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Abstract

Cycle is one of the most fundamental graph classes. For a given graph, it is inter-
esting to find cycles of various lengths as subgraphs in the graph. The Cayley graph
Cay(6,,,S) on the symmetric group has an important role for the study of Cayley
graphs as interconnection networks. In this paper, we show that the Cayley graph
generated by a transposition set is vertex-bipancyclic if and only if it is not the star
graph. We also provide a necessary and sufficient condition for Cay(&,,,S) to be
edge-bipancyclic.
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1 Introduction

A graph G with n > 3 vertices is called pancyclic if it contains an [-cycle
for every 3 < [ < n, where [-cycle means a cycle of length [. We say that
G is vertex-pancyclic if, for each vertex v of G and for every integer [ with
3 < | < n, there is an [-cycle that contains v. Furthermore, a graph is called
edge-pancyclic if every edge lies on an [-cycle for every 3 < [ < n. Since a
bipartite graph has no odd cycle, a bipartite graph with n vertices is bipan-
cyclic if it has an [-cycle for every even 4 < [ < n. For bipartite graphs,
vertex-bipancyclicity and edge-bipancyclicity are defined similarly. From these
definitions, every edge-(bi)pancyclic graph is vertex-(bi)pancyclic, and every
vertex-(bi)pancyclic graph is (bi)pancyclic.
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An interconnection network is usually modeled by a graph, and pancyclicity is
related to the cycle embedding problem. In order to use parallel or distributed
algorithms for rings and paths, it is desired that a given network topology
contains cycles of various lengths. Pancyclicity has been investigated for many
interconnection networks such as arrangement graphs [5], pancake graphs [13],
cube-connected cycles [7], butterfly graphs [10] and so on.

Cayley graphs have been an important class of graphs in the study of intercon-
nection networks for parallel and distributed computing [1,4,9,12,15]. In par-
ticular, the star graph, which belongs to the class of Cayley graphs, has been
widely studied as an interconnection network topology by many researchers.
The star graph is defined as a Cayley graph with respect to the symmetric
group, and its generator set is a subset of transpositions. The bubble-sort
graph is also known as a class of Cayley graphs on the symmetric group and
its generator set is a subset of transpositions. Pancyclicity for star graphs was
studied in [11], and for bubble-sort graphs in [14].

This paper focuses on Cayley graphs generated by a subset of transpositions.
This class of Cayley graphs includes the star graphs and bubble-sort graphs.
Recently, some topological properties of this class have been studied [2,3]. We
show that a Cayley graph generated by a transposition set is vertex-bipancyclic
if and only if it is not a star graph. We also show a necessary and sufficient
condition for such Cayley graphs to be edge-bipancyclic. Our results generalize
the results of [11] and [14].

2 Preliminaries

Let I' be a group and A a subset of I' such that it does not include the identity
element and A = A~!. The Cayley graph of T with respect to A, denoted by
Cay(I', A), has vertex set I', and there is an edge (v,~y7) for each v € I and
7 € A. The symmetric group on {1,2,...,n} is denoted by &,. A Cayley
graph of the permutation group I' generated by some subset of permutations
S is denoted by Cay (T, S).

Let S be a subset of transpositions on {1, 2, ... ,n}. The transposition graph of
S, denoted by T'(S), is a graph with vertex set {1,2,...,n} and two vertices i
and j are adjacent if and only if the transposition (i, j) is in .S. On the contrary,
for a given graph G with vertex set {1,2,...,n}, we define the set S(G) of
transpositions by S(G) = {(i,7) | (4,j) € E(G)}. A vertex z of Cay(&,,S)
is labeled by a string x = z125 - - - x,,, and the ith label of x is denoted by z;.
By the definition of Cayley graphs, if a transposition (i, j) is in S, a vertex
T =TT - - - Ty is adjacent to y = Y1y - - -y, When x; = y;, x; = y; and x = Yy
for all k # 7, 7. In this case, we say that the edge e = (z,y) is an (i, j)-edge.



For an (i,7)-edge e and k # i, j, we denote by e[k] the kth label of the two
ends of e.

For a transposition set S which generates a permutation group, the following
lemma holds:

Lemma 1 ([8],pp.52) Let S be a set of transpositions from &,,. Then S is
a generating set for &, if and only if T(S) is connected.

