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SOME COMMENTS ABOUT RECENT RESULTS ON
ONE-PARAMETER NONEXPANSIVE SEMIGROUPS

Tomonari SUZUKI

Abstract

We discuss common fixed points of one-parameter nonexpansive semigroups. In particular, we
give some comments about recent results in Suzuki’s papers [J. Math. Anal. Appl., 324 (2006), 1006—
1019] and [Israel J. Math., 157 (2007), 239-257].

1. Introduction

Let C be a subset of a Banach space E. A mapping 7 on C is called a
nonexpansive mapping if |Tx — Ty|| < ||[x — y| for all x, y e C. We denote by F(T) the
set of fixed points of 7. We know that F(T) is nonempty in the case where E is a
Hilbert space and C is bounded closed and convex; see [1-3, 7, 8] and others. A family
of mappings {T(¢): ¢t =0} is called a omne-parameter strongly continuous semigroup of
nonexpansive mappings (one-parameter nonexpansive semigroup, for short) on C if the
following are satisfied:

(ns 1) for each >0, T(#) is a nonexpansive mapping on C;

(ns 2) T(s+1t) =T(s)oT(r) for all s,¢>0;

(ns 3) for each x e C, the mapping ¢+— T(f)x from [0,00) into C is strongly

continuous.
We denote by F(7) the set of common fixed points of {7'(¢): > 0}, that is,

F(7) =) F(T(@).

t=>0

We know that F(7) is nonempty in the case where E is a Hilbert space and C is
bounded closed and convex; see [3, 6]. In 1967, Browder [4] proved the following
strong convergence theorem, and Reich [11] extended the theorem to uniformly smooth
Banach spaces.
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THEOREM 1 (Browder [4]). Let C be a bounded closed convex subset of a Hilbert
space E and let T be a nonexpansive mapping on C. Let {o,} be a sequence in (0,1)
converging to 0. Fix ue C and define a sequence {u,} in C by

up, = (1 — o) Tuy, + apu
for neN.  Then {u,} converges strongly to the element of F(T) nearest to u.

Motivated by Theorem 1, Suzuki [13, 23] proved the following theorem, which is a
one-parameter version of Theorem 1.

THEOREM 2 ((23]). Let C be a weakly compact convex subset of a Banach space E.
Assume that either of the following holds:

* E is uniformly convex with uniformly Gdteaux differentiable norm;

« E is uniformly smooth; or

* E is a smooth Banach space with the Opial property and the duality mapping J of

E is weakly sequentially continuous at zero.
Let {T(t):t>=0} be a one-parameter nonexpansive semigroup on C. Let t be a
nonnegative real number. Let {o,} and {t,} be sequences in R satisfying 0 < o, < 1,
O0<t+1ty, and t, #0 for neN, and lim, t, = lim, a,/t, =0. Fix ue C and define a
sequence {u,} in C by
uy = (1 — o, )T(T + ty)up + apu

for ne N. Then {u,} converges strongly to Pu, where P is the unique sunny nonexpansive
retraction from C onto F(T).

In Theorem 2, we assume that {z,} converges to 0, that is, {r + #,} converges. The
author thought that this condition is essential. However this is not true. In this paper,
we shall show it.

Also, the author has studied characterizations of (common) fixed points for
nonexpansive semigroups and nonexpansive mappings; see [12, 14-22, 24-26]. We
shall give two characterizations, which concern results in [21].

2. Preliminaries

In this section, we give some preliminaries. Throughout this paper, we denote by
N the set of positive integers, and by R the set of real numbers.

