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Properties of magnetic nanoparticles in the Brownian relaxation region were studied. Using the
magnetic nanoparticles that exhibit remanence, we measured the magnetic properties, such as static
magnetization, magnetic relaxation, and alternating current susceptibility, in a solution.
Comprehensive comparisons were made between the experimental results and the theoretical ones
predicted from the Brownian relaxation. From the comparison, the distributions of the particle
parameters, i.e., the magnetic moment and the relaxation time, were estimated. It was shown that all
the magnetic properties can be well explained when we take into account the parameter distributions
in the sample. © 2007 American Institute of Physics. �DOI: 10.1063/1.2775882�

I. INTRODUCTION

Immunoassays are widely used to detect disease-related
proteins for medical diagnosis. These proteins are generically
called antigens and the so-called binding reaction between
antigen and its antibody is used for the immunoassay. Re-
cently, magnetic immunoassays utilizing magnetic markers
and magnetic sensors have been studied.1–15 In this method,
an antibody is labeled with the magnetic marker made of
magnetic nanoparticles and the binding reaction is detected
by measuring the magnetic signal from the marker.

One of the merits of this magnetic method is that we can
perform immunoassay in the liquid phase. This function can
be realized by utilizing magnetic relaxation phenomena
caused by Brownian rotation of the magnetic markers in a
solution. Using the phenomena, we can distinguish bound
markers from unbound �free� ones without using the so-
called bound/free �BF� separation process. Since the time-
consuming process of the BF separation can be eliminated,
we can expect a high-speed immunoassay with the magnetic
method.

Liquid phase immunoassays have so far been demon-
strated using the magnetization curve,3,4 magnetic relaxation
after the external field is turned off,5–10 and the frequency
dependence of the alternating current �ac� susceptibility.11–13

Since the performance of the immunoassay is determined by
the magnetic properties of the marker in a solution, it is
important to clarify these properties for the improvement of
the liquid phase immunoassay. However, they have not yet
been fully clarified since they strongly depend on various
particle parameters, such as particle size, distribution of par-

ticle size, and the degree of aggregation of the particles. Al-
though these magnetic properties were measured indepen-
dently, comprehensive comparison among these properties
has not yet been made.

In this article, we study the properties of magnetic nano-
particles in a solution. We use particles that keep remanence,
instead of the so-called superparamagnetic ones, since we
have been developing the immunoassay using these
particles.10,14,15 The magnetic properties are determined by
measuring the magnetization curve, the magnetic relaxation,
and the ac susceptibility. Comprehensive comparisons are
made between the experimental results and the theoretical
ones predicted from the Brownian relaxation. From the com-
parison, the distributions of the particle parameters, such as
magnetic moment, relaxation time, and particle size, are es-
timated. The estimated distribution of the particle size is also
compared to that obtained from dynamic light scattering
�DLS� measurements.

II. MAGNETIC PROPERTIES IN LIQUID

A. Sample

The silica-coated Fe3O4 nanoparticles were fabricated as
follows. The Fe3O4 particles were synthesized via oxidation
of Fe�OH�2 in alkaline solution. Then tetraethylorthosilicate
diluted with ethanol was added to the alkaline suspension to
fabricate the silica coating. All of the processes were ex-
ecuted under ultrasonicanication16 to enhance the oxidation
and hydrolysis, and also to minimize agglomeration.

The Fe3O4 particles were designed so that they are not
superparamagnetic but exhibit remanence. From transmis-a�Electronic mail: enpuku@sc.kyushu-u.ac.jp
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sion electron microscopy �TEM� measurements, the shape of
Fe3O4 particle was determined to be cubic-like, and the size
amounts to typically 30 nm.

The hydrodynamic diameter of the particle was mea-
sured utilizing DLS. The result is shown in Fig. 1 where the
vertical axis represents the volume fraction of the particles.
The mean diameter of the particles amounts to 105 nm. This
value is considerably larger than the value of 30 nm mea-
sured with TEM. Therefore, aggregation occurred in the fab-
rication process.

