Bull. Kyushu Inst. Tech.
Pure Appl. Math. No. 45, 1998, pp. 9-15

GENERALIZATIONS OF THE HLAWKA’S INEQUALITY
Aoi HoNDA, Yoshiaki OkAzAKI and Yasuji TAKAHASHI

This paper is dedicated to the late Professor Shigeru Itoh

(Received November 27, 1997)

1. Introduction

We shall extend the Hlawka’s 3-element inequality in R” (or in Hilbertian space) to
the n-element inequality in L! related to the Hanner’s inequality and to the n-element
inequality of another type, which is related closely to the Adamovi¢’s inequality.

The original Hlawka’s inequality is as follows (the 3-element Hlawka’s inequality):

Ix+y +zll + lIxll + [y + llzll =[x+ yl + ly + 2l + [z + x| for x,y,z € R".

If we set by x1 = (x +»)/2, xo = (y +2)/2, x3 = (z+ x)/2, then we have the following
inequality equivalent to the Hlawka’s inequality:

||x1 + x; + X3|| + l|x1 + Xy — x3|| + ||x1 — X2 +X3|| + ||—X1 + x3 + X3||
= 2(]lxall + llxall + [1x3]l)-
3 3
This inequality is rewritten as E ” > &xil| = 53 |Ixill, where ¢ is the Rademacher
i=1 i=1

sequence (g = + 1 with probability %) and E means the expectation. We shall give
the following extension:
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The constant 1 -nflc[%] is best possible.

In the Euclidean space R”, the Hlawka’s inequality is generalized by Adamovi¢ as
follows:

n

S

i=1

n

+(n—2)2||x1||2 Z llxi + x| for xy,...,x, € R".

i—1 i<igj<n

We shall prove that if the 3-element Hlawka’s inequality is valid in the Banach space E,
n n

then it follows also that || > x|l + (n —2) > ||x:|l = >°  ||xi + x| for x1,...,x, € E.

i=1 i=1 l<igj<n

In particular this n-element inequality is valid in L!.
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2. The Hlawka’s inequality and the 3-element Hanner’s inequality

Hlawka (see [3]) proved the following inequality: For x,y,z € R”, it holds that
e+ + 2l + Xl + 1+ Nzl = [1x + yll 4+ ly + 2]l + [|2 + x]].

This inequality follows immediately from the triangular inequality and the following
identity ([3]);

(I +p 4zl + flxll + Iy + Nzl = Hx +yll = lly + 2l = |z + x[])
X (e +y + 2l + llxll + Iyl + 121
= (Il 1zl =y + 2D = 11y + 2l + 1x + y + 2])
+ (llzll + (11l = llz + > Ayl = llz + x| + lIx + y + 2]))
+ (Wl =[x + DIzl = llx +yll + lx +p + 2]])
>0.

Let (S,2,u) be a measure space. The norm of L! is given by ||x|| = [ |x(2)| du(?).
The n-element Hanner’s inequality was obtained in [1], [2]. In the case of L!, the n-

element Hanner’s inequality is as follows. Let n be a natural number, ¢, ¢,...,8, be
the independent Rademacher sequence and x;,x;,...,x, € L!. Then it holds that
n n
E Z &xi|| = E Z 6,‘”)&'[” .
=1 =1

In the case where n =3, by the triangular inequality, the Hanner’s inequality implies
that

11 + x2 4+ X3 + [Ix1 + x2 — x3]| + ||%1 — x2 + x3]| + ||—x1 + X2 + x3]|
2 [ fell + lloeall + lloesll [+ o ll + lx2ll = sl [+ [l = 12l + [1x3]1 |
+ 1= Il + 2l + x|
2 [loenll + lleall + llesll + lloen |+ N2 ll = e[|+ e | = N2l 4= Hoes | = [l | + 2l + 113 |
= 2([1xull + llx2ll + [lx3]])-
If we set by x = x1 + X2 — X3, y = x1 — X3 + X3, z= —X] + X2 + X3, then it follows that
e+ 2l 4 W+ il ] 2 o+ 31+ D+ 21+ 2+ L

Thus the Hlawka’s inequality is derived from the 3-element Hanner’s inequality. Hence
the Hlawka’s inequality holds in L!. Conversely from the Hlawka’s inequality, we
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obtain the 3-element Hanner’s inequality in the following way. First, we have

lx+y+zll+ll=x+y+zll+lx—y+zl+lx+y -z
2 [(x+y+2)+x-y=2l+(x-y+2)+(x+y-2)|
= [12x]] + [|12x]| = 4|x|-

Next, let u=—-x+y+z, v=x—y+z, w=x+y—z and we apply the Hlawka’s
inequality as follows;

lx+y+zll +ll—x+y+zll +lIx—y+zll +llx+y -z
= [+ v+ wll + llull + [|o]] + [Iwl]
2 [l +vfl + o+ wil + [[w + |
= [12z[l + l12x[l + 1271l = 2([lxI[ + [I¥1] + {I=1])-

Hence, it holds that

lx+y+zll+ll-x+y+zll+llx—y+zll+lx+y -z

4 x| (*)
= {2(nxn iyl + 12l

We show the 3-element Hanner’s inequality:
ller 4+ x2 + X3l + llx1 4+ x2 = X3l + [[¥1 — %2 + X3l + [|=x1 + X2 + x3]|
2 [1xall + llxall + llsll T+ el lloeall = [esll T+ llell = lleall + [l
+ [=leall + l1xall + [l -

