i<3)=(3,0, 0,1), A(L,0<i<3)=
D(0,0 < i < 3) = (00,00, 00,00), D(1,0 <
(10,01, 01,10),
b=(01), B=(33), TB=6>k=2 LC=4+2=6.

(Step4) a=(0 1), A(0,0<i<1)=(3, 1), AL0<i<
1) = (13 3)1
(0,0<i<1)=(00, 00), D(1,0<i<1)=(10, 01),
b=(1), B=(2), TB=2=k LC=6+0=6.
(Step 5) @=(0), A(0,0)=6, A(1,0)=2,
) = (01), D(1,0) = (10), A(0,0) = 6 > k = 2,
LC=6+1=T.

4,3),

(1,4,
i < 3) =

i
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I have k-LC({a:}) = 7.

2.4 Derivation of the Stamp-Martin Algorithm

In this section I will show that the Stamp-Martin algorithm can be
obtained from the Algorithm I by making

A(0,0) = A(0,1) =--- = A(O,LN-1)=0, N=2""% (2.17)

at each step u, (0 < u < n).

Let d@ = (ag, a1, --,an-1) and A = [A(7,7)] be the vector @ and
the cost matrix at the step u. Let o/ = (ag, @y, -+, ay/y_;) and
A' = [A'(j,1)] be the vector @ and the cost matrix at the step u+ 1.
Assume that (2.17) holds until at the step u. In order to make
(2.17) true at step u + 1, I introduce two operations, i.e., “shift”
and “offset” as follows. The “shift” is used to make 0 < A'(0,1) <
A'(1,%) when 0 < A'(1,7) < A'(0,4) (inclusion of “=" is arbitrary)
by a; « a; + 1, A'(0,7) «— A'(1,7) and A'(1,7) « A'(0,2). The
“offset” is used to make A’(0,7) = 0 when 0 < A(0,7) < A'(1,17)
by A'(0,4) — A'(0,i) — A'(0,7), A'(1,4) — A'(1,4) — A'(0,7) and
k < k — A'(0,i). Assume that (2.17) holds at step u. Then (2.8)
becomes

0 if b = 0,
b= { min(A(1,7), A(1, N/2 +4))  ifb;=1. (2.18)

First consider the case TB < k.

o If b, = 1 and A(1,i) < A(1,N/2 + 1), then from (2.10) I have
0 < A'(1,4) = A(1,i) < A(1,N/2 +1i) = A'(0,4) and I need
in general both of “shift” and “offset”, i.e., I make a change
of A'(1,7) «— A(1,N/2+1) — A(1,%), @ « a; +1 and k
k—AQ,N/2+1).

e If b; = 1 and A(1,7) > A(L,N/2 + i), then from (2.10) I have
A'(0,i) = A(1,N/2 + 1) and A'(1,7) = A(1,4). In this case
“shift” is not necessary but I may need “offset”, i.e., I make
a change of A'(1,7) «— A(1,7) — A(1,N/2 +1) and k «— k —
A(1,N/2 + ).
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o If b; = 0, then I have A'(0,5) = 0 and A'(1,3) = A(1,i) +
A(1,N/2 + 1) from (2.10).

From (2.18) the reduction of k is in total £ — k—TB aad notice
that K — TB > 0 by Proposition 2.1.

Next consider the case TB > k.

e From (2.11) I have A'(0,7) = 0 and A'(1,7) = min(A(1, ), A(1, N/2+
If A(0,0) = 0 is assumed in case of N = 1, then the increase of
LC happens if and only if ay =1 and A(1,0) > k.

Above discussion gives the following modified version of the Al-
gorithm I.

[Algorithm IT]

1. Initial values:
N=2" LC=0, &= Eq.(2.3).
A(1,0)=A(1,1)=---=A(1,N-1)=1.

2. Repeat the following (a)~(c) until N = 1.
(a) From the given d in (2.4), compute

b= (bo, by, -+, bnya—1) by (2.9), and the cost vector B =
(Bo, By, +, BNnj2-1) by (2.18) and T'B by (2.9).

(b) If TB < k, then firstly
k—k—TB; N NJ/2

and secondly compute A= (A(1,0), A(1,1),---,A(L, N —
1)) and @ = (ao, a1, --,an—-1) by
o if b =1 and A(i) < A(i + N) then

a; —a; +1; A(i) — A(t+ N) — A(2)
eif b, =1 and A(%) > A(i+ N) then
A(i) — A1) — A(z+ N)
e if b, = 0 then
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A(i) — A(@) + A(i + N)
and thirdly

@« (ap,ay,"*+,an-1).
If N # 1, then go to (a).

(c) If TB > k, then firstly
N« N/2; LC—LC+N

and secondly compute A = (A(0), A(1),---,A(N—1)) and
@ = (ag, a1, +,an—1) by

A(i) « min(A(1), A(i + N)),
a; +— G + GiyN-

If N # 1, then go to (a).
3. If @ # 0 and A(1,0) > k for N =1, then

LC «— LC + 1.

The final LC is equal to the k-LC({;}).

It is clear that Algorithm II is the same as the Stamp-Martin
algorithm.

2.5 Computation of an Error Vector

It is also important to find an error vector effectively together with
the k-LC. Algorithm I is very suitable to find an error vector

€= (30,61:'“:61\1—1)7 N=2" (219)
which satisfies that (i) Yo<;<ny_1 €; < k and (ii) the LC of the binary

sequence corresponding to @ + € instead of the vector @ is equal to
k-LC({ai})-

After finishing the Algorithm I, I can compute an error vector
(2.19) by reading the matrices D(u)’s, (1 < u < n), in the order
from u = n to u = 1 in the following way. I use the following vector

d(u) = (do, dy, -+, dn-1), N=2""" (2.20)
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where d; = (dy;, dy ;) is equal to either D(0, ) or D(1,1) with D(j, %)
being the (7,1)-th element of the matrix D(u) at the step u.

[Computation of an Error Vector]

1. Initial values:
Start from u =n and N = 2" = 1. Let @ = (s) be the vector
@ at step n. Let A(j,0) be the element of the matrix A at

step 7. Let D(0,0) and D(1,0) be the elements of the matrix
D(n) at step n. Compute d(n) = (do,d;) by d(n) = D(s,0) if
A(s,0) < k and d(n) = D(s + 1,0) if A(s,0) > k.

2. Repeat the following (a)~(b) until v =1 and N = 2"~1.

(a) Given the vector d(u) of (2.20) with d; = (dos, d1:). Also
given the matrix D'(u — 1) = [D'(4,)], ( =0,1; 0 < ¢ <
9N — 1).

Compute vector d'(u — 1) = (d},d.,---,dyy_,) with d} =
(dé,iadi,i) by

d = D'(dos,i), dyy=D'(drs N+5), (0<i<N—1),
(

(b) N+—2N,u+—u-1
If u#1and N # 2"!, then go to (a).

3. Ifu=1and N =2""1 write
ff(l) = ((do,d1), (do1,d1,1), -, (don-1,d1,8-1)) (2.22)

Compute an error vector (2.19) by

€, = dg,i, EN+i — dl,i; (D S ] S N — 1) (223)

[Example 2.2]

Consider the sequence (2.16) in Example 2.1 and k¥ = 2. All the
necessary data are given by Example 2.1. This computation runs as
follows.

—

(Step 5) d(5) = (1,0), since @ = (0), A(0,0) = 6 > k = 2,
A(1,0) =2, and
D(1,0) = (1,0)
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(Step 4) d(4) = (do,d1) = ((1,0),(0,0)), since from the matrix
D(4)
in Example 1 and d(5), I have dy = D’(1,0) = (1,0) and dy
= D'(0,1) = (0,0)

(Step 3) d(3) = ((1,0),(0,0),(0,0), (0,0)).
(Step 2) d(2) = ((1,0),(0,0),(0,0),(0,0), (0,0), (0,0), (0,0),(0,0)).

(

(0,0

(Step 1) d(1) = ((1,0),(0,0), (0,0),(0,1),(0,0), (0,0), (0,0), (0, 0),
(0,0),(0,0),(0,0),(0,0),(0,0), (0,0}, (0,0), (0,0)).

I have an error vector

€ = (1000 0000 0000 0000 0001 0000 0000 0000), (2.24)

since I have e = e;9 = 1 from d(1).

2.6 Conclusion

Another method for computing the k-LC of a binary sequence with
period 2" was given (Algorithm I in section 2.3).

An alternative derivation of the Stamp-Martin algorithm was
shown to be possible from the Algorithm I (Algorithm II in sec-
tion 2.4).

Computation of an error vector after finding the k-LC was given
by using the Algorithm I. The similar computation is possible by
using the Algorithm II if I include the matrix D(u) with suitable
modifications corresponding to the shifts. I have a conjecture about
the computation of an error vector using the Stamp-Martin algo-
rithm which does not use the matrices D(u)’s.

Since the Games-Chan algorithm was generalized to the non-
binary sequences, the Stamp-Martin algorithm for binary sequences
can be generalized to the one for sequences over GF(p™) with period
p", where p is an odd prime. Such a generalization is truly possible
as shown by the authorsKUI96).
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Chapter 3

An Algorithm for the £-LC
over GF(3) with period 3"

3.1 Introduction

Unfortunately an effective algorithm for computing the k-LC has
been known only for sequences over GF'(2) with period 2", which
is called the Stamp-Martin algorithm|[SM93]. The Stamp-Martin
algorithm uses the Games-Chan algorithm [GC83] for computing
the LC of sequences over GF(2) with period 2". Since the Games-
Chan algorithm was generalized to the sequences over GF(p™) with
period p", p a prime, by Ding, Xiao, and Shan[DXS91] and also
by Imamura and Moriuchi[IM93], it seems to be possible to find
a similar algorithm for the k-LC of sequences over GF(p™) with
period p™. In this chapter I propose an algorithm for the k-LC of
sequences over GF(3) with period 3%, i.e. in case of p = 3 and
m = 1, as the first step for generalization of the Stamp-Martin
algorithm into sequences GF(p™) with period p". The algorithm
is derived by the generalized Games-Chan algorithm for the LC of
sequences over GF'(3) with period 3" and using the modified cost
not the same as that used in the Stamp-Martin algorithm.

In Section 3.2 I explain the generalized Games-Chan algorithm
for the LC of sequences over GF(3) with period 3", since this algo-
rithm is applied in derivation of the proposed algorithm.