The magnetization curve of the dried sample was mea-
sured with a vibrating sample magnetometer �VSM�. In Fig.
2, the M-H curve measured on a powder sample of the Fe3O4

particles is depicted. From the curve, we estimated a satura-
tion magnetization �0Ms=340 mT and a remanence �0Mr

=80 mT. The apparent coercive field that produced M =0
was 10 mT.

B. M-H curve

In Fig. 3, the M-H curve of the sample in a solution is
shown, which was measured with a homemade magnetome-
ter using a magnetoresistance sensor. The vertical axis rep-
resents the magnetization normalized by the saturation value
Msat at �0H=2 mT. As shown, the value of M increased and
then began to saturate with the increase of the external field
H. Although this behavior is similar to that of the superpara-
magnetic particle, we note that the saturation of M occurred
at very low values of H in the present case, i.e., at about
�0H=1.5 mT. In the case of superparamagnetic particles,

saturation of M occurs between 100 mT and 1 T.11,12 This
difference will be due to the existence of the remanence Mr

in the present particle.
It is known that the M-H curve of the magnetic nano-

particles in a solution is subjected by the Brownian rotation.
When we take into account the distribution of the particle
size in the sample, the M-H curve is given by

M�H� =
1

V
�

i

nimiL��i�H�� = Msat�
i

wiL��i�H�� �1�

with

L�x� = coth�x� − 1/x , �2�

where V is the volume of the sample, L�x� is the Langevin
function, which depends on the dimensionless Langevin pa-
rameter �i�H�=miH /kT, k is the Boltzmann’s constant, T is
the absolute temperature, and wi are the so-called magnetic
weights. The magnetic weight is defined by wi

=nimi /�inimi, where ni is the number of particles with mag-
netic moment mi. We use here the magnetic weight wi for the
distribution since wi is proportional to the volume fraction of
particles with magnetic moment mi and diameter dmi, respec-
tively, and which thus can be compared to the results from
DLS measurements. The magnetic moment mi is given by
mi=�0Msat�� /6�dmi

3 , and Msat is given by Msat

= �1/V��inimi, whose absolute value will be discussed in
Sec. III.

The solid line in Fig. 3 is calculated from Eq. �1� with
the values of mi and wi listed in Table I. The estimation
procedure of the mi and wi values will be discussed in the
next section. As shown, good agreement is obtained between
experiment and the theoretical prediction.

C. Magnetic relaxation

We measured the relaxation of the sample magnetization
M after the external field H was turned off from H=H0. In
the experiment, the external field of �0H0=2 mT was ap-
plied for 2 s. At this field value, we can expect that all the
magnetic moments of the particles are aligned since the mag-
netization M saturates at this field as shown in Fig. 3. Then,
the external field was linearly turned off with a falling time
of T0=0.15 ms. The relaxation of M�t� after the external
field becomes H=0 was measured using a differential flux-

FIG. 1. Distribution of the hydrodynamic diameter of the silica coated
Fe3O4 particles measured with DLS. The vertical axis represents the volume
fraction of the particles.

FIG. 2. Magnetization curve of the dried sample measured with VSM. Pow-
der of the Fe3O4 particles was used as sample.

FIG. 3. M-H curve of the silica coated Fe3O4 particles in a solution. Sym-
bols are experimental results, while the solid line is calculated from Eq. �1�
with the parameters listed in Table I.
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gate setup. Details of the measurement system are described
elsewhere.17,18 In Fig. 4, the experimental decay of M with
time is shown.

The relaxation of M due to the Brownian rotation is
given by

M�t�/Msat = �
i

Mi�t� = �
i

wiL��i�H0��exp�− t/�i� for t � 0,

�3�

where �i is the relaxation time given by

�i = 3���/6�dhi
3 /kT , �4�

where � is the viscosity of the carrier liquid and dhi is the
hydrodynamic diameter of the particle. We note that the ef-
fect of finite switch-off time T0 is neglected in Eq. �3�. This
assumption is valid when the relaxation times �i are larger
than the falling time T0.

