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SOME NOTES ON FIXED POINT THEOREMS
WITH CONSTANTS

Misako KikkAawaA and Tomonari SUZUKI

Abstract

We give some notes on recent fixed point theorems with constants which are generalizations of the
Banach contraction principle. We also discuss nonexpansive semigroups with constants.

1. Introduction

The following fixed point theorem is proved in [8]. This theorem is a general-
ization of the famous Banach contraction principle [1].

THEOREM 1 ([8]). Define a function 0 from [0,1) onto (1/2,1] by

1 if 0<r<(V5-1))2
(1) 0r) =< (1 —r)r2 if (V5-1)/2<r<271?
(14+n" if27"2<r<l.

Let (X,d) be a complete metric space and let T be a mapping on X. Assume that there
exists re[0,1) such that

(2) O(r)d(x, Tx) < d(x, ) implies  d(Tx,Ty) <rd(x,y)

for all x,y e X. Then there exists a unique fixed point z of T. Moreover lim, T"x = z
for all xe X.

RemMARK. For every re[0,1), 0(r) is the best constant.

While the Banach contraction principle does not characterize the metric complete-
ness of X (see [2]), Theorem 1 does characterize the metric completeness as follows.

THEOREM 2 ([8]). For a metric space (X,d), the following are equivalent:
(1) X is complete.
(ii) Every mapping T on X satisfying the following has a fixed point:

+ There exists r€[0,1) such that (2) for all x,y € X.
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(i) There exists r € (0,1) such that every mapping T on X satisfying the following
has a fixed point:
o0 d(x, Tx) < d(x, y) implies d(Tx,Ty) <rd(x,y) for all x,yeX.

In recent years we have proven some fixed point theorems related to Theorem 1.
See [3, 5, 6, 9—11]. In this paper, we give some notes on the results in [5, 9, 11]. In
Section 2 we prove a fixed point theorem for multivalued mappings, and in Section 3,
we give an alternative proof of a common fixed point theorem for commuting mappings.
Then in Section 4, we give a comment for nonexpansive semigroups.

2. A Nadler-type theorem

Let (X,d) be a metric space. We denote by CB(X) the family of all nonempty
closed bounded subsets of X. Let H(-,-) be the Hausdorff metric, i.e.,

H(A, B) = max{d(4, B),0(B,A)} for 4, Be CB(X),

where 6(A4, B) = sup,. 4 inf,cp d(x, ).
The following is a multivalued version of Theorem 1 and also a generalization of
Nadler’s fixed point theorem [7].

THEOREM 3 ([5, 11]). Define a function n from [0,1) into (1/2,1] by

Nt if 0<r<1)2
”()_{(1+r)1 if12<r<l.

Let (X,d) be a complete metric space and let T be a mapping from X into CB(X).
Assume that there exists r € [0,1) such that

4) n(r)d(x, Tx) < d(x, y) implies H(Tx,Ty) <rd(x,y)

3)

for all x,ye X. Then there exists ze€ X such that z € Tz

We note that x and y do not play the same role in (4). Motivated by this fact, we
give a slight generalization of Theorem 3.

THEOREM 4. Define a function n by (3). Let (X,d) be a complete metric space and
let T be a mapping from X into CB(X). Assume that there exists r € [0,1) such that

n(r)d(x, Tx) < d(x,y) implies  o(Tx,Ty) <rd(x,y)
for all x,ye X. Then there exists z€ X such that z e Tz

Proor. We first show the conclusion in the case where r e [0,1/2). Take a real
number r; with r<r; <1/2. Let uyeX and wup e Tu;. Since #(r)d(ui, Tu;) <
n(r)d(ur,uy) < d(ui,uz), we have

d(up, Tuy) < 0(Tuy, Tuy) < rd(ur,uz).
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So, there exists uz € Tup such that d(uy,u3) < ry d(uj,us). Thus, we have a sequence
{u,} = X such that u,.; € Tu, and d(upi1,un2) < rp d(uy,u,1). We have

Zd(u,,,unﬂ) < Zrl”’l d(ur,uy) < oo

n=1 n=1

and hence {u,} is a Cauchy sequence. Since X is complete, {u,} converges to some
point z e X.
Next we show that

(5) d(z, Tx) <rd(z,x)

holds for xe X with x #z. Since {u,} converges and u, € Tu,, n(r)d(u,, Tu,) <
d(uy, x) holds for sufficiently large n e N. Hence 6(7Tu,, Tx) < r d(u,,x), which implies
d(ups1, Tx) < rd(uy,x). Letting n tend to oo, we have (5).

