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SOME NOTES ON FIXED POINT THEOREMS

WITH CONSTANTS

Misako Kikkawa and Tomonari Suzuki

Abstract

We give some notes on recent fixed point theorems with constants which are generalizations of the

Banach contraction principle. We also discuss nonexpansive semigroups with constants.

1. Introduction

The following fixed point theorem is proved in [8]. This theorem is a general-

ization of the famous Banach contraction principle [1].

Theorem 1 ([8]). Define a function y from ½0; 1Þ onto ð1=2; 1� by

yðrÞ ¼
1 if 0a ra ð

ffiffiffi
5

p
� 1Þ=2

ð1 � rÞr�2 if ð
ffiffiffi
5

p
� 1Þ=2a ra 2�1=2

ð1 þ rÞ�1
if 2�1=2 a r < 1:

8><
>:ð1Þ

Let ðX ; dÞ be a complete metric space and let T be a mapping on X. Assume that there

exists r A ½0; 1Þ such that

yðrÞdðx;TxÞa dðx; yÞ implies dðTx;TyÞa r dðx; yÞð2Þ

for all x; y A X. Then there exists a unique fixed point z of T. Moreover limn T
nx ¼ z

for all x A X.

Remark. For every r A ½0; 1Þ, yðrÞ is the best constant.

While the Banach contraction principle does not characterize the metric complete-

ness of X (see [2]), Theorem 1 does characterize the metric completeness as follows.

Theorem 2 ([8]). For a metric space ðX ; dÞ, the following are equivalent:

( i ) X is complete.

( ii ) Every mapping T on X satisfying the following has a fixed point:
� There exists r A ½0; 1Þ such that (2) for all x; y A X.
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(iii) There exists r A ð0; 1Þ such that every mapping T on X satisfying the following

has a fixed point:
� 1

10000 dðx;TxÞa dðx; yÞ implies dðTx;TyÞa r dðx; yÞ for all x; y A X.

In recent years we have proven some fixed point theorems related to Theorem 1.

See [3, 5, 6, 9–11]. In this paper, we give some notes on the results in [5, 9, 11]. In

Section 2 we prove a fixed point theorem for multivalued mappings, and in Section 3,

we give an alternative proof of a common fixed point theorem for commuting mappings.

Then in Section 4, we give a comment for nonexpansive semigroups.

2. A Nadler-type theorem

Let ðX ; dÞ be a metric space. We denote by CBðXÞ the family of all nonempty

closed bounded subsets of X . Let Hð� ; �Þ be the Hausdor¤ metric, i.e.,

HðA;BÞ ¼ maxfdðA;BÞ; dðB;AÞg for A;B A CBðX Þ;

where dðA;BÞ ¼ supx AA infy AB dðx; yÞ.
The following is a multivalued version of Theorem 1 and also a generalization of

Nadler’s fixed point theorem [7].

Theorem 3 ([5, 11]). Define a function h from ½0; 1Þ into ð1=2; 1� by

hðrÞ ¼
1 if 0a r < 1=2

ð1 þ rÞ�1
if 1=2a r < 1:

�
ð3Þ

Let ðX ; dÞ be a complete metric space and let T be a mapping from X into CBðXÞ.
Assume that there exists r A ½0; 1Þ such that

hðrÞdðx;TxÞa dðx; yÞ implies HðTx;TyÞa r dðx; yÞð4Þ

for all x; y A X. Then there exists z A X such that z A Tz.

We note that x and y do not play the same role in (4). Motivated by this fact, we

give a slight generalization of Theorem 3.

Theorem 4. Define a function h by (3). Let ðX ; dÞ be a complete metric space and

let T be a mapping from X into CBðXÞ. Assume that there exists r A ½0; 1Þ such that

hðrÞdðx;TxÞa dðx; yÞ implies dðTx;TyÞa r dðx; yÞ

for all x; y A X. Then there exists z A X such that z A Tz.