As shown in Fig. 4, the value of ln M does not decrease
linearly with time. This means the existence of several relax-
ation times. To estimate typical values of �i, which can be
used as initial values for more accurate estimation proce-
dures, we first applied the so-called successive reduction
technique. The estimation procedure is shown in Fig. 5. First,
the longest relaxation time �1 and the amplitude w1L1 are
estimated by using the experimental data at longer times. In
this time range, we assume M�t�=M1�t�=w1L1 exp�−t /�1� by
neglecting the components with shorter relaxation times.

Then, the values of �2 and w2L2 are estimated by assuming
M�t�−M1�t�=M2�t�=w2L2 exp�−t /�2�. This process is per-
formed successively.

For the present sample, we obtained three values of �i

and wiLi, which are given by the values in brackets in Table
I. We note, however, that the mathematical accuracy of the
successive reduction technique is not so clear due to the ar-
bitrariness in the definition of the intervals of the successive
steps. Therefore, we applied the so-called nonlinear least-
square method in order to make a more accurate estimation
of the parameters �i and wiLi. In this method, the norm �2

determined by

�2 = �
j

�Mexp�tj� − Mana�tj��2 �5�

is minimized with respect to the parameters �i and wiLi,
where the Mexp�tj� values are the experimental data, and the
Mana�tj� are the corresponding values calculated with Eq. �3�.
Since Mana nonlinearly depends on the parameter �i, the
minimization of the norm �2 is done with the nonlinear least-
square method. For this purpose, we used the commercial
program installed in MATLAB �The Mathworks, Inc., Natick,
MA, USA�. In applying the method, the initial values of the
parameters affect the accuracy of the estimation to a large
extent. In the present case, we used the values obtained with
the successive reduction technique as initial values.

The estimated values of �i and wiLi are listed in Table I.
We note that the parameters estimated with the nonlinear
least-square method are nearly the same as those estimated
with the successive reduction technique. The symbols in Fig.
4 represent the M�t� curve calculated from Eq. �3� with these
parameters. As shown, the calculated result agrees well with
the experimental one. The accuracy of the parameter estima-
tion is evaluated by the norm given in Eq. �5�. The normal-
ized uncertainty of � /�Mexp�tj�=2.6	10−3 was reasonably
small.

In order to prove consistency between the M-H and the
relaxation data, we estimated the values mi from the value of
�i. Using Eq. �4� and the expression for mi, the relationship
between mi and �i is given by mi /kT= ��0Msat /3���dmi

3 /
dhi

3 ��i. Since, however, the exact value of Msat and the rela-
tion between dmi and dhi are not known, we tentatively intro-
duce an adjustable parameter A= ��0Msat /3���dmi

3 /dhi
3 �, and

assume a linear relation mi /kT=A�i. Using the relation, we

TABLE I. Estimated parameters of the sample. The values of �i and wiLi are
estimated with the nonlinear least-square method, while the values in brack-
ets are estimated from the successive reduction method. Note that the suc-
cessive reduction method data were taken as initial values for the nonlinear
least-square method fit.

i
�i

�ms�
wiLi

�%�
mi /kT

�10−3 m/A�
wi

�%�
L��i�

�0H=2 mT

1 0.26 60.0 3.12 64.2 0.80
�0.31� �59.5�

2 1.03 33.7 12.36 30.3 0.95
�1.05� �33.5�

3 6.07 6.3 72.84 5.5 0.99
�5.74� �7.0�

FIG. 4. Magnetic relaxation M�t� after the external field is turned off from
�0H0=2 mT. The solid line is the experimental result, while the symbols
are calculated from Eq. �3� with the parameters listed in Table I.

FIG. 5. Procedure of successive reduction for the estimation of time
constants.
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can estimate mi from �i. The value of A was chosen so as to
obtain the best fit between the experimental M-H curve and
Eq. �1�. A value of A=12 gives the best fit as shown in Fig.
3, and the corresponding magnetic moments mi are listed in
Table I. A discussion of the value of A is performed in Sec.
III. The magnetic weights wi are also calculated from the
values of wiL��i� using the value of L��i� at �0H=2 mT.