Secondly after several preparations of the cost matrices about
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the vector @ and the vector b, I derive an algorithm for the k-LC of
sequences over GF'(3) with period 3*. Moreover the property of the
algorithm is shown as Proposition 3.1 in the end of Section 3.3.

In Section 3.4 I give a method for computing an error vector,
which gives the k-LC, of sequences over GF(3) with period 3". This
algorithm uses the stored data about the value of changing at the
algorithm for the k-LC after the k-LC is decided. It is easy in
principle to generalize the method for sequences over GF(p™) with
period p™.

Finally I show an example, denoted as Example 3.1, of sequences
over GF(3) with period 3". This example consists of the perfor-
mance of the proposed algorithm and the profile of the k-LC about
the value & in Section 3.5.

3.2 Generalization of the Games-Chan Algo-
rithm into GF(3) with Period 3"

In this chapter I consider only case that given sequences are over
GF(3) with period 3", since [ want to show an algorithm for the
k-LC of sequences over GF(3) with period 3™.

Let {a;} = {ao, 61,43, -} be a sequence over GF(3) with period
N =3" and

a= (a'ﬂaa'ls"'aa'N—l)- (31)
I will write @ as
@ = (a(0), a(1),d(2)), (3.2)
where .
(;l.(O) == (aﬂr ay,---, a‘M—l)?
‘_1.(1) = (ap,apmi1,: -, A2M-1)s (3.3)
a(2) = (a2M7a2M+11 T, asM—1), :
M = N/3.

The generalized Games-Chan algorithm for computing the LC of
{a;} , denote as LC({a;}), is written as follows.

[ Generalized Games-Chan algorithm over GF(3) |

(i) Initial values:
N=3" LC=0, 3= Eq(3.1).
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(ii) Repeat the following 0)~3) until N = 1.

0). From the given & in (3.2), compute

5‘: (b(]:bl)' : '}bM—l)a
&= (L, C1;~ * s Cap-1), M = N/3 by

b = &(0)+a(1) +a(2), -
¢ = 2a(0) + (). } B

1), Ifb=¢=0, then
a@«— d@(0), N+« N/3
and go to 0).
2). If 5=0and &+ 0, then
d—¢ LC—LC+N/3, N—N/3

and go to 0).
3). If b # 0, then

@b, LC«— LC+2N/3, N« N/3
and go to 0).
(iii) If @ # 0 with N = 1, then
EE T8 21
The final LC is equal to LC({a;}).0

3.3 The proposed Algorithm for Computation
the k-LC

The k-LC of a sequence {a;} over GF(3) with period N = 3" is
defined as

k—LC({ai}) = IICIIII{LC({LI2 + ei})|wH(é') S k’}, (35)
where {e;} is a sequence over GF(3) with period N called the error
sequence, € = (eg, €1, - -, enx_1) called the error vector and wg(€) is
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the Hamming weight of the vector €. If I have no effective algorithm
for computing the k-LC, I must repeatedly apply the generalized
Games-Chan algorithm at the worst case

Z g ( ) (3.6)

i=0

times to the sequences {a; + e;}’s with different ¢é;’s. However (3.6)
is very large when either NV or k is large.

In order to compute the k-LC of @ in (3.1), I must check, in the
step (ii) of the generalized Games-Chan algorithm, whether I can
make first 1) b = & = 0 and next 2) b = 0if 1) is impossible under the
condition that the minimum number of changes about the original d
of length N = 3" necessary and sufficient for obta1n1ng 1) or 2) with
the additional condition that all the previous b=10and =0 are
kept the same. This check can be made conveniently by introducing
the following costs of &, b and Z.

First the cost of @ = (ag, a1,---,an-1), N = 3™, is denoted as
3 x N matrix A = [A;;], ( =0,1,2; : =0,1,---,N — 1), where
A;; is defined as the minimum number of changes about the original
sequence with period 3" necessary and sufficient for changing a; to
a; + 7 with the condition that all the previous b=0and &= 0 are
kept the same.

Secondly the cost of b = (bo, b1, -+, bpr—1), M = N/3, is denoted
as B = (Bo, By, -+, Bpr—1), where B; is defined as the minimum
number of changes about the original sequences with period 3™ nec-
essary and sufficient for changmg b; to 0 with the condition that all
the previous b=0and &=0 are kept the same.

Thirdly the cost of ¢ = (cg,¢1,--+,cp—1) is denoted as G =
(Co,C1,--+,Chrr_1), where C; is defied in the same way as B; pro-
vided the condition b; = ¢; = 0 is substituted instead of the condi-
tion b; = 0.

When @ = (ao,a1,---,ay_1) and its cost A = [A;;] are given in
step (ii), I can compute the cost B = (By,By,---, Bum-1), M = N/3,
and the cost C = (Cy, Cy, -+, Cy—1) in the following way.

The cost B; is equal to the minimum value of Adi+ Agyirm +
Ad, i+an under the condition that do + d, +dp = 2b;, or equivalently

26



do = s,dy =1t, dy = 2(s +t+b;) with s,¢ € {0, 1,2}, since b; =
Qi+ aiypr+aipon and I try to make (Gr"do)+(a{+M+d13+((a5+2M+
d3) = 0. Therefore I have

B;= “g{lﬁ 2}[A,,i + Atirmr + Ax(stirby) itanml]- (3.7)

As to the cost C = (Co,Cy,--+,Cp—1), I try to make (a; +do) +
(G-,f.{.M + dl) + (ai+2M + dg) =0 and 2(0.’.1' -+ do) =+ (aHM + dly = 0,
which gives two conditions of dy + d; + dy = 2b; and 2dy + d; = 2¢;
and three solutions of dy = s, d; = s+ 2¢; and dy = s+ 2b; + ¢; with
s € {0, 1,2}. Therefore I have

Cz': i Asz’ As ci i AS i . 3.8
361%%{%2}[ i+ Asioc itm + Astabite ivom] (3.8)

It is obvious from (3.7) and (3.8) that B; < C;.
The decision of 1), 2) and 3) in step (ii) is made by

TB=By+ By + -4 By-1, (3.9)
TC=Co+C1+---+Cuy ’
in the following way, i.e.,
1). &= TCO L%,
2). &= TBXLkETC (3.10)
3). &= k<TH

Let @ = (aj,a}, -+,a)y_1);, M = N/3, be obtained from @ =
(ag,ay,--+,an—1) by choosing one of 1), 2) or 3) in step (ii). The
computation of the cost A’ = [A’;] of @ can be made in the following
way.

First consider the case of 1), to find A ; I try to make a; = a; to
a}+ j by substituting a; +do, @ity +d; and a;yop +dp into a;, aipm
and a;, g, respectively, under the condition that I keep (a; + do) +
(Gg+M+d1)+(ﬂ.i+2M+dg) = 0 and 2((13'+d0)+(ﬂ'.i+M+d1) = 0. These
conditions on dy, d;, d; become as dy = j, dy + di + ds = 2b; and
2dy+d; = 2¢;, or equivalently dy = j, di = j+2¢; and dy = 7+2b;+c;.
Therefore I have

Ay = Aji + Ajpacitm + Ajarbire,ivam (3.11)
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in case of 1).

Second consider the case of 2), to find A}; I try to make a; =
¢ = 2a; + a;+p to a; + j by substituting a; + do, aitmr + d; and
a;yom +do Into a;, a;4pr and a;40p7, respectively, under the condition
that (a; +do) + (@irar + d1) + (@iranr + d2) = 0. The condition on dj,
d, and dy becomes 2dy+d, = j and do+d; +d; = 2b;, or equivalently
do = s € {0,1,2}, d; = s+ j and dy = s + 2(b; + j). Therefore I
have

Aj; = selﬁfﬂ}{ﬁs,i + AgtjitM + Asari)Iam } (3.12)
in case of 2).

Third consider the case of 3), to find A; I try to make a} =
b; = a; + a;yp + aiy2n to al + 7 by substituting a; + dy, a;pr + dy
and a;4op + dy into a;, a;4ar and a;4on, respectively. The 3-tuple
(do, dy, ds) must satisfy dyp + d; + da = j in this case and I have

A s,tél{lgfll’z}{As,i + Apirm + Ajra(srtyivam ) (3.13)
in case of 3).

Above preparations give the following algorithm fer computing
the k-LC of {a;} over GF(3) with period N = 3.

[ Algorithm for computing the k-LC]

(i) Initial values:
N =3" k-LC =0, & = Eq.(1),

00 -
A=|11 -1
T O |

N

(ii) Repeat the following 0)~3) until N = 1.

0). From the given @ in (2), compute  and & by (4).
Compute costs B = (B, By,- -+, Bp_;) and
C = (Co,Cy,--+,Cp1) by (3.7) and (3.8), respectively.
Compute costs TB and T'C by (3.9).
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1). f TC < k, then
@« d(0), A— A, N« N/3,

where A’ = [4},] is computed by (3.11), and go to 0).
2). HTB < k <TC, then

d — 2a(0) + a(1),
k-LC « k-LC + N/3,
A— A", N N/3,

where A’ = [A} ] is computed by (3.12), and go to 0).
3). If k < TB, then

@ — a(0) + a(1) + a(2),
k-LC «— k-LC + 2N/3,
A— A, N« N/3,

where A’ = [A’;] is computed by (3.13), and go to 0).
(iii) If Agg,0 > k for N =1, then
k-LC «— k-LC + 1.
The final k-LC is equal to the k-LC({a;}). O
I define

N-1
MAS Z Iﬂln{Ag 3,A1 is Az z} (314)
=0
concerning the matrix A(u) at step u. I also write TB and T'C at
step u as T'B(u) and T'C(u) in order to make it clear that those are
values at step u. Then I can prove the following proposition.

Proposition 3.1: (a) MAS(u) < TB( ) < TC(u).
(b) If TC(u) < k, then MAS(u+1) = TC(u).
(c) If TB(u) < k < TC(u), then MAS(u + 1) = TB(u).
(d) If k < TB(u), then MAS(u+ 1) = MAS(u).
() 0= MAS(0) < MAS(1) < --- < MAS(n) <k
The proof of Proposition is rather easy, and so I will omit it.
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The validity of this algorithm is clear, since (i) it uses the logic
similar to that used in the Stamp-Martin algorithm [SM93], i.e.,
“apply the generalized Games-Chan algorithm, but if € # 0 or b#0
and I can force =5 = 0 or b = 0, I do so” and (ii) from (e) of
Proposition 3.1, the minimum of A4, A1 9, Az is less than or equal
to k.