From the Lemma 1, this paper treats the Cayley graphs generated by trans-
positions which induce a connected graph.

Assume that S is a subset of transpositions, and (7, j) and (s,t) are disjoint
transpositions. In other words, edges (7, ) and (s,t) have no common vertex
in the transposition graph 7'(S). Then any (i,7)-edge is contained some 4-
cycle in the Cayley graph Cay(S,,,S). In fact, for an (4, j)-edge e = (u, v) of
Cay(6,,S), there exists a 4-cycle uvzy, where u and v are adjacent to y and
x by the (s,t)-edges, respectively. Then the edge f = (z,y) is an (4, j)-edge.
From this observation, for an (i, j)-edge e, the edge f is called the coupled
pair-edge of e with respect to (s,t), and the pair of (s,t)-edges (u,y) and
(v,x) are called the coupler. For two disjoint transpositions (i, j) and (s,t),
the coupled pair-edge of e with respect to (s,t) is uniquely determined.

Let wvzy be a 4-cycle and e = (u,v) and f = (x,y) be coupled pair-edges.
Let C; and Cy be cycles such that V(C;) N V(Cy) = 0 and C; and Cy have
the edge e and the edge f, respectively. We can construct a cycle of length
[V(C1)| + |[V(Cy)| from Cy and Cy by adding the coupler of e and f, and
removing e and f. This procedure is said that C; and Cy are merged by pair-
edges e and f.

A sequence of cycles Cy, Cy, ..., C, is a merge sequence if V(C;)) NV(C;) =0
for 1 # j and there are coupled pair-edges e; € C; and f;;; € C; 1 for all
1 < i < n—1. For a merge sequence, we can construct a cycle of length
>, |C;| by merging the cycles consecutively.

An edge e is a pendant edge if it is incident to an end-vertex. A tree T is
a star K ,_; if every two edges are adjacent. A tree T is a double-star if it
contains exactly one non pendant edge. The following lemma guarantees that
a transposition tree has a non-adjacent edge pair when it is not a star.

Lemma 2 Let T be a tree with n vertices. Then, there is a pair of non-
adjacent edges in T if and only if T is not a star Ky ,_1.

If T'(S) is a tree, we say that it is a transposition tree. If T'(S) is a star K ,,_1,
then Cay (&, 5) is called the n-dimensional star graph and is denoted by ST,,.
If T'(S) is a path with n vertices, then Cay(S,,, S) is called the n-dimensional



bubble-sort graph and is denoted by BS,,.

Pancyclicity of graphs are widely investigated by many researchers. The follow-
ing lemmas are known results for pancyclicity of the Cayley graphs generated
by transpositions.

Lemma 3 ([11]) Every edge in the star graph ST, is contained in an l-cycle
for every even 6 <[ < nl.

Lemma 4 ([14]) Forn > 4, the bubble-sort graph BS,, is vertex-bipancyclic.
Lemma 5 ([14]) Forn > 5, the bubble-sort graph BS,, is edge-bipancyclic.

A bipartite graph is hamiltonian laceable if it has a Hamiltonian path between
any pair of vertices in different partite sets.

Theorem 6 ([16]) For any transposition tree T, the Cayley graph Cay (&, S(T))
is Hamiltonian laceable for n > 4.

The next theorem indicates that the labeling of the transposition graph does
not affect the structure of the Cayley graph generated by the transposition
graph.

Theorem 7 ([6]) Let S and S’ be two sets of transpositions on {1,2,...,n}.
The Cayley graphs Cay(S,,S) and Cay(6,,S’) are isomorphic if and only
if T(S) and T'(S") are isomorphic.

From the definition of Cay(&,,,S) and Theorem 7, we obtain the following
result.

Proposition 8 Let T' be a graph with vertex set {1,2,...,n}. We choose an
end-vertex t, and let r be the vertexr adjacent to t. Fori = 1,2,...,n, let 'V,
be the set of vertices of Cay(S,,,S(T)) such that vy = i. Then, each induced
subgraphs (Vi) are isomorphic to Cay(&,,_1,S5"), where S" = S(T)\ {(r,t)}.