Let £ be a real Banach space. We denote by E* the dual of E. E is called
uniformly convex if for each ¢ > 0, there exists § > 0 such that

HxﬂzLyll 135

for all x, y € E with =|lyll=1and |x — y|| =& E is said to be smooth or said to
have a Gateaux differentiable norm if the limit

X
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ol
t—0 t

exists for each x,ye E with ||x|| = ||y]l=1. E is said to have a uniformly Gdteaux
differentiable norm if for each y e E with | y|| =1, the limit is attained uniformly in
xe E with |[x||=1. E is said to be uniformly smooth or said to have a uniformly
Fréchet differentiable norm if the limit is attained uniformly in x,ye E with
= ||yl =1. E is said to have the Opial property [9] if for each weakly convergent
sequence {x,} in E with weak limit xy,

X

liminf ||x, — xo|| < liminf ||x, — x|
n— 00 n—ao0

holds for x € E with x # Xxo.
Let £ be a smooth Banach space. The duality mapping J from E into E* is
defined by

e J(x)y = IIx)? = 1701

for xe E. J is said to be weakly sequentially continuous at zero if for every sequence
{x,} in E which converges weakly to 0 € E, {J(x,)} converges weakly* to 0 e E".

We recall that a closed convex subset C of a Banach space E is said to have the
fixed point property for nonexpansive mappings (FPP, for short) if for every bounded
closed convex subset K of C, every nonexpansive self-mapping on K has a fixed point.
We remark that if £ and C satisfy the assumption in Theorem 2, then C has FPP.

Let C and K be subsets of a Banach space E. A mapping P from C into K is
called sunny [5] if

P(Px + t(x — Px)) = Px

for x e C with Px+ t(x — Px) € C and r > 0. Reich [10] proved that if E is smooth, C
is convex and K is a subset of C, then there is at most one sunny nonexpansive
retraction from C onto K. See also [27].

The following theorem is one of the most celebrated fixed point theorems for
families of nonexpansive mappings.

Turorem 3 (Bruck [6]). Suppose a weakly compact convex subset C of a Banach
space has the fixed point property for nonexpansive mappings. Then for any commuting
family S of nonexpansive mappings on C, the set of common fixed points of S is a
nonempty nonexpansive retract of C. That is, there exists a nonexpansive mapping P
from C onto

() F(T)
TeS
such that P?> = P.

The following lemma is well known.
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Lemma 1. Let {u,} be a sequence in a Banach space E and let z belong to E.
Assume that every subsequence of {u,} has a subsequence converging to z. Then {u,}
itself converges to z.

3. Browder-type convergence theorem

In this section, using Theorem 2, we generalize Theorem 2. We also state some
comments on Theorem 2.

THEOREM 4.  Let E, C and {T(t) : t > 0} be as in Theorem 2. Let {a,} and {t,} be
sequences in R satisfying

(i) O<a, <1, 0<1t, and s, :=liminf,|t, — t,| > 0 for ne N;

(ii) {t.} is bounded;

(i)  lim, oy/s, = 0.
Fix ue C and define a sequence {u,} in C by

uy = (1 — o) T (tn) 1ty + otyue

for ne N. Then {u,} converges strongly to Pu, where P is the unique sunny nonexpansive
retraction from C onto F(7).

Remark. From the proof below, we obtain lim, s, = 0.

Proor. Let {f(n)} be an arbitrary subsequence of {n}. Then since {#,} is
bounded, there exists a subsequence {g(n)} of {n} such that {ts,,,} converges to
some nonnegative real number 7. We note Srogmy < [T — 04| for all ne N, which
implies

. %o
lim —Z*4® .
n0 Ifog(n) = T

By Theorem 2, {uso ()} converges strongly to Pu. Since {f(n)} is arbitrary, we obtain
that {u,} converges strongly to Pu. ]

We give an example of sequences {a,} and {z,}.

ExamprLE 1. Define functions f and g from N into NU{0} by

f(n) —max{keNU{O}:k(L;—l-)<n}

and

for n e N. Define sequences {a,} and {#,} in R by

o 1o q 1
n—m‘f'ﬂ an Uy = ——
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for ne N. Then {a,} and {#,} satisfy the assumptions in Theorem 4, and 1/2” is a
cluster point of {#,} for every veN.

ReEMARK. The sequence {g(n)} is
1,1,2,1,2,3,1,2,3,4,1,2,3,4,5,1,2, . ...