3.4 Computation of an Error Vector

Computation of an error vector € appeared in (3.5) is straight-
forward, as shown below, if (i) I include additional 3 x 3"™* ma-
trix D(u) at step » in our algorithm for computing the k-LC and
(ii) reading D(u)’s backward from u = n to u = 1. Firstly the
(4,1)-element of D(u), denoted as D(u);; is the 3-tuple (dy, dy, d2),
(do,d1,dz € {0,1,2,}), satisfying A}, = Agys + Agy ix 0, Adyivans in
(3.11), (3.12) or (3.13), where A;; is the value at step (u—1) and A},
that at step u. I defined a vector d(_ﬁ) = (d(u)o, d(u)1,- - -, d(w)ar—-1),

where M = 3"* and d(u); a 3-tuple over GF(3). I have the follow-
ing algorithm for computing an error vector.

[ Algorithm for computing an error vector |

(i) Initial values:
Let @ = (ao) at step n and u = n.
s = 20.0 if A2ao,0 S k.
8= miﬂ{Ag,g, Al,ﬂ: Agjg} if A2au,0 > k.
Compute a 3-tuple d by d(n) = D(n)sp.
(ii) Repeat the following calculation (a)-(b)
until u = 1.

(a) Compute d(u— 1) = (d(u — 1)o,d(u — 1),
oy d(u—1)ay1), M = 3" by

J-'(U -1} = D(u- D)ido s
du—1iyn = D(u~1)a,ien,
d(u—1)izay = D(u— 1)d.-,z,i+2Mv
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where I write (f(u), = (do, 14, d2,4)-
(b) M «3M,u—u—1.
If w # 1, then go to (a).

(iii) If w = 1 and d(1) = ((do.o, d1.0, day),
(do,h 41,1, dz,l), SRy (dO,M—ls d_l,M—h dZ,M—l))a then I have an er-
ror vector by
e; =doi, eiym =d1;, eipanm = dy;.

The final € is desirable error vector. O

3.5 A Numerical Example

In this section I show the performance of the proposed algorithm
and the profile of the k-LC about k.

Let {a;} be a sequence over GF(3) with period 3* = 27 whose
one period is

d@ = (020211010120111010220211010). (3.15)

I will compute 3-LC (k = 3) and an error vector.

[Example 3.1]
(initial values)
d = (020211010120111010220211010)
000000000000000000000000000
A= | 11111111111111113111113111]111
111111111111111111111111111
(step 1)
— (000200000) B = (000100000) TB=1
&= (100200000)  C = (200100000) TC =3
@ = (020211010) k-LC=0
200100000
A= | 233333333
233233333
(021)(000)(000)(010)(000)(000)(000)(000)(000)
D(1) = | (102)(110)(111)(121)(111)(111)(111)(111)(111)
(210)(222)(222)(202)(222)(222)(222)(222)(222)

(step 2)
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b=(211) B=(333) TB=9
g=(221) C=(533 TC=11
i=(211) kLC=6
300
A= 333
333
(000)(000)(000)
D2)= [ (100)(001)(001)
(200)(002)(002)
(step 3) B
b=(1) B=@) TB=3
¢=(@2) C=@3) TC=3
i=(2) kLC=
9
A=19
3
(011)
D(3) = [ (122) ]
(200)

Finally k-LC= 7 (k = 3). Since @ = (2) at step 3 and A;¢ =
9>k=3,s0k-LC=64+1=7.

[ computing an error vector ]
(initial value) p=12
(step 3)  d(3) = (200)
(step 2)  d(2) = ((200)(000)(000))
(step 1) _
d(1) = ((210)(000)(000)(010)(000)(000)(000)(000){000))

The error vector is
&= (20000000010010000000000{)000).
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Next there is table. 1 which shows the value of the ¥-LC about
the allowed number of errors k.

[table. 1 profile of {a;} about k]

k [0 1 2 3 4 5 6 7 8
kLC|27 156 16 7 7 7 7 7 7
k | 9 10 11 12 13 14 15 16 17
(LC| 4. 4 3 2 2 2 2 1 0

3.6 Conclusion

In this section I propose the algorithm for the k-LC of sequences
over GF(3) with period 3". In order to generalize into non-binary
sequences, | try to extend the cost vector at the Stamp-Martin al-
gorithm of sequences over GF'(2) with period 2" to the cost matrix.

Furthermore I show a method for computing not only the k-LC
but also the error vector of sequences over GF(3) with period 3™
In applications the error vector will play important roles. And an
example of sequences over GF(3) with period 3° = 27 and the profile
of the k-LC about k are shown.

Finally it is able to calculate the k-LC of general sequences over
GF(p™) with period p™.
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Chapter 4

An Algorithm for the x-LC
over GF(p™) with period p"

4.1 Introduction

An algorithm for the k-error linear complexity of sequences over
GF(p™) with period p" is given, where p is a prime. The algorithm
is derived by the generalized Games-Chan algorithm for the LC of
sequences over GF(p™) with period p*, and by using the modified
cost not the same as that used in the Stamp-Martin algorithm for
sequences over GF(2) with period 2*. A method is also given for
computing an error vector which gives the k-LC.

The k-LC gives much more reasonable evaluation than the con-
ventional LC for the randomness of a keystream in stream ciphers.
It is desirable to find useful applications of the k-LC in the crypt-
analysis of stream ciphers.

Unfortunately an effective algorithm for computing the k-LC has
been known only for sequences over GF(2) with period 2" (the
Stamp-Martin algorithm) [SM93]. The Stamp-Martin algorithm
uses the Games-Chan algorithm [GC83] for computing the LC of
sequences over GF'(2) with period 2". An alternative derivation of
the Stamp-Martin algorithm [SM93| was recently given by the au-
thor et al. [KUI96-2]. This method[KUI96-2] can compute not only
the k-LC but also an error vector which gives the k-LC.

Since the Games-Chan algorithm was generalized to the sequences
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over GF(p™) with period p”, p a prime, by Ding, Xiao, and Shan
[DXS91] and also by the author et al.[IM93], it seems to be possible
to find a similar algorithm for the k-LC of sequences over GF(p™)
with period p". Such a generalization was made by the author et
al. (KUI9| in case of p = 3 and m = 1. In this chapter I give
a complete description of the algorithm for the k-LC of sequences
over GF(p™) with period p", p a prime. It is shown that both of
the logic of our algorithm and its description are rather simple.

Firstly I show the generalized Games-Chan algorithm for the LC
of sequences over GF(p™) with period p®, where p is a prime and n
and m are positive integers, in Section 4.2. This algorithm can be
written very simply by the formula of vector b given in [UIK97].

In Section 4.3 the proposed algorithm for the k-LC of sequences
over GF(p™) with period p" is given after several preparations of the
cost matrices of the vector @ and vector b. Moreover the property
of the algorithm, named Proposition 4.1, is shown in order to prove
the validity of the proposed algorithm.

Next in Section 4.4 I discuss about computing an error vector
which gives the k-LC. This algorithm executes using the stored data
for the value of changing at each step in order of backward when
the k-LC is calculated similar to the algorithm of sequences over
GF(2) with period 2" in Chapter 2 or over GF(3) with period 3" in
Chapter 3, respectively.

Finally I show two numerical examples of computing the k-LC
and an error vector. In Example 4.1 the performance of the proposed
algorithm of a sequence over GF(3) with period 3* =27 and k = 3
is given. In Example 4.2 the performance of the proposed algorithm
of sequence over GF(3?) with period 3% = 27 is given also.

On the other hand Blackburn [Bla94] gave an algorithm for the
minimal polynomial of a periodic sequence with period Nyp™, where
p is a prime and ged(Ny, p) = 1, by jointly using the discrete Fourier
transform for sequences with period Ny and the Games-Chan algo-
rithm for sequences with period p®. In this dissertation, however,
I will not try to find an algorithm for the k-LC of sequences with
period Nyp”, although Blackburn’s algorithm looks very promising
to generalize this algorithm to the most general case.
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4.2 The Generalized Games-Chan Algorithm

In this chapter I will consider sequences over GF(g) with period
N =p", n > 1, where ¢ = p™ and p is a prime.

Let {a;} = {ao, a1,02,- -} be a sequence over GF'(q) with period
N = p" and the first period of the sequence be denoted as

@™ = (o, af™, -+, a2y, (4.1)
I will write @™ as
a™ = @)™, ---,a- 1)), (4.2)
where
6™ = (3 aoymo)s M=N/p=p""  (43)

The LC of {a;} over GF(q), denoted as LC({a;}), is defined as
LC({a}) = L it

Y g+ = a(z)™
a; T =
>0 N —1
_ g2
= (?_—T)f: (4.4)

where a(z)™ = o{MVzN-1 4 o{MzN-2 4 ... 4o, and g(1) # 0

(Note that 27" — 1 = (z — 1)*"). If a(z)™ has a zero for the
order Z = zg+21p+ -+ + zo1p™ Y, (0 < z; < p— 1), of zero at

z = 1 in the order from z,_; to zq, where z; € {0,1,---,p — 1} for
1=0,1,---,n— 1. Therefore [ have L = N — Z. The Games-Chan
algorithm determines z,_;, z,-2, - -+, Z in the order by making

repeated divisions of a polynomial with degree at most p**' — 1 by
(z—1)P =z — 1.

Let M = N/p and @(;)™) = (aglﬂ\?,agﬂ_’_l,---,agﬁlmf_l) be an
M-tuplefor j = 0,1,---,p—1. I will rewrite &™) = (@(0)™, d(1)(M, ..
@(p — 1)), I show the generalized Games-Chan algorithm as
follows[DXS91, IM93].
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[ Generalized Games-Chan Algorithm ][DXS91, GC83, IM93|

(i) Initial values:
N=pM=p", LC=0, a® =Eq.(41).