Theorem 9 Let T' be a transposition tree on {1,2,...,n} and suppose that
(r,t) is a pendant edge of T'. For any k < n, if there exists a cycle C' of length
at least (k—1)(n—1)!42 in Cay(&,,S(T")), then C' contains at least k edges
generated by the transposition (r,t).

PROOF. Without loss of generality, we may assume t is an end-vertex in
T. Since (r,t) is a pendant edge, we can partition V(Cay(&,,S(T"))) into
ViuVaU---UV,, such that v € V; if v; = 7 for each 1 < i < n. We assume
that there exists a cycle C of length [ > (k — 1)(n — 1)! + 2. Since C has
[ > (k—1)(n—1)! + 2 vertices, C must include at least k vertices such that
each vertex belongs to £ distinct partitions. To connect two vertices belonging



to different partitions V;, V;, ¢ # j, we must use (7, t)-edges since all edges that
connect vertices belonging to different partitions are (r, t)-edges. Therefore, C'
contains at least k (r,t)-edges. O

3 Hamilton cycles in Cayley graphs

We introduce the notion of 2-edge hamiltonian. This property is very impor-
tant to construct desired cycles in Section 4. A graph is 2-edge hamiltonian if,
for any two edges, it has a Hamilton cycle that contains these two edges. In
this section, we show that Cayley graphs Cay(&,,, S) are 2-edge hamiltonian.
We consider first the case of the star graphs, after that we consider the cases
of other Cayley graphs.

Lemma 10 The star graph ST, is 2-edge hamiltonian for n > 3.

PROOF. Prove by induction on n. When n = 3, STj is isomorphic to a
6-cycle.

When n = 4, from the symmetry of the star graph, it is sufficient to show
that there exists a set of Hamilton cycles C', Cs, ..., C} for some k such that
every Hamilton cycle includes an edge (1234,2134) and U, F(C;) includes
all (1,2)-edges and (1, 3)-edges. The following two Hamilton cycles C; and Cy
can form a desired set.

Oy = 1234, 2134, 3124, 4123, 1423, 2413, 4213, 1243,
2143,3142, 4132, 1432, 3412, 4312, 1342, 2341,
3241,4231,2431, 3421, 4321, 1324, 2314, 3214,

and
Cy=1234,2134, 3124, 1324, 2314, 3214,4213, 1243,
2143,4123,1423,2413,3412,4312,1342, 3142,
4132, 1432,2431, 3421, 4321, 2341, 3241, 4231.

Assume that the statement holds for some integer k£ > 4. Let «, § be edges in
STi11. By the symmetry of the star K, we may assume that o is a (1,2)-
edge and if the generators of a and [ are the same, § can be a (1,2)-edge.
Otherwise, we may assume that ( is a (1, 3)-edge.

Let ViUVLU- - -UViiq be a partition of V(ST}41) such that v € V; if vpq = 3.
From Proposition 8, each induced subgraph (V;) is isomorphic to ST}.. If alk +
1] = Blk+1] in STy1, by the induction hypothesis, there is a Hamilton cycle C



IkIQ oo e Ik—lxlxk—‘rl xk_,_lngg . xk_1x1$k

( <‘/$k+1> <V"Ek> )
T1T2 + * L1 TpT41Q) Q T 1T 12122+ + * T 2Tk,
\_/ \_/
/—\
Tp1T23 - - Ty O O TpTpp12120 -+ - - Tp_2Tg_1
| <Vx1> <‘/$k71>)
— /\
T1Tp4183%4 - TuT2 C ) Tp 1T 410102 "+ * T 3Tk Th—2
[(Va) (Vieo))

T3Tp41T1T4 * * - TpT2 Tp—3Tp4+1T1X2 * * * Tp—1TpL—2

Ti—1T41X1T2 "« - Tj—2Li41Ti42 " Ty

Vi) )|

Lip1Tp4+1T1T2 * * - Tj—2X5—1T442 * * * Ty

Fig. 1. A path P in STy,

that contains edges a and 3 in (Vyk41]). From the cycle C, we choose a (1, k)-
edge ¥ = (x1x9 -+ - Tpy1, TpTaks -+ Tp_1X1T441) such that z[k + 1] = alk + 1],
where x is neither o nor 3. By Theorem 9, such edge exists.