We can suppose that ||x;|| = ||x2]| = ||x3]] without loss of generality. Then the last term
is:

(el + 12l + llxall) 4+ (el + le2ll = [l ll) + (leall = el + [l 1)
+ =l ll + llx2ll + [1xalt|
= 3|} + [lxall + [l + [—lxall + |2l + [|3]l |-

Consider the two cases:
(i) if |lxi]l = |2l + [|x3]|, then

right-hand side = 3|jxi || + [|xall + [lxsll + 1]l = llx2ll = [lx3]l = 4l}x |
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(i) if [Ix1] < [Ixall + [1x3]], then

right-hand side = 3||x1 || + [lx2]| + [lx3]] — [l + [lx2]l + ||xs]]
= 2([lx1 [ + ]2l + lIx3]l)-
In these two cases, the Hanner’s 3-element inequality is derived by (*).

Accordingly, the Hlawka’s inequality and the 3-element Hanner’s inequality are
equivalent in L!.

3. Generalization of Hlawka’s inequality
The Hlawka’s inequality in L! is given by
3

E EiXi

i=1

3
= %ZHX;II for x1,x7,x3 € L,
i1

g

where E means the expectation with respect to the Rademacher distribution. We shall

extend the Hlawka’s inequality naturally as follows. Let ¢1,¢,...,&, be the inde-
pendent Rademacher sequence and xi,x3,...,X, € L!. We can conjecture the following
inequality;
n n
E‘ Z &x;|| = K(n) - Z [},
i=1

i=1
where K(n) is a constant which depends on n.

THEOREM 1. Let n be a natural number, é1,¢,...,é, be the independent Rade-
macher sequence and x,Xx,,...,X, be functions in L!, then it holds that

n
E & X
i=1

1

n
2 5oy n1Cly - ) Il
i=1

d

1 . .
where the constant F-n_lqg] is best possible.

ProoF. We shall start from the n-element Hanner’s inequality. We have

n n

E‘ Z exi|| = E Z & x:||
i=1 i=1
1
= > | £ [l £ feall £ -+ & [l |

sum for all choices
of + signs
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1
= el Pl eall - - leall |

+ > Ll - =[xl + - -+ [1xall |

sum for all choices of
one minus signs

+ > Leall + - = gl 4 - = el + -+ 1%l |

sum for all choices of
two minus signs

+o =l = il = = il
And we use the triangular inequality > |(---)| = [>°(---)|. Among the terms

[Elxall £ -t lxll £t xall]

k minus signs

with k minus signs, there are ,_1Cy terms in which the coefficient of ||x;|| is +1, and
there are ,_;Cx_; terms in which the coefficient of |[x;|| is —1. If ,_1Cx — 4—1Ck-1 =0,
then it holds that

> () = Gt G = n1 Comt) X (Il + [1x2fl -+ llxall)-

sum for all choices of
k minus signs

If ,—1Cr — n—1Ck—1 < 0, then it holds that

> () = (uog Coet = ne1Cie) X (]l + [1x2ll + - - + [Ixall)-

sum for all choices of
k minus signs

Therefore it follows that
. . 1
the right-hand side > T 2{1+(n=2)+ (,_1C2 = n1C1) + (,_1 C3 = n-1C2) + -+

+ (o1 Coe = n1 G- H(xal + el - 4 [lxal)

1 n
ZF'n—lck'ZHxllly
n=1

where k is the maximum value that satisfies ,_1Ciy — »—1Cr—1 = 0, and this is given by

k= [%] In L'[0, 1], if we set x; = --- = x, = 1, then it holds the equality. Hence this

constant is best possible. This completes the proof.
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4. Another extension

Adamovi¢ (see [3]) has established the following inequality in R":

Remark that this inequality implies the Hlawka’s inequality as a special case of
n=3. We shall extend this inequality for a class of Banach spaces. Our proof is
based on the simple induction arguments which is essentially due to Vasi¢ [4].

n

>

i=1

n

+(n~2)Z||x,~|l2 Z || + ;]| for xi,...,x, e R,
i=1

I<i<j<n

THEOREM 2. Let E be a Banach space. Suppose that for every x, y,z € E it holds
that

o +p 4zl llxll + I+ Nzl = e+ vl -+l + 2l + llz + ]|
(the Hlawka’s 3-element inequality in E).
Then it also holds that

n

>

i=1

n
=2 kil = D I+l
i=1

I<i<j<n

for every n and x;,...,x, € E.

PrOOF. We prove by induction.
(i) The case n =3 is in our assumption.

(i) We suppose that the inequality for n holds. Then in the case of n+ 1, we
have

1 4+ 21+ 6+ Xng )+ (= 2) (Il + -+ + ] + [l + X1 [])

n—1
= 2 Tl + 3 b Gt x|
1=

I<i<j<n—1
n—1
> ST bl S0 5l 1 Xl 15+ 1 [l — el = e )
I<i<j<n—1 i=1

n—1 .
Yo It xll 4 = 2%+ xastll = D Ixill = (1 = D([1xal] + Xl

1<i<j<n+l =1
where we have used the case n =3 for the term ||x; + x, + x,41]|. So it follows that

[l -+ X1+ %0+ X ||+ (2 = DIl + - A (X ]+ all + [ %021])
> Y x+xl
1<i<j<n+l

This completes the proof.
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