(ii) Repeat the following 0)~2) until M = 1.
0). From a given pM-tuple over GF(g),
@M = (g(0)*M) ... d(p— 1)®M)), (4.5)

compute the following M-tuples over GF(q), b(u)M)’s,
(u=05"':p“2): by

Bu)™ = F(a@0)®™,- .-, a(p - 1)®M)

p—u—1 ) 4.6
= 'S egdl)e®, -
-
where
p—u—1 5
—j-1
Fy(xo,*** 1 Zp1) = Z Cuj¥iy Cud = (p U )
j=0
(47)
1). Choose one of the following p cases.
Case 1: . . .
B(0)M = ... = b(p— 2)™) = 0. (4.8)
Case w, (2<w<p-—1):
BO)M =...=bp—w—1)M =0, bp—w)™ £0.
(49)
Case p: .
b(0)M) £ 0. (4.10)

2). If Case w, (1 < w < p) is chosen, then
M) Fp_w(&'(O)(PM), ceed@(p— 1)(pM))
LC « LC + (w ~ 1)M, M~ M/p

and go to 0). Here I use Fy_1(zo,- "+, Tp_1) = To-
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(iii). Let 2 = (a{). If al” # 0, then
LC — LC + 1.

The final LC is equal to LC({a;}).0

Note that the Case w (1 < w < p) corresponds to the case where
(zM — 1)»~* divides a(z)®™) but (zM — 1)P~**! does not. The
formula (4.6) and (4.7) are given in [UIK97]. Note also that for
a®M) - § only one of the p cases, i.e., Case 1, ---, Case p, occurs
[UIK97].

4.3 An Algorithm for Computing the k-LC

The k-LC of a sequence {a;} over GF(q) with period N = p" is
defined as

kLC({a:}) = min{LC({a; + e:})wa(@) < k), (4.11)

where {e;} is an error sequence over GF(g) with period N and wy(€)
is the Hamming weight of the first N-tuple, € = (eg, €1, -, en_1),
of {e;}, i.e., the number of nonzero e; ’s. I will call € an error
vector. If I have no effective algorithm for computing the k-LC, I
must repeatedly apply the Games-Chan algorithm at the worst case

k
Z(q ~-1) (N) (4.12)
=0 b

times to the sequences {a; + e;}’s with all the possible € ’s having
Hamming weight < k. However (4.12) becomes very large even for
moderate N and k.

In order to compute the k-LC of @ in (4.1), I must try to force
Case w to happen for as small w as possible in step (ii) of the
Games-Chan algorithm under the condition that the minimum num-
ber of changes in the original @) necessary and sufficient for forcing
Case w to happen is less than or equal to k. This logic is the same
as that used in the Stamp-Martin algorithm [SM93]. This can be
done conveniently by introducing the following cost of @) and the
costs of b(u)M’s, (0 < u <p— 2).
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In the following I will write
GF(q) = {QO = 0: Q- aq-—l}, (413)

and
=~ M
b(u) ™ = (68,8 _1). (4.14)

Firstly the cost of @™) is denoted as a ¢ x M matrix
AC(M) = [A(hyi)u], (0<h<g-L0<i<M-—1), (415)

where A(h, 1)y is the minimum number of changes in @) necessary
and sufficient for changing aSM) to aEM)—I-ah under the condition that
forcing Case w to happen is not altered. In the following discussions
I will often use the notation A(ay,7)p for A(h, 1)

Secondly the costs of b(u)M)s, (0 < u < p — 2), are denoted as
a (p— 1) x M matrix

BC(M) = [B(w,i)u], 0<u<p-—20<i<M-—1), (4.16)

where B(u, ) is the minimum number of changes in @) necessary
and sufficient for making bg?f) o v b&‘;‘r) = 0. I will define the
total cost of b(u)™) as

TB(H)M=EIB(u,i)M, 0<u<p-2), (4.17)

=0

which means the minimum number of changes in @) necessary and
sufficient for making b(0)™) = ... = j(u)M) = 0.

In step (ii) of the Games-Chan algorithm I can force Case 1 to
happen if TB(p — 2)p < k, Case w, (2 <w < p—1) to happen
if TB(p—w—1)y <k <TB(p—w)m, and Case p to happen if
k < TB(0)yy, respectively.

The following initial value, AC(N) = [A(h,i)n], (N =p™; 0 <
h<g—1;0<i< N —1),is obvious from the definition.

. 0, ifh=0,
anNz{l, h 20 (4.18)

I can compute BC(M) and AC(M) from AC(pM) in the follow-
ing way for M = p™~1,---,p® in the order.
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BC(M) = [B(u,1)u]| can be computed from AC(pM) = [A(h,1)pm]
by

p—1
B(u,1)m :min{ZA(ej,z’—i—jM)pM €€ D(u,i)M}, (4.19)
7=0
where
€= (eD: tt s ep—l) = [GF(q)]pa
and

D(u,é)p = {Z| Fjleo, -~ ep1) + 0550 =0, (0<j<u)}. (4.20)

Note that D(u,1),s is the set of all the € ’s which can make b.g?f) =
ot g

The computation of AC(M) from AC(pM) depends on the case
chosen at step (ii). If I can force Case w, (1 < w < p), to happen, I
must choose € = (e, ..., e,—1) such that

M M
Fp—w(a%: : + €q, '(' " a‘gi(p)_l)M + eP_l)
M M
Fp_w(a'i ) a’ii(p)—l)M) P Fp_w(eo’ T ep—l) (421)

a’gM) + Fp—w(eﬁa Tt ep—l)
GEM) + Qp

and

M M
Fy(a™ + eo, -, all) 10 + ep1) = b33 + Fi(eo, -+, €p1) = 0
(4.22)
for 0 < j < p— w — 1. Therefore I have

p—1
A(h,i)y = min {Z Ale;, 1 +3iM)pn

=0

ge f)(h,z')}i;} . (4.23)
where

D(h,i)}, = {é’

Fieo, - ep-1) + 050 =0, (0<j<p-—2),
€ — p = 0,
(4.24)
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D(h, i)y = {é' Fy(ea, " ,ep-1) + 837 =0, (0<j<p-w-1),

Fp—w(eﬂa IS e;p—l) — Qp = 01
(4.25)
for2<w<p-1, and
f)(h': V= {E | Foleo, s ep—l) —a=0,}, (4.26)
respectively.
I will keep a record of the following p-tuple
E(h, "")M = (Bu, Ty ep—l) € [GF(Q)]p (427)

found at the computation of A(h,i)pr in (4.23) in such a way as
€ = é(h,i)pr gives A(h,i)s in the right-hand side of (4.23). In
general €(h,1)ys is not unique. The record of €(h,i)p’s isa g x M
matrix with p-tuple elements

E(M) = [é(h,1)m] (4.28)

and will be used for computing an error vector which gives the k-LC.
The proposed algorithm for computing the £-LC of {a;} in (4.1)
is written as follows.

[Algorithm for Computing the k-LC ]
(i) Initial values:
N =pM =p", kLC=0, a™ = FEq.(4.1),
AC(N) = [A(h.i)n] = Eq.(4.18)
(ii) Repeat the following 0)~2) until M = 1.
0). Compute BC(M) by (4.19)-(4.20) and TB(0)u, - - -, TB(p—
2)m by (4.17).
1). Choose
Case 1if TB(p — 2)m <k,
Case w, (2 <w <p—-1,fTBp-—-w—-1)u <k <

TB(p =3 w)M,
and Case p if k < TB(0)), respectively.

2). If Case w, (1 < w < p), is chosen, then

i FP_W(E(O)(PM),---,E(]J— 1)(pM)), '
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k-LC — k-LC + (w — 1)M.
Compute AC(M) by (4.23)-(4.26) and E(M) by (4.27) and

(4.28).
If M #1, then
M—M/p
and go to 0).
(iii) Let @ = (i) and AC(1) = [A(h,0)]. If A(~a{",0); > &,
then

k-LC «— k-LC + 1.
The final k-LC is equal to the k-LC({a;}). O

The validity of this algorithm can be shown by using the following
Proposition 4.1.
Proposition 4.1: Let

MTAC(M) = MZI min{A(h,i)p | 0<h < g—1}. (4.29)

(a) MTAC(pM) <TB(0)m <---<TB(p—2)m.
(b) fTB(p — 2)pm < k, then MTAC(M)=TB(p—2)u

(c) UTB(p —w—1)p < k < TB(p — w)p, then MTAC(M) =
TB(p—w—l)M

(d) If £ < TB(0)p, then MTAC(M) = MTAC (pM).
(e) 0=MTAC(p") < MTAC(p" ') < --- < MTAC(p®) < k
O

Proof:

(a) TB(u)u <TB(u+1)y is obvious from (4.17) and (4.19) and
(4.20).

MTAC(pM) < TB(0), is also obvious, since

M-1p~1
MTAC(pM) = )" > min{A(h,i + jM),u | 0<h<g-1}

i=0 j=0
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and

Fo(eo, -+, ep—1) + bﬁ‘f‘f} =

=0 i=0

M-1 p—1

(b) If TB(p — 2)ar < k, then I can force Case 1 to happen in
step (ii). In this case AC(M) is given by (4.21) and (4.22). T have
MTAC(M) = TB(p — 2), since

U D(h,'&)}sz(‘p—z,z)M
0<h<g-1
from (4.20) and (4.22).
(¢) In this case I can force Case w to happen in step (ii) and
AC(M) is given by (4.23) and (4.25). I have MTAC(M) = TB(p—
w — 1) in the same reason as (b).
(d) The proof is the same as (b) and (c).

0}_

(e) From (a)-(d) Thave MTAC(pM) < MTAC(M). MTAC(p") =

0 is obvious from (18). From (b)-(d) have MTAC(M) < k if

MTAC(pM) < k.
Consider the cost matrix AC(1) = [A(h, 0);] of @@ = (a{"). Let
A(s,0); = min{A(h,0); |0 < h<g-—1} (4.30)

I have A(s,0); < k from (e) of Proposition 1. This means that I
can change af)l) to af,l) + a; under the condition that the minimum
number of changes in the original @) necessary and sufficient for
making this change is less than or equal to k. Therefore the validity

of this algorithm is shown.

4.4 Computation of an Error Vector

After performing the proposed algorithm for computing the k-LC of
{a;}, finding an error vector

e= (60, sy eN—l) (431)

which gives the k-LC is straight by tracing the step (ii) in the reverse
order, i.e., from M = p® to M = p™~L.
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Computing an Error Vector |
P

(i) Initial values:
M=1av=({"), AcQ)=[A(h,0)],
A(s,0); = Eq.(4.30).
If A(—al",0); < k, then &(1) = &(—al", 0);.
If A(—a{”,0); > k, then &(1) = &(s,0);.