A path P on ST}, that contains an edge x shown in Figure 1 can be defined
based on the edge .

The path P contains exactly one edge e,, from each (V) where 1 <i < k—1.
By the induction hypothesis, there exists a Hamilton cycle in each (V) that
includes e,,. A path P’ of k x k! 4 2 vertices can be obtained by replacing e,,
by the corresponding Hamilton cycle in (V;,) for 1 <1 < k—1 and for (V;,, ),
we choose a cycle C' as a Hamilton cycle.

Both end-vertices of P are included in (V;,) and no internal vertices of P’ is
contained in (V, ). Since the distance between two end-vertices of P’ in (V)
is odd and by Theorem 6, there exists a path ) that contains all vertices in
(Va,) and end-vertices are the same as end-vertices of P’. Connecting P’ and
Q@ leads to a Hamilton cycle in ST}, that contains edges o and [3.

Let afk+1] # Glk+1] in STy41. If 5 is a (1, 3)-edge, we choose a (1, k)-edge x
such that x1 = B[k + 1] in (Vape41))- In other case, that is, if 8 is a (1, 2)-edge,
we choose a (1, k)-edge x such that o = B[k + 1]. By the induction, there
exist such edges and a Hamilton cycle in (V;, ) that includes edges a and x.

Then, make a path P similar to the case o[k + 1] = [k + 1].



To complete the proof, we must show that ( is not contained in P. If § is
contained in P and [ is a (1, 3)-edge, then 25 must be [k + 1]. However, we
assumed z; = [k + 1] and therefore a contradiction occurs. Similarly, another
case contradicts our assumption, thus /3 is not contained in P.

We will pay attention to the construction of a Hamilton cycle in (V1))
By induction hypothesis, we can obtain a Hamilton cycle in (Vjp41)) that
contains an edge (8 and the corresponding edge in P. A Hamilton path @ in
(Vy,) exists and therefore a Hamilton cycle in ST}, that contains edges o
and [ is obtained. O

Theorem 11 Let T be a tree with the vertex set{1,2,...,n}. Then Cay(S,,S(T))
s 2-edge hamiltonian for n > 3.

PROQOF. If T is a star, the theorem follows from Lemma 10. If 7" is a path,
it was already proved that BS,, is 2-edge hamiltonian [14]. Hence we assume
that T is neither a star nor a path.

Prove by induction on n. When n = 3, a tree of three vertices is a path (and a
star). When n = 4, a tree of four vertices is either a star or a path. For some
positive integer n = k > 4, we assume that the statement holds, and consider
the case n =k + 1.

Let T be a tree of k + 1 vertices such that it is neither a star nor a path. Let
a = (u,v) and f = (z,y) be any edges in Cay(Sy1,5(7)). Without loss of
generality, we may assume that u = 12---k(k + 1).

Since T is not a path, it has at least 3 pendant edges. Thus there is at least
one pendant edge e such that it corresponds to the generators of neither «
nor 3. From Theorem 7, we can assume that e = (k,k + 1), where k + 1
is an end-vertex of 1. Moreover, since T' is not a star, there is at least one
end-vertex which is not adjacent to the vertex k. We assume that one of those
vertex is 1 and a vertex adjacent to 1 is 2. Other vertices in T' are labeled
arbitrarily. As a result, the tree T" has pendant edges (1,2) and (k,k + 1) and
Cay(Sg11,S5(T)) has (1,2)-edges and (k, k + 1)-edges.

Let VU VLU~ - UV be the partition of the vertex set of Cay (&1, S(T))
such that v € V; if vg,1 = 4. By Proposition 8, the induced subgraph (V;) is
isomorphic to Cay (&, S(T) \ {(k,k+1)}.

To construct a Hamilton cycle, we choose some edges by the following proce-
dure.

(1) Fori=1,2,...,k+1,1let ¢; be a (1,2)-edge in (V;) such that e [k] = k+1
and e;[k] =i —1 fori > 2.



Fig. 2. Edges e; and f; in Cay(Sg41,5(T)).

(2) Fori=1,2,...,k, let f; be the coupled pair-edge of e;,1 with respect to
(k,k+1), and for i = k+1, fr41 the coupled pair-edge of e; with respect
to (k,k + 1). By the definition of e;, f; is a (1,2)-edge in (V;).