Arguing by contradiction, we assume z ¢ 7z. Since 7z is a closed, d(z,7z) > 0.
We fix & > 0 with 2r(d(z,Tz) + ¢) < d(z,Tz). Furthermore take a € Tz with d(z,a) <
d(z, Tz) +e. Since a # z, from (5), we have d(z, Ta) < r d(z,a). So there exists b € Ta
such that d(z,b) < r; d(z,a). On the other hand, since a € Tz and §(7z, Ta) < r d(z,a),
there exists b’ € Ta such that d(a,b') <r) d(z,a). So we have

n(ryd(a, Ta) = d(a, Ta) < d(a,b’) <r d(z,a) < d(z,a).

Hence 6(Ta, Tz) < rd(z,a) holds. So we can choose @’ € Tz with d(b,a’) < r; d(z,a).
Therefore we obtain

d(z,Tz) < d(z,a’) < d(z,b) +d(b,a") <2r d(z,a)
<2r(d(z,Tz) +¢) < d(z,Tz).

This is a contradiction. So we obtain z € 7%.

In the case where r € [1/2,1), we take a real number r; with r < r; < 1. Then as in
the case where r € [0,1/2), there exists a sequence {u,} — X such that u,,; € Tu, and
{u,} converges to some point z € X. Furthermore we obtain

d(z, Tx) <rd(z,x)

for xe X with x#z. Next we show that J(7x,7z) <rd(x,z) for xe X. This is
obvious in the case where x =z. In the case where x # z, there exists a sequence
{ya} = Tx such that d(z, y,) < d(z,Tx) +1d(x,z) for neN. Since

d(x, Tx) <d(x,y,) <d(x,z) +d(z, y,) <d(x,z) +d(z, Tx) —i—% d(x,z)

<d(x,2) +rd(x,2) +% d(x, ) = (1 + r+%>d(x, 2,
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(1/(1 +r)d(x,Tx) <d(x,z) holds. From the assumption, we have J(Tx,7z) <
rd(x,z). Hence

d(z, Tz) = lim d(up1,Tz) < lim 6(Tu,, Tz) < lim rd(u,, z) = 0.

n—oo n— o0 n— oo
Since 77z is closed, we obtain z € Tz. This completes the proof. O

REmarRk. We do not know whether Theorem 4 is a strict generalization of
Theorem 3.

3. A Jungck-type theorem

In [5], we generalized Theorem 1 as Jungck [4] generalized the Banach contraction
principle. The proof given in [5] is a little complicated. So, in this section, we give a
simpler proof.

THEOREM 5 ([5]). Define a function 6 by (1). Let (X,d) be a complete metric
space. Let S and T be mappings on X satisfying the following:

(a) S is continuous.

(b) T(X) <= S(X).

(¢) S and T commute.
Suppose that there exists re [0,1) such that

O(r)d(Sx, Tx) < d(Sx, Sy) implies  d(Tx, Ty) <rd(Sx,Sy)
for all x,ye X. Then there exists a unique common fixed point of S and T.
REMARK. 6(r) is the best constant for every r.

Proor. From (b), we can define a mapping / on X with SIx = Tx for x e X.
Since 0(r) <1, 0(r)d(Sx, Tx) = 0(r)d(Sx, SIx) < d(Sx, SIx) holds. Hence from the as-
sumption, we have

(6) d(SIx, SIIx) = d(Tx, TIx) < r d(Sx, SIx)

for all xe X. Let ueX. Put up=u and u, =I"u for ne N. Then Su,.| = Tu,
obviously holds. By (6), we have

d(Su,,, Sun+1) = d(S]u,,,l,SHun,l) <r d(Sun,l,SIun,l)
=rd(Suy_1,Suy) < - <r" d(Suy, Suy)

forneN. So we have Y, d(Suy, Suyy1) < oo and hence {Su,} is a Cauchy sequence.
Since X is complete, {S"u} converges to some point z € X.
Next we show

(7) d(Tx,z) <rd(Sx,z)
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holds for x € X with Sx # z. Since Su, — z we have 0(r)d(Suy, Tu,) < d(Su,, Sx) for
sufficiently large n € N. Hence we have d(Tu,, Tx) < r d(Su,,Sx). Letting n tend to
oo, we have (7).