(ii) Repeat the following computation of
¢'(pM) = (€0, " € ppr-1)

from &(M) = (&,---,Ep_1) by using E(pM) until pM = p™~1.
If é; = (e‘i,UJ mEEy ei,p—l)a then

€ipim=€leij,i+ M)y, (0Lj<p-10<i<M-1).

(iii) Let M = p™! and &(M) = (&, --,€m-1). An error vector &
in (29) can be computed as

€itiM = €ij, (OEiSM—l;OS]’SP—l)

ifg; = (ei,U: iy e'i.,p—l)'

4.5 Numerical Examples

[ Example 4.1]
Let {a;} be a sequence over GF(3) = {ap =0, oy =1, ap = 2}
with period 3% = 27 whose one period is

@ = (020211010120111010220211010). (4.32)

I will compute the 3-LC (k = 3) and an error vector. In order to
compute an error vector €, I will compute the matrices E(9), E(3), E(1)
at each step in this example.

[Computing the k-LC]
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(initial values) @*") = (020211010120111010220211010)

000000000000000000000000000
AC(27)=| 111111111111111111111111111
1111111111111111711111111111

(step 1; M=9) 5(0) = (000200000)  5(1)® = (100200000)

[ 000100000 TB(0) =1
| 200100000 | TB(1)s=3

d@® = (020211010) k-LC =0
[ 200100000

AC(9) = | 233333333
| 233233333

(021)(000)(000)(010)(000)(000)(000)(000)(000) |
E(9) = [ (102)(111)(111)(121)(111)(111)(111)(111)(111)
(210)(222)(222)(202)(222)(222)(222)(222)(222) |

BC(9) =

(step 2; M=3) 5(0)® = (211)  5(1)® = (221) BC(9) = ggg
TB0N=S =) kio=s
300 (000)(000)(000)
AC(3) = [333 E@(3) = [ (100)(001){001)
333 (200)(002)(002)
(step 3; M=1) 5(0)® = (1) b1)® = (2) BCQ) = [g]
TB(0); =3
TB(1); =3
9 (011)
il=@2) kLC=6 ACQ)= [9 EQ) = [ (122)1
3 (200)

Since @ = (2) and A(—2,0); = A(1,0); = 9 > k = 3, therefore
k-LC=6+1=7. Finally kLC=7 (k=23).0
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[ Computation of an error vector ]
(initial value) g =72

(step 3; M=1) (1) = (200)

(step 2; M=3) €(3) = ((200)(000)(000))

(step 1; M=9)  &9) = ((210)(000)(000)(010)(000)(000)
(000)(000)(000))

The error vector is € = (200000000100100000000000000).01

[ Example 4.2]
Let {a;} be a sequence over GF(3?) with period 3* = 27. Let
3 be a primitive element of GF(3%) = {ap =f* =0, oy = ° =
1, ay = f, --+, ag = 7} defined as G2 = 23 + 1. In the following
computations I will denote 8*, 3 as *, %, respectively, for simplicity.
Let us write the first period of {a;} as

i@ = (012345670012345671012345672). (4.33)

I will compute the 3-LC (k = 3) and an error vector. In order to
compute an error vector €, I will compute the matrices E(9), E(3), E(1)
at each step in this example.

[ Computation of the k-LC |

(initial values) @*" = (012345670012345671012345672)

000000000000000000000000000
111111111111111111111111111
111111111111111111111111111
111111111111111111111111111
AC(27) = | 111111111111111111111111111
111111111111111111111131111
111111111111111111111111111
111111111111111111111111111
111111111111111111111111111 |
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(step 1; M=9) 5(0)(®) = (s xkxx%4) B(1)® = (skskxkk4x6)

BC(9) =

[ 000000001 | T'B(0)s =1
| 000000002 [  TB(1)e =2

@ = (012345670)  k-LC =0

AC(9) =

E(9) =

(step 2; M=3) b(0)® = (456) b(1)® = (234) BC(9) = [

[ 000000002 ]

333333333
333333333
333333333
333333333
333333333
333333332
333333332
333333333

(***)(***)(***)(***)(***)(***)(***)(***) (%21)

)
)
| (777) (777) (777) (777) (777) (777) (777) (777) (742) |

)
(000) (000) (000) (000) (000) (000) (000) (000) (037)
(111) (111) (111) (111) (111) (111) (111) (111) (105)
(222) (222) (222) (222) (222) (222) (222) (222) (260)
(333) (333) (333) (333) (333) (333) (333) (333) (314)
(444) (444) (444) (444) (444) (444) (444) (444) (456)
(555) (555) (555) (555) (555) (555) (555) (555) (57*)
(666) (666) (666) (666) (666) (666) (666) (666) (6 3)
( (

333
666 |

TB(0)s=9 g _ _
TB(1), = 18 a® = (456) k-LC =6

[ 002 ] ( CERICERECETIN

333 (x x0)(* * 0)(* % 0)

333 (¢ * 1)(* % 1)(xx 1)

333 (% * 2) (% % 2)(* x 2)

AC(3) = | 333 E(3) = (+%3)(x*3)(xx3)

333 (% 4)(x % 4)(xx 4)

332 (% % 5)(% % 5)(* % 5)

A2 (x % 6)(* % 6) (% * 6)
| 333 | | (kD) T)(x % 7) J
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(step 3; M=1) 5(0)®» = (0) B1)® = (3) BC(1) = [g]

)

)

dW=(3) kLC=T7 AC(1)= Ell)= (*313
)

)

T 1
T Oy OO W
)

Since @) = (3) = (#°) and A(—83%,0); = A(F7,0); = A(8,0), =
6 > k = 3, therefore k-LC= 7+ 1 = 8. Finally k&-LC=8 (k = 3).
O

[ Computation of an error vector ]

(initial value) §=2

(step 3; M=1) €(1) = (xx4)

(step 2; M=3) €(3) = ((* * *)(* * *)(x * 4))

(step 1; M=9) €(9) = ((k » #)(* * #)(* * *) (% % *) (% * %) (x *
(o % %) ( * %)(456))

The error vector is € = (s sk ks sk sk 4 sk sk s o ok ok k5 % ok ok %k k %6). 0

Although necessary computations are simple additions and com-
parisons, the computational complexity increases rapidly in case of
the large w or equivalently the large k-LC because of the fact that
from (4.25) the number of the possible & ’s in D(h,i)¥, is equal to
qw-l_

The amount of the memories necessary for performing the com-
putation is the same independent of the value of the k-LC.

48



4.6 Conclusion

Firstly the Stamp-Martin algorithm [SM93] for computing the k-LC
of sequences over GF'(2) with period 2" is generalized into sequences
over GF'(p™) with period p®, where p is a prime.

Secondly the proposed algorithm can compute not only the k-LC
but also an error vector which gives the k-LC. Computation of an
error vector is important in applications of the k-LC.

The generalized Games-Chan algorithm used in the proposed al-
gorithm needs memories for the entire period of the given sequence
in computation, which may cause the disadvantage compared with
the Berlekamp-Massey algorithm when the period is very large and
the k-LC is small. However as to the computation of the k-LC there
seems to be very difficult to find an effective algorithm by using the
Berlekamp-Massey algorithm.

Further generalization of the algorithm for the most general se-
quences with period Nop™, gcd(Np,p) = 1, by using Blackburn’s
algorithm [Bla94] is interesting.
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Chapter 5

Another Algorithm for the
k-LC over GF(p™) with
period p" Using the Shift
and Offset

5.1 Introduction

In this chapter another algorithm is given for the k-LC of sequences
over GF(p™) with period p", where p is a prime. The algorithm is
different from the previous one given by the author at Chapter 4
in the following two points and can be said to be a generalization
of the Stamp-Martin algorithm for the k-LC of binary sequences
with period 2". (1) The value of k decreases as the proceeding of
computations. (2) The error vector can be obtained at the same
time when the £-LC is obtained. The key ideas of the algorithm are
the "shift” and the "offset” of the cost matrix, which are introduced
by the authors to derive the Stamp-Martin algorithm for binary
sequences from our previous algorithm.

In Chapter 4 the anthor[KUI96, KUI96-2, KUI99| gave an algo-
rithm for the k-LC of sequences over GF(p™) with period p", where
p is a prime. The algorithm can find not only the k-LC but also an
error vector which gives the k-LC. The algorithm uses the general-
ized version of the Games-Chan algorithm for computing the LC of
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sequences over GF(p™) with period p" [GC83, IM93, Bla94], and
consists of n steps for sequences with period p®. At an algorithm in
Chapter 4[KUI96, KUI96-2, KUI99] the value of k remains the same
throughout all the steps and the determination of an error vector
can be performed only after finding the k-LC by reading the stored
data in the reverse order from the last step to the first step.

In this chapter I will give another algorithm for the k-LC of se-
quences over GF(p™) with period p™. This new algorithm can be
sald to be the generalization of the Stamp-Martin algorithm[SM93]
for the binary sequences with period 2%, since the value of k de-
creases as the proceeding of the steps. Another feature of this new
algorithm is that an error vector can be obtained at the same time
when the k-LC is obtained. The key ideas of this new algorithm
are the "shift” and the ”offset“ of the cost matrix, which were intro-
duced by the author[KUI96-2] to derive the Stamp-Martin algorithm
from our previous algorithm in case of binary sequences.

In Section 5.2 I give several preparations for generalization of the
Stamp-Martin algorithm into sequences over GF(p™) with period
p" and several conditions needed to generalize the Stamp-Martin
algorithm. For instance the cost matrices of the vector @ and the
vector b are defined again using the shift and offset of the cost. For
the generalized Games-Chan algorithm I need to choose only one
case in p cases by computing the costs at each step.

The proposed algorithm in this chapter for the k-LC of sequences
over GF(p™) with period p" is given in Section 5.3. This algorithm
decides the k-LC and an error vector at the same time.

Finally an example, denoted as Example 4.1, of the proposed
algorithm for k-LC and an error vector of a sequence over GF(3?%)
with period 3% = 27 is given in Section 5.4. From this example it
seems for the proposed algorithm to be simpler than the algorithm
in Chapter 4.

5.2 Generalization of the Stamp-Martin Algo-
rithm

In this chapter I will use the same logic and cost matrices AC(M)
and BC(M) as those in the previous algorithms[KUI96, KUI96-2,
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KUI99] except that the following two operations, i.e. the "shift”

and the "offset” will be introduced in the computation of AC(M).
Let GF(q) = {ao = 0,1, -, ag_1} and (u) M) = (b(w)SM, b(w) M,
. ,b(u)s‘f}/‘r_)l). Firstly the cost of @M) is denoted as a ¢ x M matrix

AC(M) = [A(h,)u],0Sh<g-L0<i<M—1,  (51)

where A(h, 1)y is the minimum number of changes in the initial N-
tuple @) necessary and sufficient for changing a,.EM} into aEM) + ay,
under the condition that forcing Case w to happen is not altered.