Next, we prove the following lemma, which is one of key lemmas to prove Theorem

LemMA 2. Let C be a closed convex subset of a Banach space E with the fixed point
property for nonexpansive mappings. Let {T(t) : t > 0} be a one-parameter nonexpansive
semigroup on C. Let A be a nonempty weakly compact convex subset of C and let T be a
nonnegative real number such that the following hold:

A is T(z)-invariant.
If ye A satisfies T(t)y =y, then T(t)y€ A for all t =0.
Then {T(t):t =0} has a common fixed point in A.

Proor. Put D= ANF(T(z)). Then since 4 has FPP, D is nonempty. By
Bruck’s theorem (Theorem 3), there exists a nonexpansive retraction P from 4 onto D.
Fix ye D and 1> 0. From the second assumption, we have T(f)y € A. We also have

T)y=T(0)oT(t)y=T(+1)y=T(r)oT(1)y

and hence T(f)y € F(T(zr)). Therefore T(t)y € D. This means that D is 7'(¢)-invariant
for all £ >0. For each ¢t > 0, we define a mapping S(z) on 4 by S(t) =T(f)o P. We
shall show that {S(¢):¢> 0} is a one-parameter nonexpansive semigroup on 4. For
x,y€ A, we have

IS(1)x = SOyl = |T(t) o Px — T (1) o Py|| < [|Px = Pyl| < [[x -y

That is, S(¢) is a nonexpansive mapping on A. Since S(1)4 < D, we have
Po S(t) = S(¢) and hence

S()oS(t)=T(s)oPoS(t)=T(s)oS(t)=T(s)oT(t)o P
=T(s+t)oP=S(s+1)

for all s,7>0. The strong continuity of (#+ S(f)x) is obvious. Therefore we have
shown that {S(¢) : 1 > 0} is a one-parameter nonexpansive semigroup on 4. By using
Bruck’s theorem (Theorem 3) again, there exists a common fixed point ze 4 of
{S(t): t>0}. We have z=S(l)ze D and hence Pz=1z. So, for every t>0, we
have

z=S8S(t)z=T(t)o Pz = T(t)z.

That is, z is a common fixed point of {7'(¢): ¢ > 0}. O
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Finally, we prove the following proposition, which shows that the condition
lim, o, /t, = 0 is essential in Theorem 2.

ProPOSITION 1. Let E be the two dimensional real Hilbert space and put C = E.
Define a one-parameter linear nonexpansive semigroup {T(f):t >0} on C by

(%) x| _ c?s(t)x— sin(¢)y

y sin(#)x + cos(#)y
for all (x,y)eC and t>0. Put u=(1,0). Let {o,} and {t,} be sequences in R
satisfying 0 < o, < 1 and 0 < t, for n e N, and lim,, o, = lim,, t, = 0. Define a sequence
{u,} in C by

ty = (1 — o) T(ty)uy + oty

for neN.  Then the following are equivalent:

(1) A{un} converges to (0,0);

(i) lim, a,/t, =0 holds.

ProOF. We note F(7) = {(0,0)}. By Theorem 2, (ii) implies (i). Let us prove
that (i) implies (ii). We assume (i). For o€ (0,1) and ¢€ (0,00), we put x(a,) and
y(a, 1) by

{x((a, z” o {qu ) sinz(z/z)}
y(a,t

T 41— w) sin2(1/2) + o2 (1 — ) sin(1)
It is easy to verify that
x(e, )] ” x(a, 1) "t
)= a-ara [ |

That is, wu, = (x(an, ta), y(on, 2,)) for neN. Arguing by contradiction, we assume
limsup, «,/t, > 0. Thus, 0:=liminf, t,/a, < co. We choose a subsequence {f(n)}
of {n} such that lim, (/o) = 0. We have

= lm x(% (s 1r(n))

= lim %) (%) + 21 = ) 80 (4n)/2))
e A1 oyg) sin (7 /2) + 2,

sin(zr, /2 21,, tr(n
1+2(1—ocf<n))< o/ )> L0 76

trm/2 ) 4 o
= lim - f/(2))/ 4 it
n—oo S (#z(, I (n
(1—o<f(,,))( [f<>2 )(Q) 41
im)/ % (n)
1
?+1

This is a contradiction. O
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4. Characterizations
The following theorem is essentially proved in [21]. We give a simple proof of it.