(3) Let €} be a (1,2)-edge in (V;) such that €}[k] = k, and let f; be the
coupled pair-edge of €] with respect to (k,k+ 1).

Figure 2 illustrates the 2k + 4 edges in the subgraphs (V;),i =1,2,--- [k + 1.

Since the transposition (k,k + 1) is not a generator of o and (3, ugi1 = vy
and xp11 = yro1. Hence it is sufficient to prove two cases for ug, 1 = xy1 and

Uk+1 7 Th1-

Casel: up.1 = Tp11

In this case, the edges o and (3 are in (Vj41). By the induction hypothesis,
there is a Hamilton cycle Cy1; of (Vi41) that contains edges o and .

Since k41 > 5 and Theorem 9, Cj1; has a (1,2)-edge f;,; that is neither
anor 3. Let p = fi,[k] and €], be the coupled pair-edge of f;,,; with respect
to (k,k+1) in (V,). In (V,), there exists a Hamilton cycle C, that contains
edges e, and f,.

Forie {1,2,...,k+1}\ {1,k +1,p,k}, (V;) has a Hamilton cycle C; in
(V;) such that it contains e; and f;. If p # 1, let C} be a Hamilton cycle in
(V1) that contains €| and f;. If p # k, let C, be a cycle in (Vj) that contains
er and f].

For cycles C; for 1 <i < k + 1, we define a merge sequence as follows:

Cit1,Cp, Cpia, .., Ok, C1, Cs, oL, Oy,

and thus we can construct a Hamilton cycle of Cay(Sy1, S(T)) that con-
tains a and 3. Figure 3 shows the construction of a Hamilton cycle when
alk + 1] = plk +1].
Case2: up1 # Tpi1

Let xp1 1 = ypy1 =t # k+ 1. If t = 1, from the induction hypothesis,
there exists a Hamilton cycle Cyyq in (Vi41) that contains « and ey, . For
2 <1 < k, we can obtain Hamilton cycles C; including edges e; and f;.
A Hamilton cycle C; in (Vi) contains edges § and f; which is a coupled



(Vit1) (Vp) (Vpr1) (Vp-1)

Fig. 3. A Hamilton cycle in Cay(&y1,5(T")) that contains given edges o and 3.

pair-edge of ey with respect to (k,k + 1). A merge sequence is defined as
follows:
Cl, CQ, ey Ck, Ck+1.

If t = k, from the induction hypothesis, there exists a Hamilton cycle
Cr11 in (Viy1) that contains a and fyy1. For 2 <i < k — 1, we can obtain
Hamilton cycles C; including edges e; and f;. A Hamilton cycle Cy in (V)
that contains edges e; and f; which are coupled pair-edges of fr,1 and eg,
respectively, with respect to (k,k + 1). A Hamilton cycle Cy in (V}) that
contains edges 3 and e, which is a coupled pair-edge of f;_; with respect
to (k,k+ 1). A merge sequence is defined as follows:

Ck+1,01, Cg, RN Ck

Ift # 1 and t # k, we can obtain a desired Hamilton cycle by the following
cycles.

e Let v be a (1,2)-edge in (V;;1) such that y[k] = t — 1, and + be the
coupled pair-edge of v with respect to (k, k+1) in (V;—1). By the induction
hypothesis, there is a Hamilton cycle Cyyq of (Vi) that contains edges
fi+1 and 7, and a Hamilton cycle Cy_; of (V;_;) that contains €, 1 and ~'.

e Let § be a (1,2)-edge in (V) such that §[k] = 1 and it is different from (3
(by Theorem 9, such edge exists). By the induction hypothesis, there is a
Hamilton cycle C; of (V;) that contains ( and ¢.

e Let 0’ be the coupled pair-edge of § with respect to (k,k + 1) in (V4).
By the induction hypothesis, there is a Hamilton cycle C; of (V}) that
contains f; and ¢’.

Then we can define a merge sequence Cy 1, Cg,...,Cii1,Ci1,Cyo, ..., C1, Ch.