Proof. We first show the conclusion in the case where r A ½0; 1=2Þ. Take a real

number r1 with r < r1 < 1=2. Let u1 A X and u2 A Tu1. Since hðrÞdðu1;Tu1Þa
hðrÞdðu1; u2Þa dðu1; u2Þ, we have

dðu2;Tu2Þa dðTu1;Tu2Þa r dðu1; u2Þ:
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So, there exists u3 A Tu2 such that dðu2; u3Þa r1 dðu1; u2Þ. Thus, we have a sequence

fungHX such that unþ1 A Tun and dðunþ1; unþ2Þa r1 dðun; unþ1Þ. We have

Xy
n¼1

dðun; unþ1Þa
Xy
n¼1

r1
n�1 dðu1; u2Þ < y

and hence fung is a Cauchy sequence. Since X is complete, fung converges to some

point z A X .

Next we show that

dðz;TxÞa r dðz; xÞð5Þ

holds for x A X with x0 z. Since fung converges and unþ1 A Tun, hðrÞdðun;TunÞa
dðun; xÞ holds for su‰ciently large n A N. Hence dðTun;TxÞa r dðun; xÞ, which implies

dðunþ1;TxÞa r dðun; xÞ. Letting n tend to y, we have (5).

Arguing by contradiction, we assume z B Tz. Since Tz is a closed, dðz;TzÞ > 0.

We fix e > 0 with 2r1ðdðz;TzÞ þ eÞ < dðz;TzÞ. Furthermore take a A Tz with dðz; aÞa
dðz;TzÞ þ e. Since a0 z, from (5), we have dðz;TaÞa r dðz; aÞ. So there exists b A Ta

such that dðz; bÞa r1 dðz; aÞ. On the other hand, since a A Tz and dðTz;TaÞa r dðz; aÞ,
there exists b 0 A Ta such that dða; b 0Þa r1 dðz; aÞ. So we have

hðrÞdða;TaÞ ¼ dða;TaÞa dða; b 0Þa r1 dðz; aÞa dðz; aÞ:

Hence dðTa;TzÞa r dðz; aÞ holds. So we can choose a 0 A Tz with dðb; a 0Þa r1 dðz; aÞ.
Therefore we obtain

dðz;TzÞa dðz; a 0Þa dðz; bÞ þ dðb; a 0Þa 2r1 dðz; aÞ

a 2r1ðdðz;TzÞ þ eÞ < dðz;TzÞ:

This is a contradiction. So we obtain z A Tz.

In the case where r A ½1=2; 1Þ, we take a real number r1 with r < r1 < 1. Then as in

the case where r A ½0; 1=2Þ, there exists a sequence fungHX such that unþ1 A Tun and

fung converges to some point z A X . Furthermore we obtain

dðz;TxÞa r dðz; xÞ

for x A X with x0 z. Next we show that dðTx;TzÞa r dðx; zÞ for x A X . This is

obvious in the case where x ¼ z. In the case where x0 z, there exists a sequence

fyngHTx such that dðz; ynÞa dðz;TxÞ þ 1
n
dðx; zÞ for n A N. Since

dðx;TxÞa dðx; ynÞa dðx; zÞ þ dðz; ynÞa dðx; zÞ þ dðz;TxÞ þ 1

n
dðx; zÞ

a dðx; zÞ þ r dðx; zÞ þ 1

n
dðx; zÞ ¼ 1 þ rþ 1

n

� �
dðx; zÞ;
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ð1=ð1 þ rÞÞdðx;TxÞa dðx; zÞ holds. From the assumption, we have dðTx;TzÞa
r dðx; zÞ. Hence

dðz;TzÞ ¼ lim
n!y

dðunþ1;TzÞa lim
n!y

dðTun;TzÞa lim
n!y

r dðun; zÞ ¼ 0:

Since Tz is closed, we obtain z A Tz. This completes the proof. r

Remark. We do not know whether Theorem 4 is a strict generalization of

Theorem 3.

3. A Jungck-type theorem

In [5], we generalized Theorem 1 as Jungck [4] generalized the Banach contraction

principle. The proof given in [5] is a little complicated. So, in this section, we give a

simpler proof.