Secondly the cost of b(u)™) is denoted as a (p — 1) x M matrix
BC(M) = [B(u,))m],0<u<p-20<i<M—-1, (5.2

where B(u, 1) is the minimum number of changes in the initial N-
tuple @) necessary and sufficient for making b(O).EM) = b(l)EM) =

oo = b(w)™ = 0. I define the total cost of b(u)™)’s for u =
0,1,---,p— 2 as

M-1
TB(u)y = Z{, B(u, 1) (5.3)

which means the minimum number of changes in the initial N-tuple
@) necessary and sufficient for making 5(0)™) = 5(1)M) = ... =
b(u)™) = 0. In step (ii) of the generalized Games-Chan algorithm
I can force Case w to happen:

Casel & TB(p—2)um <k,

Casew & TB(p—w—-1)y <k<TB(p—w)m
forw=2,3,---,p—1,

Casep & k< TB(0)y.

(5.4)

The initial value of the cost of @) denoted as AC(N) = [A(h,1)y],
where N = p” and

A ={ 3 4120 (5:5)

is obvious from the definition. I can compute BC(M) and AC(M)
from AC(pM) in the following way for M = p"~! p»2 ... p®in
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the order. The cost of b(u)™) denoted as BC(M) = [B(u, i)y] can
be computed from the previous cost AC(pM) = [A(h,1),m] by

p—1

B(u,i)p = min {Z Alej, JM + i)ppm

7=0

& € D(u, i)M}, (5.6)

where € = (eq, €1, -, €p—1) € [GF(q)]? and

D(uif‘)M = {E.I‘F;(e()’ 1,77, e;p—l) -+ b(S)EM) =0, s=0,1,--- ,u}
(5.7)

is the set of all the &’s which can make
bO)™ = b(1)(* = - =bw){* = 0. (5.8)

The computation of AC(M) from AC(pM) depends on the case
chosen at step (ii) of the generalized Games-Chan algorithm. Here
I will introduce the ”shift” and the ”offset” in computing AC(M).
The shift is used to make

A(0,7)p < A(h,i)yy forh=1,2,---,q-1;:0=0,1,---, M — 1.
(5.9)
The offset defined as
A(h,t)M = A(h, ?.)M b= A(O, Z)M (5.10)

forh=0,1,---,q—1;7i=0,1,---, M —1 is used to make A(0,7)) =
0forz=0,1,---, M — 1 after the shift is executed.
If I can force Case w to happen then I record the change vector
of @M) as pM-tuple
&(M) = (C(0,0)a,C(0,1)pr, -, C(0,pM — 1) 1), (5.11)

such that
-1

ST AC0,5M +i)p, M + i) = Blp —w—1,9)n  (5.12)

J=0
fw=1,2,---,p—1 and

p—1
ST A(C(0,5M + i)ar, I M +4)pur
=0 (5.13)

€€ [GF (Q)]"}

p—1
= min { S " A(ej, iM +1)pm
j=0
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if w=p, ie. C(0,7M + 1)y gives a change value of agmi with

the minimum number of changes in the initial N-tuple @) under
the condition that forcing Case w to happen is not altered at step

(ii) of the generalized Games-Chan algorithm. I also compute the
change matrix C(M) = [C(h,1)p] such that

p—1
A(h, i)y =Y A(C(hy M + i) pr, G M + ©)pu (5.14)
=0

The shift is performed by changing the possible region D(h,1)},
of € used in computing

p—1
A(h, ?,)M = II]_iIl { Z A(Ej,jM - z)pM

=0

g€ D(h, z')};;} (5.15)
by changing as

Fy(eo, -+, €p-1) +b(s)EM) =0
Dby =8| #=0L - p-w=1

Fp—w(eﬂa' "’ep—l)
= Fou(C(0,5)pr, -+, C(0,(p — 1)M + i) par) + atn
(5.16)
ifw=1,2---p—1and
= . - F (e a s a e _ )
P 010, y Cp—1
Dtk i)ae = { = Fo(C(0,8)p,- -+, C(0,(p = 1)M +i)pr) + o
(5.17)
if w=p and

T Fyo @00+ O, dp — 1)) + p— 1)),
5.18
where (7)™ = (C(0, jM), C(0,5M + 1)y, -+, C(0, (G + 1§M —)
1)p) for 7 = 0,1,---,p — 1. Note that in the last relation of the
definition of D(h, })"j}, ap+F,_,(G(M)) is used instead of a,. Since
I have & (M) € D(0,:)% and &(M) ¢ D(h,i)¥ for h # 0, T have
(6.9) from (5.12),(5.13) and (5.6),(5.7).
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In the case of w # p I have shown B(p — w — 1,%)y = A(0,%)ar
from (5.6) and (5.16). Therefore

MZ_IA(O,%')M =TBp—w—-1m <k (5.19)

i=0

from (5.3) and (5.4). Therefore in order to keep the condition until
the step M, I need at least (5.19) changes in the initial N-tuple "),
After the offset of AC(M), I replace k by k — TB(p — w — 1) .

Finally in order to determine an error vector I compute the error
matrix at @) as

EM)=[Eh,du],0<h<qg—10<i<N-1=p"—1. (5.20)

The definition of E(h,t)sr is as follows. In order to change aEM)
(0 <7< M —1) by o under the condition that the happening of
Case w at step M is not altered, I change N/M elements a‘(f;? g
(0<j5< % —1) by E(h,jM + 1)) in the original sequence a'™) of
length N = p™.

Since such a change of aE-M) by ap can be obtained by changing

a®M. (0 < j < p—1) by C(h,jM +i)y from (5.14), I have
E(h,ptM+jM+1i)p = E(C(h, jM +1)p, pEM + 3 M +1)p0 (5.21)

for h =0,1,---,q—1;j =0,1,---,p—1; £ = 0,1,---,{% = T
i=0,1,---,M — 1. The initial value of the error matrix E(N) =
[E(h,i)n], where E(h,i)y = ap for ¢ = 0,1,---, N — 1 is obvious
from the definition.

5.3 The proposed Algorithm for Computing the
k-LC

After above preparation, I propose the generalized Stamp-Martin
algorithm with computing an error vector.
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[Generalized Stamp-Martin Algorithm |
(i) Initial values: N =pM =p", k-LC =0,

N) (N N
M) = (CLE} )aa'(l ):"'7a§\f—)1)’
0 O aaa O ao O{o B G.'o
11 ---1 ay @ o m
AC(NY=| . . , E(N)= :
11 --- 1 g1 Qg1 "°* O]

(ii) Repeat the following 0)~2) until M = 1.

0). Compute BC(M) and TB(0)as, -+, TB(p — 2)u by (4.6),
(4.7), (5.2), (5.3) and (5.8).

1). Choose one of the following p cases.
Case 1: if TB(p — 2)m <k,
Case w: if TB(p —w— 1)y < k < TB(p — w)p for
w=2,3,--,p—1,
Case p: if k£ < TB(0)yy, respectively.

2). If Case w is chosen, then compute @M by (5.18) and
k-LC «— k-LC + (w — 1)M.
Ifw#pthenk — k—TB(p—w—1)m.
First consider the shift operation by computing AC(M)
and C(M) from (5.15)-(5.17) and (5.14).
Next consider the off-set operation (5.10) by computing
AC(M) = [A'(h,1)um], which is the final AC(M) at the
step M.
Compute E(M) by (5.21) from E(pM) and C(M).
If M # 1 then M «— M/p and go to 0).

(iii). Let @9 = (a{") = (), o = —0.
If A(t,0); > k then k-LC «— k-LC+1and € = (E(0,0)™, E(0, 1)V,
o 5E(0:N - 1)(1)):
else &€= (E(t,000 E@,1)Y,... E(t,N—1)D).

The final k-LC is equal to k-LC({ae;}) and € is an error vector.O

In the proposed algorithm with the shift and offset of the cost,
I do not need to record the matrices AC(M), BC(M), C(M) and
E(M) after the next matrices at the step M/p is calculated by their
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matrices at the step M since the vector @™’ is changed into the
vector satisfied the minimum number of changes and the condition
until the step M at every steps. Moreover the first row of AC(M)
can be forgot, i.e. all of these is zero at any time. Therefore the
proposed algorithm needs only one step for the k-LC and an error
vector, and less memory than the algorithm in [KUI99).

5.4 A Numerical Example

In this section I show a small example for 3-LC, i.e. k = 3, of a
sequence over GF'(3?) with period 3. Let {a;} be a sequence over

GF(32) = {Cto =o' = 0,0:'1 =O£D = 1,0{2 :CM]',“‘,O!S = 037}
(5.22)
with period 3% = 27, where « is a primitive of GF(9) such that
a® = 2a + 1. I will denote o™, o® as *, i, respectively for simplicity.
Let one period of {a;} be

g™ = (012 345 670 012 345 671 012 345 672). (5.23)

I will compute 3-LC (k = 3) and an error vector as follows.
[Example 5.1]

(initial values)

@) = (012 345 670 012 345 671 012 345 672)

[ 000 000 000 000 000 000 000 000 000
111 111 111 111 111 111 111 111 111
111 111 111 111 111 111 111 111 111
111 111 111 111 111 111 111 111 111
AC(27)= | 111 111 111 111 111 111 111 111 111
111 111 111 111 111 111 111 111 111
111 111 111 111 111 111 111 111 111
111 111 111 111 111 111 111 111 111
111 111 111 111 111 111 111 111 111 |
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ErL

XKk Kok %
000 000 000
111 111 111
222 222 222
E(7)=| 333 333 333
444 444 444
555 555 555
666 666 666
|t T T
(M =9)
B0)®) = (k%% %% % *x4)
000 000 001
Be(9) = [ 000 000 002

* kk  ckokok  kokk  kokk ok okok

000
111
222
333
444
555
666
QT

000
111
222
333
444
555
666
o

000
10
222
333
444
955
666
(i

000
111
222
333
444
555
666
777

000
111
222
333
444
555
666
777

B(1)®) = (k%% % * % *%6)