TueorREM 5 ([21]). Let {T(t) : t = 0} be a one-parameter nonexpansive semigroup on
a subset C of a Banach space E. Define a nonexpansive mapping S from C into E by

Sx = ij exp(—4s)T(s)x ds
0

for xe C, where A>0. Then F(S)=F(7) holds.

Proor. It is obvious that F(S) > F(Z). Let us prove the converse inclusion.
Let ze C be a fixed point of S. For neN, we put
M, = max{||T($)z— T(0)z}| : 0 <t < n}
and M =sup, M,. For every ne N, we choose L, R satisfying
0<L,<n and M, = ||T(L,)z — T(0)z||.

We consider the following three cases:
A, M=0
B. M >0 and limsup, L, < o©
C. M >0 and limsup, L, = o
(Case A) In this case, 7(0)z is a common fixed point of {7'(¢):¢>0}. Hence

z=Sz

[e'e]

=A| exp(—As)T(s+0)z ds
0

[ exp(—i9)T(s) 0 T(0)= ds
0

0

=l exp(—is)T(0)z ds

= T(0)z.
Thus, ze F(7).

(Case B) We put L =limsup, L,. Then it is obvious that ||T(L)z — T(0)z|| = M.
We choose ¢ > 0 such that

|T(t)z — T(0)z|| < M/2
for te[0,0]. We have
M = ||T(L)z ~ T(0)|
<|IT(L)z -
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=IT(L)z - Sz||

< J;O exp(—s)|| T(L)z — T(s)||ds

L+o

= AJ exp(—As)||T(L)z — T(s)z||ds + /IJ exp(—As)||T(L)z — T(s)z|lds

0 L

+ AJOO exp(—As)||T(L)z — T (s)z|ds
L+s

L
< AJ exp(—As)||T(L — )z — T(0)z||ds

0

L+d
+ iJ exp(—As)||T(s — L)z — T(0)z||ds

L

+ /IJOO exp(—A8)||T(s — L)z — T(0)z||ds
L+o

L L+

< AJ exp(—As)M ds + lJ exp(—As)M /2 ds
0

L

oo
+ EJ exp(—As)M ds
L+6

=M

(1 —exp(=iL) + P (2_ L) eXp(_iéL +9) 4 exp(—a(L + (5)))

_ M(l _exp(—4L) N exp(—A(L + 5)))

< M,

2 2

which implies a contradiction.

(Case C)

We choose § > 0 such that

IT(1)z — T(0)z]] < min{M/3,1}

for te[0,0]. For k,neN and t€[0,L,], we have

|T((k+ 1)L, + 1)z — T(L,)z||

<||T(kL,+t)z — T(0)z|

k
< > NTGLw)z = T((j = VLy)z| + | T(kLy + )z — T(kLy)z]|
Jj=1



One-parameter Nonexpansive Semigroup

k
< Y IT(La)z = T(O)z]l + 1 T(0)z = T(0)z]
=1

<(k+1)M,.
Hence, for ne N with § < L, and min{M/3,1} < M, /2, we have
M, = ||T(Ln)z - T(0)z]

< (T(Ln)z 2|
= [1T(Ln)z — S|

<A J:O exp(—As)|| T(Ly)z — T(s)z||ds

L,~5
=1 Jo exp(—As)|| T(Ly)z — T(s)z||ds

L,
+ /IJ exp(—As)| T(Ly)z — T(s)=||ds
+ A [ exp(—A)||T(Ly)z — T(s)z||ds

©_ p(k+2)L,
+ ZJ exp(—As)|| T(Ly)z — T(s)z]lds
k=1 (k+1)L,

L,—¢
< AJ exp(— )| T(Ln — 5)= — T(0)z]|ds
0

Ln
+ AJ exp(—As)||T(L, — 8)z — T(0)z||ds
L,—o

+1 JEL exp(— )| T(s — L)z — T(0)z]|ds

oo p(k+2)L,
+ AZJ exp(—As)| T(Ln)z — T(s)z|lds
k=1 J(k+1)L,

L,—8
< lJ exp(—As) M, ds
0

Ly
+ /lj exp(—As)M, /2 ds

21
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2L,
+ ij exp(—As) M, ds
Ly

