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1. Introduction

Lichnerowicz [6] showed that a Lie algebra structure (so-called Jacobi structure)
on a differentiable manifold 9 is equivalent to the existence of a couple (A4,%) of
a bivector (contravariant skew-symmetric 2-tensor) field 4 and a vector field = sat-
isfying certain conditions which were given in terms of the Schouten-Nijenhuis
bracket for multivector fields (Schouten [9], Nijenhuis [8]). Whenever dim 9t = 2m
and A4 is nonsingular, the couple (4,%) can be transformed into a couple (2,w)
of nonsingular differential 2-form @ and a closed differential 1-form w (dw = 0)
satisfying

(1) dQ+w A 2=0.

Such a form @ (called a semiclosed form with w) defines an infinitesimally conformally
symplectic structure on 9 (Guédira and Lichnerowicz [2]). Mimura and Noéno [7] gave
an alternative approach to the infinite dimensional Lie algebra structure with the couple
(2, %) of nonsingular differential 2-form £ and a vector field = on 9, where Q2 was
assumed to be a semiclosed form with w = Z|Q (contraction of © by Z) so that
Z(2) =0 (Lie derivative of Q by Z). More generally, Ikushima and Mimura [3]
investigated the structure with the couple (£, w) satisfying (1) where (instead of on w)
the closedness condition was imposed on Z(w):

(2) dZ(w) =0.

Since the form w in (1) is always closed if dim9 = 2m > 6 (Libermann |[5]),
nonsemiclosed 2-form Q exists only if m = 1 or 2, while (1) is identical for an arbitrary
2-form Q if m = 1. In fact, Fujiwara, Sakurai and Mimura [1] established a complete
class of nonsingular 2-forms £ on 4-dimensional differentiable manifold, in which
appeared a subclass of nonsemiclosed 2-forms. The presented paper is devoted to find
the Jacobi structure associated with the 2-forms in the subclass.

The all objects involved on M is assumed to be differentiable of sufficiently high
order.
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2. Jacobi structure

Let I be a 4-dimensional differentiable manifold, X a set of all vector fields on IR
and R a ring of all differentiable functions on 9. Our discussion begins with a brief
review of [3] for introducing Jacobi structure associated with a nonsingular 2-form £ on
M. For the form €, since dim M = 4, there exists a unique 1-form w satisfying (1) (Lee
[4]); and for the form w, also a unique vector field = satisfying

(3) w=E]|Q.

For an arbitrary f € R, set a unique vector field X; on M

(4) X |Q=df + fo,
and define the product {f,g} on R:
(5) {9} = Xs(9) —9Z(f).

Then, whenever the condition (2) is imposed on the couple (2,®), the subset Xz:
Xz = {X; e X|[5, X/] = Xz(p)}

forms a Lie subalgebra of the Lie algebra X under the bracket [,], and the subset Rz (of
course, subring of R):

Rz ={feR|X; e Xz}

forms an infinite dimensional Lie algebra under the product {,}.
Now, in view of (1) and (3), since

EldQ=-Z(onrQ)=0A(Z]Q)=0Aw=0,
the basic identity
ER)=EF]dQ+d(Z|Q)
leads to
(6) 2(Q) = dow.

The identity (1), i.e., dQ2 = —w A 2 yields w A d2 =0, and then its exterior derivative
leads to dw A 2 =0. Accordingly

E(dw A Q) =E(dw) A 2+dw A E(Q) =0,

for which (2) and (6) are substituted to see dw A dw = 0. Hence the following cases
occur on nonclosed w:

(i) do#0, o Adw=0, (i) wAndo#0, dodo=0.
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Therefore, within a suitable local coordinate system (x!,x?, y!, »?), the forms @ and Q
have the following appearances according to the cases (see [1]):
w=x'dy', Q=c"0, for (i);
w = x'dy! + dy?, Q=e*V"V0, for (ii);
in which @ is of the form
O =do A dx' —dp Ady' + y'pdx' A dy',

where o = a(x, y) and f = B(x,y) are arbitrary differentiable functions satisfying

oo O
ox2 oy?
7 = 0.
" ¥ ™7
ox2  0y?

In both cases, since dw = dx! A dy!, by putting

0

0 G, 0
— £2 0 0 5 KB
E=¢ (x,y)ax1+‘> (xvy)6x2+77 (x7y)6y1+77 (xvy)ay:z?

it follows that 5 |dw = —p'dx' + &'dy'.  So the condition (2):
dE(w) =d(E |do + d(5 | w)) = d(Z | dw) =0
leads to dn' A dx! —dE' A dy! =0, ie.,

o o, e @  w_a
oxt oyl 7 ox:  oyr ox2 oy

Therefore ¢! and #' are of the forms

el 6¢(X17J’1) 1 a‘P(XlJl)

®) §=TTT0 =T

Pay attention here to the identity
B X))@= 20X |2) - X | 5(@),
for which (4) and (6) are substituted to see
(5, X/ Q= Xz(p) ] 2 + fE(w) — Xf | do.
Therefore it is verified that

9 XreXz if and only if fE(w) = X; | do.
S S
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We are now in a position to pursue our discussion in each case of (i) and (ii) with
the identity

oo O Oa op
=l (2 2 1 1_ [ 1 o 2
(10) Z|e (é 72 +7 572 +7 y) dx (é 2 axz)dx

F) 0 oo 0
— (ngéﬁnza—fﬁ é‘y)dyl - <él 5 ﬂlgli)dyz,

where y = du/0y' + 0f/0x' — y'B. For the case (i), since @ = x'dy! in (3), the co-
efficients of dx? and dy? (also of dx') in Z|Q=e¢*7'Z|0, ic., in (10) vanish.
Accordingly