TB(0), = 1
TB(1)e = 2

I choose Case 1, since TB(1)g =2 < k= 3.
a@® = (012 345 670)
k-LC —0 k+«3-2=1_

000
333
333
333
AC(9) = | 333
333
333
333
333

000
111
222
E(9) = | 333
444
555
666
777

(M =3)

—

000
333
333
333
333
333
333
333
333

¥k ok k% k

000
111
222
333
444
995
666
777

000

331

331

331

331

331

330

330

331 |

*kk KX KX kkk K¥XZ2 Kkk Kk ¥
000 000 000 003 000 000
111 111 111 110 111 111
222 222 222 226 222 222
333 333 333 331 333 333
444 444 444 445 444 444
20b 555 555 557 Hb5 555
666 666 666 66x 666 666
A SR 4 dr R i (R 41 ¢ S o df R '

(0)® =(456) b(1)® =(234)
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000
111
222
333
444
555
666
77

* %1 ]
007
115
220
334
446
95%
663
772




31 TB(0);=71
6 3 TB(l1);=15
e 3,sincek=1<TB(0); =7.

BC(3) = [ :

I choose Cas
@ = (45 6)
k-LC «— 0+2x3=6 k<1

AC(3) =

WWWwWwwwwo
W WwWwWwWwww Wwwo
OO =D

w
—

Kokk kokk kkk REK kKK kKD kEkk kkk k1 |
*x%*% *xx%x 000 %% x+% 003 =*x*xx xxx 007
kokk kxx 111 .k x%k%x 110 x*k*x xkx 115
¥k % *xx 222 *xx% x%x% 226 x*xx xxx 220
F(3)= | #%% *%% 333 xxx *x%xx 331 x%x%x *xxx 334
**kx *kx 444 xx*x x*xx 445 kx*x *xx*x 446
kkk kk*x DID kkk kkx 5HHT  kxk xk%k 5HOx
kkkx kkkx 0666 kkx kkk 66k xx%x xkkx 663
kokk kokk TOT kkk kkk T74 Hk* kkx (72

(M =1)
b(0)V = (0) B1)W = (2)
B = [3 TB(1), =3

I choose Case 2, since TB(0); =1<k=1<TB(1); =3.
@V =(2) kLC—6+4+1=7 k—1-1=0
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AC(1) =

B BB W NN DO

W

k k% kkx xkkd kk%x Fkk kkD kkk kkx% * %6 |
kkx kxk Adxk kkx Fkkx 4dxD kxk x*xx 4%l
kk%x *kk DxB kkk kkk Dxkk kkk *kk% D*3
kkx kkk BkD kxk kkk OB*k7T *%k*x kk% Bxx
E(Q)= | *x% *%%x *31 #x* *xx 30 sxk k% %35
*kk kokk  kdx  kxkx kkx #42 xkk xxx  #4]
$ %k kk* %56 kkk kkk *Dk kx*k *kx* %53
fxk kkkx K65 kxkk kkx K67 kxk wxx  k0Gk
fkok kkk kT2 kxkk kkkx k(O kxk*k kxk*x K70

Since @) = (a?), —a® = o' and A(8,0); = 3 > k = 0, then
k-LC — 7+ 1 = 8 and an error vector € is the first row of E(1).
Hence k-LC({a;}) = 8 and

E= (k% *%% xxd k% kkk k%5 k% *** **6). (5.24)

5.5 Conclusion

The new algorithm using the shift and offset of the cost matrix
AC(M) in this paper is a generalization of the Stamp-Martin algorithm[SM93],
since in case of binary sequences I can show that the part of comput-
ing the k-LC in the proposed algorithm is the same as the Stamp-
Martin algorithm.
I am interested in more extension about the period of sequences,
i.e., considering sequences over GF(p™) with period N = Nyp",
where ged(Np,p) = 1. Blackburn[Bla94| gave an algorithm for the
LC of general periodic sequences using the generalized Games-Chan
algorithm and the discreet Fourier transform.
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Chapter 6

Complexity Analysis of the
Algorithms

6.1 Introduction

Unfortunately the complexity analysis of the algorithms has not
studied yet[KUI98-3]. In this chapter I try to evaluate the time-
complexity and the space-complexity in order to compare with the
generalized Stamp-Martin algorithm in Chapter 5 and the general-
ized k-LC algorithm in Chapter 4.

One of the algorithms is the generalized Stamp-Martin algorithm
with the shift and offset of the cost, shown in chapter 5. The gen-
eralized Stamp-Martin algorithm has only one step to decide the
k-LC and an error vector. Therefore I can calculate the £-LC and
the error vector at the same time.

Another algorithm is the generalized k-LC algorithm without the
shift and offset of the cost, shown chapter 4. The generalized k-LC
algorithm consists two steps in order to decide the k-LC and the
error vector. Therefore I know the error vector after the calculating
the k-LC.

In Section 6.2 I rewrite the generalized k-LC algorithm in order to
evaluate the time-complexity and the space-complexity easily. Next
the different points of the generalized Stamp-Martin algorithm from
the generalized k-LC algorithm in this section are shown.

In section 6.3 I discuss the time-complexity of two algorithms for
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k-LC and an error vector of sequences GF'(p™) with period p™ using
the algorithms in Section 6.2. However the time-complexity in this
section evaluate only the number of the operations about addition
and subtraction.

In section 6.4 I discuss the space-complexity of two algorithms
for k-L.C and an error vector of sequences GF(p™) with period p™
using the algorithms in Section 6.2.

6.2 The algorithms for Computing the k-LC

In order to compare two algorithms for k-LC I write these again.

[generalized k-LC algorithm]
(i) Initial Values: N = pM = p", k-LC=0,

N
AL = (a‘(()N}= a‘gN)a Tt a‘f’\i—)l)v
00 --- 0
) 1 1 1
AC(N) = [Athi] = | . . .
11 ---1

(ii) Repeat (0)—(6) until M = 1.
(0) Compute BC(M) = [B(u,i)p] for 0 < u <p—2, 0 <

i< M-1)by
r—1
B(u,1)p = min { > Alej, i+ jM)pp| € € D(u, z)M} ;
=0
(6.1)

where &€= (eg, €1, - -,€p-1) € [GF(q)]?,

D@@M={€

Fj(e()} €1,° ", ep_l) -+ b-gif) =0
(O S J < 'U-) )
(6.2)
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b(w) M buo (M), by1 (M), by p—y (M)

= F.la 0)(pM), f—‘,;(l)(pM)1 sie, AR = 1)(;pM))

p—u—1
= Z Cu,ja“(j)(pM)
=0
(6.3)
and
_[(p—2-1
cs=(?7171) (6.4
(1) Compute TB(0)r, TB(1)ps,- -, TB(p — 2)p from
M-1
TB(u)m = Y B(u,t)u- (6.5)
i=0

(2) Choose only one Case w in p cases as Case 1 ~ Case p
from

Casel <« TB(p—2)m <k
Casew < TB(p—w—-1)y<k<TB(p—w)m

Casep < k<TB(0O)m
(6.6)

(a) (3) If Case w is chosen, then compute @ and k-LC from
@M = F,_,(a(0)®™) g(1)FM ... G(p-1)PM)  (6.7)

and

k-LC « k-LC + (w — 1) M. (6.8)
(4) compute AC(M) = [AC(h,i)p] for 0 < h < ¢g—-1, 0<
1< M -1 from

p—1

A(h,?)p = min { Y Alej i +iM)pm

7=0

éeixmﬂm},
(6.9)
where

ﬁ%z{é(ogjgp—m

F}(EO: €1,°7 ", ep—l) + bgf) =0
(6.10)
Fp—w(eo, €1, eP—l) —oap=0
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ifl<w<p-1lor
bﬁd’: {El F0(60161:"’;ep—1)_ah =0} (611)

if w=p.

(5) Let &(h,i)a in E(M) = [8(h,i)u] for 0< h < g—1, 0<
i< M — 1 be & in right hand side of (6.9) when A(h,7)n
is calculated at the step (4).

(6) If M # 1, then let M «— M/p and go to (0).
(iii) If A(—al",0), > k, then k-LC «— k-LC +1
(iv) Let
A(=afP,0) <k = &1) =eé(—af’.0),
{ A(=aP,0); >k = &1) = &s,0),,
where s is such that A(s,0); = min{A(k,0); |0 < h < g-1}.

(v) Compute &(pM) = (&0, &7, .. &80, from (M) = (&,
&M ... &M ) and E(pM) by
&M = &eis,i+ iM)pw (0<j<p—1,0<i< ME 1),)
6.12

where E‘EM) = {

(vi) Let M — pM.
If M # p™!, then go to (v).

€0,€i1," " "> ei,p—l)-

(vii) Compute €= (e, €1, *-,en—1) by
eiviM=¢; (0<i<M-1,0<5<p~1). (6.13)

The steps from (i) to (iii) give k-LC and the steps form (iv) to
(vii) give an error vector at above algorithm.

Next I show the generalized Stamp-Martin algorithm which gives
the k-L.C and the error vector at the same time. The differences
from the generalized k-LC algorithm are the size of ¢ X N and the
element over GF(g) with the respect to the error matrix E(M). At
the generalized k-LC algorithm the size of E(M) is ¢ x M and the
element is over [GF(q)JP.
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Moreover g x M the change matrix C(M) = [C(h, )] is defined
as C(h,1)p such that

A(h, i)y = pi A(C(yi+ M) pryi + M)pas. (6.14)

=0

In (6.9) I define D(h, )% also by

D&:{é‘

Fp—w(eoyela e 1ep—1)

Fji'(eoiel,"'vep—l)“"bgﬂ'l)=0 (OS]SP_'{U—I) }
= Fpu(C(0,9)p,- -+, C(0,i+ (p— 1)M)) + o

(6.15)
fl<w<p-1lor
= o| Fo(eo, €1, .€p-1)
Dp - 0\%0, 1, P 1 )
M {e :FO(C(O,z)M,,C(O,'L+(p—l)M))+ah },
(6.16)

if w = p. And computing @™ defined by

a’.(M) = FP—W(E(O)(pM) + 6(0)(M)= Ry a"(p = 1)(PM) % E(p - 1)(M))5
(6.17)
where

&G M =(C(0,iM)ar,--C(0,(j + 1)M — 1) ). (6.18)

The shift of AC(M) is executed after computing AC(M) as fol-
lows. After
A(h, i) = A(h, )M — A(0, 1)
(0<h<qg-10<i<M—1)
is computed, let AC(M) into AC(M) = [A(h,1)}y]. Finally k is
changed to k «— TB(p — w — 1) u.
I explain the method for the error vector. I set imitial value of

E(N) by

(6.19)

[27)) xp g [a 7))
al al ... al
EN=| : (6.20)
aq_l aq_l e aq_l
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At each step I compute ¢ X N matrix E(M) = [E(h,i)y] from
E(pM) by

E(h, ptM+i+jM)p = E(C(h,i+j M)y, ptM +i+jM)pp (6.21)

from (0 <h<g—1,0<j<p-1, ogeg;’%}—L 0<i< M-1).
‘Finally an error vector € is decided by

€= (E(O’O)I’E((}?l)l)'"1E(03N_ 1)1) (622)
if A(¢,0); > k or
&= (E(t,0), E(t,1)1, -, E(t, N — 1)1) (6.23)

if A(t,0); < k with respect to E(1) at the final step, where ¢ is
satisfying oy = —ag”.