For the following discussion, we make a Fourier trans-
form of the relaxation curve M�t�. In Fig. 6, the Fourier
transform of the experimental M�t� curve is shown. Here,
FMr and FMi are the real and the imaginary part, respec-
tively. As shown, the real part is flat in the low frequency
region, and decreases with the frequency. The imaginary part
has a broad peak around the frequency f =100 Hz.

The Fourier transform of Eq. �3� is given by

FM�f� = FMr�f� + jFMi�f� = �
i

wiL��i�H0��
�i

1 + j2�f�i
.

�6�

The solid lines in Fig. 6 are calculated from Eq. �6� with
the parameters listed in Table I. As shown, good agreement is
obtained between experiment and Eq. �6�.

D. ac susceptibility

We studied the frequency dependence of the ac suscep-
tibility. In the experiment, an ac field with an amplitude of
�0H=0.28 mT was applied in order to use the linear region
of the M-H curve as shown in Fig. 3. The frequency depen-
dence of the susceptibility 
 is shown in Fig. 7. Here, 
r and

i are the real and imaginary part of the susceptibility, re-
spectively. As shown the real part decreases with frequency,
while the imaginary part has a broad peak around f
=250 Hz.

For the case of a small external field H, i.e., when L�H�
is proportional to H, the frequency dependence of the sus-
ceptibility due to the Brownian rotation is given by


�f� = 
r�f� + j
i�f� = �
i

wiL��i�H��
H

1

1 + j2�f�i

= �
i

wimi

3kT

1

1 + j2�f�i
, �7�

where 
 is the ac susceptibility normalized by the direct
current susceptibility.

In Fig. 7, the solid lines are calculated from Eq. �7� with
the parameters listed in Table I. Again, good agreement is
obtained between experiment and Eq. �7�.

We note that Eqs. �6� and �7� give the same frequency
dependence when the sample has a single relaxation time.
This means that the Fourier transform of the relaxation and
the frequency dependence of the susceptibility are equivalent
to each other.19 However, the frequency dependence of Eqs.
�6� and �7� becomes different when many relaxation times
exist in the sample. Thus, for example, the frequencies at
which the peak of the imaginary part occurs are different in
the two cases. As can be seen from Figs. 6 and 7, the peak
appears at f =100 Hz for FMi and at f =250 Hz for 
i.

III. DISTRIBUTION OF PARTICLE PARAMETERS

As shown earlier, all the magnetic properties in liquid
can be explained well with the particle parameters listed in
Table I. However, only a small number of relaxation times
can be estimated with the nonlinear least-square method. On
the other hand, several methods have been developed to es-
timate the distribution of the particle size from the M-H
curve.20,21 In the following, we use the so-called singular
value decomposition �SVD� method to estimate the distribu-
tion of the magnetic moment mi of the particle.

Details of the SVD method were described in Ref. 20.
Briefly, we assume N sets mi in Eq. �1� with unknown values
of wi. We use K sets of Mj and Hj obtained from the experi-
mental results shown in Fig. 3, where K�N. Then, we ob-
tain the equation

Mj = �
i=1

N

wiL�miHj/kT� for j = 1, . . . ,K . �8�

Introducing the vector M and w with components Mj and wi,
and the K	N matrix A with components Aji=L�miHj /kT�,
we can express Eq. �8� as M=Aw. Then, the matrix is de-

FIG. 6. Fourier transform of the relaxation curve M�t� shown in Fig. 4. FMr

and FMi are the real and the imaginary part, respectively. The broken lines
are experimental data, while the solid lines are calculated from Eq. �6� with
the parameters listed in Table I.