10 B

ox? 0x? ’
oo op
% 1
W - ’7 W = 07

so that &' =4' =0 by (7). Therefore = is of the form

5 0
A 2 C —_— 2 )} —
b é(l)y)ax2+}7 (x?.})ayz

Hence Z(w) =0, ie., Xy | dow =0 in (9), which concludes that X; € Xz is of the form
0 0
S R K
Xp =& (6 0) 55 +17lx, ») IR
Consequently, since X; | @ = Xy (x)dx! — X;(f)dy!, (4) implies that of /ox? = of Joy? =
0, ie, f= f(x', ). Thus

(11) Re = {f|f =" »")eR},

on which the product {f,g} of (5) vanishes because of Z(f) = X;(g) = 0.
For the case (ii), in view of (8) and (10), since w = x'dy! 4+ dy?, (3) gives in
coordinates the system of equations

(12a) fzf%*"%:y%
(12d) 0x 0 P 0D _ e

iyt T alon
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Remind that @ = &(x!, y!) for the integration of (12b):

a6y1+ﬁaxl_(//(x ?y 7y )7

whose differentiation by y? is combined with (12d) to see dy/dy? = —e* 7'’ e,
(' p! p?) = = 4p(xt ph),
Hence (12b) and (12d) are valid if and only if

0 0D

Xyl
a@f""ﬂé; —e ' 4 p(x! pt).

(13)

Since a # 0 in (7), the equations (12b) and (12d) are equivalent to

(126) “% e aa;v
oP 11,2 Of
' 9B e
(12d) agr=e"" 00

In view of (12b) and (12d), the solutions ¢* and #? of (12a) and (I12c) are given
respectively by

0u 0@  Of 0@ 1,2 0o ! Oo
2: N I s el 1 xlylyy — yley? 1 s
“ }<ayzay1+ayzax‘> e e ( 2 ’)’

do 0P 5ﬂ oD 11,2 0o 2 Oa
o’ — G Tt Ml Lxiy +ys % 1 ,x Iyliy
o y(axz v o ax1> txe Fr- i b

—

Consequently &

od 0 1 x1pt oo 0 0P ¢ » O 6
z___+a—€xy+y 1 —lxlexy+y
oy! ox! ( 0?2 )

is determined as

in which the coefficient of 3/0y? is replaced by (12b)’ with x!0®/dx! to see Z(w) =
d®. Therefore, by putting

P L A PR AR
Xf_éf(x’y)(‘}xl +6f(x?y)ax2+r/f(x7y)ay1 +’7f(x7y)ay27

f} and 7} are determined by (9) respectively as ffl = fo®/dy' and 5} = —f0d/0ox".
Accordingly Xy is of the form

od o oD o, 0
Yr=t5ia ffaxz S oot T g
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So, similary as (10), Xy | @ is written in coordinate. And then, in the result, (12b) and
(12d) is used to derive

oo , Oa oD 0P 0 0D Of
_ 2 2
X160 = (ffaxz Uil aw) -/ (ayxa‘ﬁa‘faﬁ)dx

(é}j€+ ;;’ZH—) —f(@ﬁﬁﬁ%)df

oyl oy?  ox10y?
60( Ot oD
2 1
(éfa 2 W‘fa‘;ﬂ)dx

2 8
(é}aﬁ;+ }fﬁfa 1V)dy +e" VY fay?,

where y = da/dy! + 0f/dx' — y'B.  Consequently (4) gives in coorinates the system of
equations

oo oo 2 0P (Oa O iy O
x> i o2 a2 f@xl (0)/ ox? ﬂ) oxt’

9B ﬁ du OB oxyity (o
B i (G ) e (o)

oy!

and of /ox? = of /6y2 =0. Hence é} and 77 are determined uniquely by the above
equations, while f = f(x!, y!). Thus Rz is determined also as (11), on which the
product {f,g} of (5) is written as

3 ﬂ@q&_ﬁ&_d) of 0@ of 0D\
(14) {f,9} = f(@xl ayl oyt 5x1> g(axl ay! oyl ox!

and, by (12b)’ and (12d)’, also as

/ _ —1 xy +J,2 6ﬁ g af —1 Xy +,V2 aa ﬁ_ _ﬁ‘f_
(14) {f.g} =a 8x2< ol ot +a ax2 \7 oyl g@yl ’

which completes the Jacobi structure in the consideration. In conclusion, the following
theorem is deduced (see [3], Theorem 2).

THEOREM. Let Q be a nonsingular and nonsemiclosed differential 2-form on 4-
dimensional differentiable manifold M satisfying (1), where w is a differential 1-form whose
existence is a matter of course. Then the nonvanishing Jacobi structure in the consideration
exists if and only if Q has the following appearance within a suitable local coordinate system:

(15) Q=Y (do Adx" —dB A dy' + y'pdxt A dyl),

where o = o(x,y) and p=[(x,y) are arbitrary differentiable functions satisfying the
nonsingularlity condition (7), and the relation (13) for some differentiable functions
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Lyl and o(x!, yY).  For the form Q of (15), the Jacobi structure on Rz of (11) is

given by (14) or equivalently by (14)’.
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