Theorem 5 ([5]). Define a function y by (1). Let ðX ; dÞ be a complete metric

space. Let S and T be mappings on X satisfying the following:

(a) S is continuous.

(b) TðXÞHSðX Þ.
(c) S and T commute.

Suppose that there exists r A ½0; 1Þ such that

yðrÞdðSx;TxÞa dðSx;SyÞ implies dðTx;TyÞa r dðSx;SyÞ

for all x; y A X. Then there exists a unique common fixed point of S and T.

Remark. yðrÞ is the best constant for every r.

Proof. From (b), we can define a mapping I on X with SIx ¼ Tx for x A X .

Since yðrÞa 1, yðrÞdðSx;TxÞ ¼ yðrÞdðSx;SIxÞa dðSx;SIxÞ holds. Hence from the as-

sumption, we have

dðSIx;SIIxÞ ¼ dðTx;TIxÞa r dðSx;SIxÞð6Þ

for all x A X . Let u A X . Put u0 ¼ u and un ¼ I nu for n A N. Then Sunþ1 ¼ Tun
obviously holds. By (6), we have

dðSun;Sunþ1Þ ¼ dðSIun�1;SIIun�1Þa r dðSun�1;SIun�1Þ

¼ r dðSun�1;SunÞa � � �a rn dðSu0;Su1Þ

for n A N. So we have
Py

n¼0 dðSun;Sunþ1Þ < y and hence fSung is a Cauchy sequence.

Since X is complete, fSnug converges to some point z A X .

Next we show

dðTx; zÞa r dðSx; zÞð7Þ
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holds for x A X with Sx0 z. Since Sun ! z we have yðrÞdðSun;TunÞa dðSun;SxÞ for

su‰ciently large n A N. Hence we have dðTun;TxÞa r dðSun;SxÞ. Letting n tend to

y, we have (7).

Let us prove that z is a fixed point of S. Arguing by contradiction, we assume

z0Sz. We have

lim
n!y

yðrÞdðSun;TunÞ ¼ 0 < dðz;SzÞ ¼ lim
n!y

dðSun;SSunÞ:

So, dðTun;TSunÞa r dðSun;SSunÞ holds for su‰ciently large n A N. Then we have

dðz;SzÞ ¼ lim
n!y

dðSunþ1;SSunþ1Þ ¼ lim
n!y

dðTun;STunÞ

¼ lim
n!y

dðTun;TSunÞa lim
n!y

r dðSun;SSunÞ ¼ r dðz;SzÞ:

This is a contradiction. Therefore we obtain z ¼ Sz.

We shall prove that z is a fixed point of T , dividing the following three cases:
� 0a r < 1ffiffi

2
p

� 1ffiffi
2

p a r < 1 and afn : Sun 0 zg ¼ y
� 1ffiffi

2
p a r < 1 and afn : Sun 0 zg < y

In the case where 0a r < 1=
ffiffiffi
2

p
, we note that yðrÞa ð1 � rÞr�2. Arguing by contra-

diction, we assume SIz ¼ Tz0 z. We note SI 2z0 z because

dðSIz;SI 2zÞa r dðSz;SIzÞ ¼ r dðz;SIzÞ:

Since

dðz;SIzÞa dðz;SI 2zÞ þ dðSI 2z;SIzÞa dðz;SI 2zÞ þ r dðz;SIzÞ;

we have ð1 � rÞdðz;SIzÞa dðz;SI 2zÞ and hence

yðrÞdðSI 2z;SI 3zÞa ð1 � rÞr�2 dðSI 2z;SI 3zÞ

a ð1 � rÞdðz;SIzÞ

a dðz;SI 2zÞ:

By the assumption, we have dðSI 3z;SIzÞa r dðSI 2z; zÞ. Since

dðSI 3z; zÞa r dðSI 2z; zÞa r2 dðSIz; zÞ;

we have

dðz;SIzÞa dðz;SI 3zÞ þ dðSI 3z;SIzÞa dðz;SI 3zÞ þ r dðSI 2z; zÞ

a 2r2 dðSIz; zÞ < dðSIz; zÞ:

This is a contradiction. Therefore we obtain z ¼ Tz.
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In the case where 1=
ffiffiffi
2

p
a r < 1 and afn : Sun 0 zg ¼ y, then there exists a

subsequence funjg of fung such that Sunj 0 z. By (7), we have

yðrÞdðSunj ;Tunj Þa yðrÞðdðSunj ; zÞ þ dðTunj ; zÞÞ

a yðrÞðdðSunj ; zÞ þ r dðSunj ; zÞÞ

¼ dðSunj ; zÞ:

From the assumption we have dðTunj ;TzÞa r dðSunj ; zÞ and hence

dðz;TzÞ ¼ lim
j!y

dðSunjþ1;TzÞ ¼ lim
j!y

dðTunj ;TzÞa lim
j!y

r dðSunj ; zÞ ¼ 0:

Therefore we obtain Tz ¼ z.

In the case where 1=
ffiffiffi
2

p
a r < 1 and afn : Sun 0 zg < y, there exists n A N such

that Sun ¼ z for nb n. In particular, Sun ¼ Sunþ1 ¼ z, which implies

Tz ¼ TSun ¼ STun ¼ SSunþ1 ¼ Sz ¼ z:

We have shown that z is a common fixed point of S and T in all the cases.

We conclude the proof by showing that the common fixed point is unique.

Suppose that y is a common fixed point of S and T . Since yðrÞdðSz;TzÞ ¼
0a dðSz;SyÞ, we have

dðz; yÞ ¼ dðTz;TyÞa r dðSz;SyÞ ¼ r dðz; yÞ:

Therefore we obtain z ¼ y. r

4. Nonexpansive semigroups

Let T be a mapping on a subset C of a Banach space E. In [9], we considered the

following condition:

1

2
kx� Txka kx� yk implies kTx� Tyka kx� yk

for all x; y A C. And we proved fixed point theorems for such a mapping. In this

section, we shall show that we cannot consider the semigroup version of this condition.

Proposition 1. Let fTðtÞ : tb 0g be a family of mappings on a subset C of a

Banach space E. Assume that
� Tð0Þ is the identity mapping on C;
� Tðsþ tÞ ¼ TðsÞ � TðtÞ for s; tb 0;
� t 7! TðtÞx is continuous for x A C.

Then the following are equivalent:

( i ) kTðtÞx� TðtÞyka kx� yk for tb 0 and x; y A C.
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(ii) There exists b A ð0;yÞ such that

bkx� TðtÞxka kx� yk implies kTðtÞx� TðtÞyka kx� yk

for tb 0 and x; y A C.

Proof. It is obvious that (i) implies (ii). We shall show that (ii) implies (i). We

assume (ii). Arguing by contradiction, we assume that (i) does not hold, that is, there

exist t A ½0;yÞ and x; y A C such that

kTðtÞx� TðtÞyk > kx� yk:ð8Þ

Since kTð0Þx� Tð0Þyk ¼ kx� yk, we have t > 0. We put

M ¼ minfkTðtÞx� TðtÞyk : 0a ta tg

and

s ¼ maxft A ½0; t� : M ¼ kTðtÞx� TðtÞykg:

By (8), we have s < t. If M ¼ 0, then we have TðsÞx ¼ TðsÞy and hence

TðtÞx ¼ Tðt� sÞ � TðsÞx ¼ Tðt� sÞ � TðsÞy ¼ TðtÞy;

which contradicts (8). Therefore M > 0. So we can choose d satisfying
� 0 < d < t� s
� bkTðsÞx� TðdÞ � TðsÞxka kTðsÞx� TðsÞyk.

It follows from (ii), dþ s < t and the definition of s that

M < kTðdþ sÞx� Tðdþ sÞyk

¼ kTðdÞ � TðsÞx� TðdÞ � TðsÞyk

a kTðsÞx� TðsÞyk

¼ M:

This is a contradiction. Therefore (i) holds. r
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