FIG. 7. Frequency dependence of the real part 
r and the imaginary part 
i

of the ac susceptibility. The symbols are experimental data, while the solid
lines are calculated from Eq. �7� with the parameters listed in Table I.
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composed as A=USVT, where U and V are correspondingly
K	K and N	N orthogonal matrices and S is the K	N
diagonal matrix with the nonzero elements sii, which are
called singular values of A. Using the matrices U, S, and V,
we can calculate VTw=STUTM. In the SVD method, we in-
troduce some threshold value smin. For the value of sii

�smin, components of the matrix STUTM are calculated,
while the components are set to zero for sii�smin. In other
words, we take n singular values which satisfy sii�smin.
Then, we can estimate the vector w=VSTUTM. The thresh-
old value smin �or the number n� is determined so as to obtain
the best fit between the experimental M-H curve and the
analytical curve reconstructed with the vector w.

Using the earlier procedure, we can estimate the weight
distribution wi as a function of the magnetic moment mi. In
Fig. 8�a�, closed symbols show the wi distribution estimated
from the M-H curve shown in Fig. 3. In the estimation pro-
cedure, we take the three largest values of the singular val-
ues. As depicted in Fig. 8�a�, we obtained the wi distribution
in the range of 6	10−4�mi /kT�1	10−1. The accuracy of
the parameter estimation is evaluated by the norm �2 given
in Eq. �5�. In the present case, the normalized uncertainty of
� /�Mexp�Hj�=4.6	10−3 was again sufficiently small.

We note that the M-H curve reconstructed from the
mi-wi distribution determined with the SVD method agrees
well with the experimental one, as shown in Fig. 8�b�. Com-
paring the M-H curves calculated with the SVD �cf. Fig.
8�b�� and with the nonlinear least-square method �cf. Fig. 3�
no differences are discernable.

Using the same procedure, we can estimate the param-

eter distribution from the magnetic relaxation M�t� shown in
Fig. 4. In this case, we can estimate the distribution wiL��i�
as a function of the time constant �i. We note, however, that
more reliable results are obtained when the real part of the
Fourier transform FMr is used. Therefore, the estimation was
performed using the FMr data shown in Fig. 6 and Eq. �6�. In
Fig. 9�a�, closed symbols show the estimated wiLi distribu-
tion versus time constant �i. As can be seen, we obtained the
wiL distribution in the range of 0.13 ms��i�10 ms. We
note that the M�t� curve reconstructed from the �i-wiLi dis-
tribution agrees well with the experimental one, as shown in
Fig. 9�b�. The accuracy of the parameter estimation is evalu-
ated by the normalized uncertainty as � /�Mexp�tj�=5.9
	10−3. As for the analysis of the M-H curves, no differences
are discernable between the M�t� curves calculated with the
SVD �cf. Fig. 9�b�� and with the nonlinear least-square
method �cf. Fig. 4�.

We now discuss the relation between the parameter dis-
tributions shown in Figs. 8�a� and 9�a�. Since the thickness
of the silica coating is very thin in the present case, we
tentatively assume dhi=dmi. In this case, the linear relation-
ship between mi and �i simplifies to mi /kT= ��0Msat /3���i

=A�i. Using this relation and Eq. �2�, we can relate the wi-mi

and wiLi-�i curves to each other. In Fig. 8�a�, open symbols
represent the wi-mi curve converted from the wiLi-�i curve
with the parameter A=10. Similarly, open symbols in Fig.
9�a� represent the wiLi-�i curve converted from the wi-mi

curve with the same parameter A=10. As shown, reasonable
agreement is obtained in both cases. This agreement shows

FIG. 8. �a� Distribution of the magnetic weight wi as a function of magnetic
moment mi /kT. Closed symbols are estimated from the M-H curve shown in
Fig. 3. Open symbols represent the distribution converted from the �i-wiLi

curve shown in Fig. 9�a�, which was obtained from FMr data. �b� Compari-
son of the experimental M-H curve with that reconstructed from the mi-wi

distribution given by the closed symbols in �a�.