Let us prove that z is a fixed point of S. Arguing by contradiction, we assume
z # Sz. We have

lim 0(r)d(Suy, Tu,) =0 < d(z,Sz) = lim d(Su,, SSu,).

n— oo n— o0

So, d(Tu,, TSuy,) < r d(Suy,,SSu,) holds for sufficiently large n € N. Then we have

d(z,8z) = lim d(Supi1,SSup1) = im d(Tu,, STu,)

n—oo n— o0

= lim d(Tu,, TSu,) < lim rd(Su,, SSu,) =r d(z,Sz).

n—oo n— oo

This is a contradiction. Therefore we obtain z = Sz.
We shall prove that z is a fixed point of 7, dividing the following three cases:
- 0<r< %

%gr<1 and #{n: Su, # z} = ©

% <r<1 and #{n:Su, #z} < ©
In the case where 0 <r < 1/v2, we note that 0(r) < (1 —r)r 2. Arguing by contra-
diction, we assume SIz = Tz # z. We note SI’z # z because

d(SIz,SI’z) < r d(Sz,SIz) = r d(z, SIz).
Since
d(z,SIz) < d(z,SI%z) +d(SI°z,SIz) < d(z, SI*z) + r d(z, SIz),
we have (1 —r)d(z, SIz) < d(z,SI%z) and hence
0(r)d(SI%z,SI°z) < (1 — r)r2 d(SI*z, SI*z)
< (1 —r)d(z,SI)
<d(z,SI’z).
By the assumption, we have d(SI°z,SIz) <rd(SI*z,z). Since
d(SPz,z) < rd(SI%z,z) < r* d(SIz, z),
we have
d(z,SIz) < d(z,SI°z) +d(SI°z, SIz) < d(z, SI*z) + r d(SI*z,z)
<2r*d(SIz,z) < d(SIz, z).

This is a contradiction. Therefore we obtain z = Tz.
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In the case where 1/v2<r<1 and #{n:Su, #z} = oo, then there exists a
subsequence {u, } of {u,} such that Su, #z. By (7), we have

O(r)d(Suy,, Tu,,) < 0(r)(d(Suy;, z) + d(Tuy;, 2))
< 0(r)(d(Suy,, z) + 1 d(Suy,;, z))
= d(Suy,, z).
From the assumption we have d(Tu,, Tz) <r d(Su,,z) and hence

d(z,Tz) = lim d(Suy1,Tz) = lim d(Tu,, Tz) < lim r d(Su,,z) = 0.
Therefore we obtain 7z = z.
In the case where 1/v2 <r <1 and #{n: Su, # z} < oo, there exists ve N such
that Su, =z for n >v. In particular, Su, = Su,,;; = z, which implies

Tz = TSu, = STu, = SSu,,; = Sz =z.

We have shown that z is a common fixed point of S and 7T in all the cases.

We conclude the proof by showing that the common fixed point is unique.
Suppose that y is a common fixed point of S and 7. Since O(r)d(Sz,Tz) =
0 < d(Sz,Sy), we have

d(z,y) =d(Tz,Ty) <rd(Sz,Sy) =rd(z, ).

Therefore we obtain z = y. O

4. Nonexpansive semigroups

Let T be a mapping on a subset C of a Banach space E. In [9], we considered the
following condition:

1 N
Sllx=Txll <llx =yl implies [T = Ty[| < lx — yl]

for all x,ye C. And we proved fixed point theorems for such a mapping. In this
section, we shall show that we cannot consider the semigroup version of this condition.

PropoSITION 1. Let {T(t):t >0} be a family of mappings on a subset C of a
Banach space E. Assume that
T(0) is the identity mapping on C;
T(s+1t)=T(s)oT(t) for s,t =0;
t— T(t)x is continuous for x € C.
Then the following are equivalent:
(1) 1 T(O)x—T@O)y| <|x—y| for t >0 and x,ye C.
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(i) There exists p e (0,00) such that
Bllx =T@xl| < [lx =yl implies [ T(t)x = T(0)yl| < []x — yll
for t >0 and x,y e C.

Proor. It is obvious that (i) implies (ii). We shall show that (ii) implies (i). We
assume (ii). Arguing by contradiction, we assume that (i) does not hold, that is, there
exist 7 €[0,00) and x,y € C such that

(8) 1T(x)x = T()yll > [lx = Il
Since || T(0)x — T(0)y[| = [[x — y|, we have = >0. We put
M =min{||T(t)x—T()y|| : 0 <t <1}
and
o=max{te[0,7]: M =|T(t)x— T(1)y||}
By (8), we have 0 < 7. If M =0, then we have T(¢)x = T'(c)y and hence
T(t)x=T(t—0)oT(o)x=T(t—0)oT(o)y=T(1)y,

which contradicts (8). Therefore M > 0. So we can choose ¢ satistying
0<d<t—0
BIT(0)x — T(6) o T(o)x]| < I T(0)x — T(a)]].

It follows from (ii), d + o < v and the definition of ¢ that

M<||TO+o)x—T©0+0)y|
=[I7(0) o T(a)x = T(9) o T (o) ||
< [|T(a)x — T(a)y|
=M.

This is a contradiction. Therefore (i) holds. O
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