6.3 Evaluation of the Time-complexity

In this section I discuss evaluation of the time-complexity for the
two algorithms. I count the number of additions and subtractions
the worst case with respect to the algorithms in order to evaluate
the time-complexity.

Firstly I consider same number of operations between the gener-
alized k-LC algorithm and the generalized Stamp-Martin algorithm.

m(p—1 m

Pt —pm
=1
M, since the cardinality of D(u,i)y is p™P~%~1) depending on u
and the number par one error vector is p x M, where p is the length
of the error vector and M is the number of positions or the size of
column with respect to BC(M). Next the number of computing
T B(u) at the step M is (p — 1) x M with respect to the both of two
algorithms.

Secondly I consider the difference between two algorithms. The
number of computing AC(M) at the step M with respect to the gen-
eralized Stamp-Martin algorithm is p®=D™+1 x Af and The number
of computing AC(M) at the step M with respect to the generalized

k-LC algorithm is pP™*! x M since the cardinality of D(u, ) at the

The number of computing BC(M) at the step m is p
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generalize k-LC algorithm is p™ times of the cardinality of D(u, 1)y,
at the generalized Stamp-Martin algorithm.

Finally I need p™ x M times at the offset of the cost and n times
at changing k only the generalized Stamp-Martin algorithm.

Here the values of M take p"~!,p"2,---,p® = 1 at the step M

p"—1

in the order. Therefore since the summation of M’s is T I

29—
have the same order O(pP~1™+") about the time-complexity with
respect to the both of two algorithms. However I know the gener-
alized Stamp-Martin algorithm has nearly 1/2 times coefficient at
pP~Um+n to the generalized k-LC algorithm.

6.4 Evaluation of the Space-complexity

In this section I discuss evaluation of the space-complexity for the
two algorithms. I count the number of required memories with re-
spect to the algorithms in order to evaluate the space-complexity.

Firstly I consider same number of memories between the general-
ized k-LC algorithm and the generalized Stamp-Martin algorithm.
From variables M and k-LC I need 4 including temporary variables
M' and k' at changing. The number of @ is (p + 1)p"~! and the
number of AC(M) is p™(p+ 1)p™ ! including temporary variables.
Since variables BC(M) and T'B(0),---,TB(p—2) do not need tem-
porary variable, the number of BC(M) and TB(0),---,TB(p — 2)
are (p — 1)p™! and p — 1, respectively.

Secondly I consider the difference between two algorithms. With
respect to k the generalized k-LC algorithm does not need tempo-
rary variable but the generalized Stamp-Martin algorithm does need.
Hence the generalized k-LC algorithm and the generalized Stamp-
Martin algorithm need 1 and 2 about k, respectively. Next with
respect to E(M), the generalized k-LC algorithm needs to store
all of E(N), E(N/p), ---, E(1). On the other hand the general-
ized Stamp-Martin algorithm needs only one F(N) at some step
and temporary variable for changing. Therefore the numbers of

Tl.*l B no__ 1
E(N), E(N/p), ---, EQ1) are p™*' Y " p* = pm“};— and 2p™t"

-1
1=0
with respect to the generalized k-LC algorithm and the generalized
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Stamp-Martin algorithm, respectively. Finally the generalized k-LC
algorithm needs (p + 1)p™~! with respect to € including temporary
variable and the generalized Stamp-Martin algorithm needs p™*"
with respect to C(M).

Therefore I have also the same order O(p™*") about the space-
complexity with respect to the both of two algorithms. However I
know the generalized k-LC algorithm has nearly 2/3 times coefficient
at p™*™ to the generalized Stamp-Martin algorithm.

6.5 conclusion

In this section I show the different points between the generalized
Stamp-Martin algorithm and the generalized k-LC algorithm. In
order to evaluate the time-complexity and the space-complexity, I
count the number of operations as addition and subtraction, and
. required memories.

It become clear that the time and space-complexity for the gener-
alized Stamp-Martin algorithm and the generalized k-LC algorithm
have same order complexity, respectively. In view of the coeflicient
at the maximum order, the generalized Stamp-Martin algorithm is
superior about the time-complexity and inferior about the space-
complexity.

It remains that I consider the comparison and the setting vari-
ables when the time-complexity is evaluating. Many procedures at
the part of computing the error vector are shared by the comparison
and the setting variables.
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Chapter 7

Conclusions and Future
Works

7.1 Conclusions

The main result in this dissertation is the generalized algorithms for
the k£-LC and the error vector of sequences over GF(p™) with period
.

Firstly I consider sequences over GF(2) with period 2". In this
case the Stamp-Martin algorithm has been given by M. Stamp and
C. F. Martin[SM93]. However another algorithm for the k-LC with
modified cost matrix not but the cost vector in the Stamp-Martin
algorithm. Moreover this algorithm decides not only the k-LC but
also the error vector which gives the k-LC. I show that the pro-
posed algorithm is equivalent to the Stamp-Martin algorithm by
the Proposition 2.1. Two examples are given at the end of Chapter
2.

Secondly the algorithm for the k-LC of sequences over GF(3)
with period 3™ is given in Chapter 3. This generalization of the
algorithm into sequences over GF(3) with period 3" is derived by the
case of p = 3 and m = 1 in the generalized Games-Chan algorithm
for the LC of sequences over GF(p™) with period p". Hence this
result leads to more generalization into sequences over GF'(p™) with
period p" as the first step. In the end of Chapter 3 the performance
of the proposed algorithm and the profile of the k&-LC about k is
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shown as Example 3.1. However the concepts of the shift and offset
of the cost are not used in that chapter.

Thirdly the algorithm for the k-LC and the error vector of se-
quences over GF(p™) with period p™ is shown in Chapter 4. This
algorithm is derived by the generalized Games-Chan algorithm sim-
ilar to the case of p = 3 and m = 1 in Chapter 3. However the
concepts of the shift and offset of the cost are not used also in that
chapter. The algorithm using the concepts of the shift and offset of
the cost is shown in the next chapter.

In the same as the case of binary sequences the concepts of the
shift and offset of the cost can derive another algorithm for the k-
LC and the error vector of sequences over GF(p™) with period p™.
In Chapter 5 another algorithm for the k-LC and the error vector
of sequences over GF(p™) with period p" is showed by the shift
and offset of the cost. Because of the shift and offset the proposed
algorithm needs only one step to computing the £-LC and the error
vector, i.e. the algorithm in Chapter 4 needs two steps consisted the
first step computing the k-LC and the second step computing the
error vector but the proposed algorithm in that chapter is not need
two steps. An example is given also at the end of Chapter 5.

In Chapter 6 I discuss the time-complexity and the space-complexity
about the algorithms in Chapter 4 and Chapter 5. The time-complexity
is the number of the addition and subtraction and the space-complexity
is the number of required variable. The algorithm in Chapter 4 is
called the generalized k-LC algorithm and the algorithm in Chap-
ter 5 is called the generalized Stamp-Martin algorithm. Two algo-
rithm have same order about the time-complexity and the space-
complexity. However in view of the coefficient of the maximum
order, the generalized Stamp-Martin algorithm is superior nearly
1/2 to the generalized k-LC algorithm with respect to the time-
complexity. Next in view of the coefficient of the maximum order,
the generalized k-LC algorithm is superior nearly 2/3 to the general-
ized Stamp-Martin algorithm with respect to the space-complexity.
I need to note that I do not consider the comparison and the set-
ting variable in the time-complexity and the subscript in the space-
complexity.
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7.2 Future Works

In this section I discuss remaining problems about the k-LC and the
algorithm for the k-LC and the error vector.

Firstly I think main problem is more generalization about the
period of sequences. I know the fast algorithms for the k&-LC and
the error vector only case of sequences over GF(p™) with period p*,
i.e. I do not know fast algorithms for the £-LC and the error vector
in the case of sequences over GF(p™) with period Nyp™, where p is a
prime and N is coprime against a prime p. If an algorithm is given
in this case, I know the algorithm for the &-LC and the error vector
in any case. In 1994 S. R. Blackburn[Bla94] gave the algorithm for
the LC in the case of sequences over GF'(p™) with period Npp". It
seems that this result is useful to solve the above problem.

The algorithm given in this dissertation executes over a finite
field. Generalization of ground set into finite rings|MUKI96] from
finite fields is second problem remaining. The proposed algorithms
need only the addition and the subtraction. Hence I do not need to
care about the inverse element with respect to multiplication.

Next I would like to evaluate the time-complexity and the space-
complexity of the proposed algorithms more strictly. In Chapter
6 I do not consider the operations of the comparison and the set-
ting variable in the time-complexity and the subscript in the space-
complexity. Hence the detail analysis about above problems may
lead to make some difference between the two algorithms. In appl-
cations these evaluations are very important.

Thirdly modifications of the proposed algorithms is remained, for
instance, if the profile of the k-LC is needed, you must apply one of
the proposed algorithms for k =0,k =1, ---, k = N, where N is
the period of given sequence. I think some reduction can be derived.

The proposed algorithms give only one error vector, but the error
vector is not unique in general. If I do not need to consider about
computational complexity, the algorithm for all error vectors can be
derived by the stored data of the change value in all cases at all
steps.

Finally, I do not discuss about the property of k-LC over any
sequences. In future this problem is solved about the typical se-
quences. I think these results is useful for many fields such as
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random numbers, cryptography and communication systems. For
instance, the profile of the k-LC about k£ may be very important in
the theory or the applications.
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