o ((k+2)L,
+AZJ exp(—4s)(k + )M, ds
1 kL,

= (1= exp(~A(L, — )M
+ (exp(—A(L, — 9)) — exp(—AL,)) M, /2
+ (exp(—4L,) — exp(—212L,)) M,

+ i(exp(—i(k +1)L,) —exp(—A(k +2)L,))(k + 1) M,
k=1

— M, — (exp(= ALy — 0)) + exp(—1L,)) My /2

0

+ Zexp(—/lkLn)M

= M, — (exp(~ ALy — 0)) + exp(—ALy)) My /2

exp(—AL,)

1 —exp(—AL,) M,

which implies

2
0<-— A)—14+—
< —exp(4) + 1 —exp(—4AL,)
Since lim sup, L, = oo, we obtain 0 < —exp(Ad) + 1. This is a contradiction. O

Similarly, we can prove a characterization for single nonexpansive mappings.

THEOREM 6. Let T be a nonexpansive mapping on a subset C of a Banach space E.
Define a nonexpansive mapping S from C into E by

oC
Sx=(1-r) Zr"*lT"x

n=1
Jor xe C, where re (0,1). Then F(S) = F(T) holds.

PrOOF. S is nonexpansive because
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o0
IS =Syl < (1 =) T = 77

n=1

o0
1—rZ”

n=1

x =yl = llx =yl

for all x,ye C. It is obvious that F(S) > F(T). Let us prove the converse inclu-
sion. Let ze C be a fixed point of S. Arguing by contradiction, we assume that z is
not a fixed point of 7. We put 7%z =z We also put

M, =max{|T/z—z||: 1 < j<n}

for neN and M =sup, M,,. We note M > M, > M, >0. For every neN, we
choose L, eN satisfying L, <n and M, = ||Tt"z—z||. We consider the following
two cases:

A. limsup, L, < o

B. limsup, L, =

(Case A) We put L = limsup, L,. Then it is obvious that ||[T*z —z|| = M. For
every n € N, we have

M =Ttz

— 7"z —
GO

<(1-r) Zrk’lnTLz —Tz||
k=1
L-1 D0

SU- )Y AT () S AT
k=1 k=L+1

l“
8

<(1-r) "M (1= ) YoM m

>~
H_‘
T
~
=z

=(1—rEYM +riMm
<M.

This is a contradiction.
(Case B) For k,/,neN with 1 </ < L,, we have

HT(k+1)L,,+/Z _ TL”ZH < llTkL,,—H’Z _ ZH

k
< Z ||T"'L"z _ T(jfl)LnZ” + HTkL”%z _ TkLnZ”
—
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k
< ST iz — 2| + | Tz — 2|
j=1
<(k+1)

Hence

M, =||T"z—z|

- HTL"Z— SZ”
e ¢]
< (U= HHThz - T
k=1
L,—1 oL,
(U= Y FUTE 2z 1 (=) Y A TR bz
k=1 k=L,+1

w L,
(=)D Db | T ez — PO DL
i=1 j=1

~

] 2L,
<(l-7) rk—an+(1 —7) Z P
k=1 k=L,+1

+(1_r)zzrz+l Ly+j— ](l-f-l)M

i=1 j=1

=M, (1 _pLad 4l 2L Z(r(t-H)L,, - z+z)L,,)(l.+ 1))

o0
M, (1 — i‘L”_l + ZI‘ZL")
i=1

which implies

- 1 —rln’

Since lim sup, L, = oo, we obtain 0 < —r~' + 1. This is a contradiction.
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