FIG. 9. �a� Distribution of the magnetic weight wiLi as a function of relax-
ation time �i. Closed symbols are estimated from the FMr curve shown in
Fig. 6. Open symbols represent the distribution converted from the mi-wi

curve shown in Fig. 8�a�, which was obtained from the M-H data. �b� Com-
parison of the experimental M�t� curve with that reconstructed from the
�i-wiLi distribution given by the closed symbols in �a�.
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the consistency between the M-H and the relaxation data.
Note that a value A=12 was also obtained relating the non-
linear least-square method analysis of the M-H and relax-
ation data. The consistency of the value of A between the
SVD and the nonlinear least-square method indicates the re-
liability of the obtained results.

Although it is enough to know the wi-mi and wiLi-�i

curves for the magnetic properties in liquid, we can also
estimate other particle parameters that determine mi and �i.
First, we discuss the saturation value of Msat. Using the re-
lation of A= ��0Msat /3���dmi

3 /dhi
3 �, we obtained �0Msat

=30 mT from the values of A=10 and �=1.0	10−3 Pa s
for water and assuming dmi=dhi.

We note that the absolute value of Msat can, in principle,
be obtained from the M-H curve shown in Fig. 3 if we know
the coupling parameter K that combines the magnetization M
of the sample and the magnetic field B measured with the
magnetic sensor, i.e., M =B /K. Since, however, the param-
eter K complicatedly depends on the geometry of the mea-
surement system, it is difficult to obtain an exact value of K
of the present system. We evaluated the value of K with a
rough calibration of our measurement system and obtained
that the saturation value Msat was between �0Msat=20 mT
and �0Msat=50 mT. The estimated value of �0Msat

=30 mT is within this region.
We note that the estimated value of �0Msat=30 mT is

much smaller than the values of �0Ms=340 mT and �0Mr

=80 mT shown in Fig. 2, which were measured on a dried
sample by applying a high external field. One possible rea-
son for this discrepancy could be the aggregation of par-
ticles. When aggregation of particles occurs, the magnetic
moments of the individual particles within an agglomerate
are not aligned in the same direction, i.e., an aggregated par-
ticle will behave like a multidomain particle rather than a
single-domain one. As a result, the saturation magnetization
of an aggregated particle in liquid will be smaller than that of
a single-domain one. The quantitative discussion of Msat of
the present particles, which exhibit remanence, aggregation
and saturation in weak external fields, is a problem that re-
mains to be solved.

Next, we estimate the distribution of the hydrodynamic
diameter dhi of the particles from the wiLi-�i curves shown in
Fig. 9�a� and compare the results with the DLS measurement
shown in Fig. 1. In Fig. 10, the wi-dhi curves converted from
the wiLi-�i curves are shown. Here, dhi was estimated from �i

using the relation �i=3��� /6�dhi
3 /kT with �=1	10−3 Pa s

for water. We note that the magnetic weight wi is equal to the
volume fraction of the particles measured with DLS. As
shown in Fig. 10, reasonable agreement is obtained between
the distribution determined from DLS measurements and
those estimated from the magnetic properties, though the
value of dhi estimated from the magnetic measurements is—
especially for small dhi values—slightly smaller than that
from the DLS experiment. We note that the DLS measure-
ment is obtained from the Brownian motion of the particles,
while the magnetic properties are determined by the Brown-
ian rotation. Therefore, the earlier result indicates that the
hydrodynamic diameters estimated from the Brownian mo-
tion and the Brownian rotation reasonably agree with each

other. The observed discrepancies might be due to deviations
from a spherical particle shape which is assumed for the
analysis of DLS as well as of magnetic measurements.

IV. CONCLUSION

We studied the properties of magnetic nanoparticles in
the Brownian relaxation regime. Using magnetic nanopar-
ticles that keep remanence, we measured the magnetic prop-
erties, such as static magnetization, magnetic relaxation, and
ac susceptibility, in a solution. It was shown that all the mag-
netic properties can be well explained with the theoretical
ones predicted from the Brownian relaxation when we take
into account the particle parameter distributions in the
sample. From the comparison, the distributions of particle
parameters, such as magnetic moment, relaxation time, and
particle size, are estimated. The estimated distribution of the
particle size reasonably agrees with that obtained from DLS
measurements.
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