Figure 4 shows the constructed Hamilton cycle of Cay(&yq,S(T)) that

contains a and § when alk + 1] # gk +1]. O

When the transposition graph G is not a tree, we consider the spanning tree
that includes two edges that corresponds to the transpositions of edges in the
Cayley graph. Then from Theorem 11, the following result is obtained.

Corollary 12 Let G be a connected graph with vertex set {1,2,...,n}. Then
Cay(6,,S(Q)) is 2-edge hamiltonian for n > 3.



(Vi) (1) (V2) (Vi-1)

Fig. 4. A Hamilton cycle in Cay (&1, 5(T)) that contains given edges a, .

4 Bipancyclicity of Cayley graphs

This section shows that the bipancyclic property of the Cayley graph generated
by a transposition set. Now we prove the case when the transposition graph
is a tree. When the transposition graph is not a tree, it is sufficient to prove
the bipancyclic property by considering a spanning tree of the transposition
graph.

Theorem 13 For a tree T with vertex set {1,2,...,n} such that n > 3, every
edge lies on an even cycle of length | > 6 in the Cayley graph Cay(&,,, S(T)).

PROOF. Since every Cayley graph is vertex-transitive, it is sufficient to
prove for n — 1 edges incident to the vertex x = 123 - --n. Prove by induction
on n. For n = 3, Cay(63,S(T)) is ST3 and forms a 6-cycle. For n = 4, the
tree with 4 vertices is either a star or a path. In both cases, the statement
has been shown in [11] and [14], respectively. We assume that the statement
holds for all n < k. Let T be a tree with k + 1 vertices. If T" is a star Ky,
then the statement holds from Lemma 3. We consider other cases. We choose
an end-vertex in 7" and put it a label £+ 1. The vertex adjacent to the vertex
k+1 is labeled by k. Since T is not a star, there is a pendant edge that is not
incident to the vertex k. The end-vertex of such edge may be labeled by 1 and
another vertex that is incident to the edge may be labeled by 2. Other vertices
in T" are labeled arbitrarily. By those labeling, (1,2)-edges and (k, k+ 1)-edges
are in Cay(Sy1,5(7)).

The vertex set V(Cay (&1, 5(7T))) is partitioned into V; U Vo U -+ U Viyy
such that v € V; if vg,; = ¢. From Proposition 8, each (V) is isomorphic to

10



the Cayley graph Cay(Sy, S(T) \ {(k,k+ 1)}). By the induction hypothesis,
for each edge e adjacent to x except (k,k + 1)-edge is contained in an [-cycle,
6 <I<El.

Now we suppose that k! +2 <[ < (k+ 1)!. Let | = ¢gk! + r where 1 < ¢ <
E+1, 0 <r < k! Although the method of constructing cycles described
below can not handle the case when r = 4, therefore we show that case after
the general method is shown.

Let Cyy1 be a Hamilton cycle in (Vjyq) that contains edges e and e, as
mentioned in Theorem 11. Similarly, let Cy,Cy_1,...,Cir_g+2 be Hamilton
cycles in (Vi), (Vi—1), ..., (Vi—q+2), respectively, such that each cycle C; con-
tains f; and e;. From Theorem 11, those cycles exist. By the assumption,
there exists a r-cycle Cy_,41 that contains an edge fr—g1 in (Vi_g41) where
r > 6. By the case r = 2, we choose an edge fy_;+1 as Cy_qy1. By merging
cycles Ciy1,Ck, Cr—1, . .., Ci—g+2, Ck—q+1, We can construct a cycle of length
[ = qk! 4+ r where r # 4 that contains an edge e.

Next, we show the existence of cycles of length [ = qk!+4 where 1 < ¢ < k+1.
Let Cky1 be a (k! — 2)-cycle which contains an edge e. By the induction
hypothesis, such cycle exists. From Theorem 9, there exists a (1,2)-edge f
different from e in Cy44. Let p = f[k] and e, be a coupled pair-edge of f with
respect to (k,k+ 1) in (V,).

(1) If ¢ < k+1—p,let Cp, Cpia, . .., Cpig—a be Hamilton cycles in (V},), (Vj41), -

respectively, such that each cycle C; contains f; and e; as mentioned in
Theorem 11, and C),1,_1 be a 6-cycle which contains e,,—1 in (V,4q-1)-
By the induction hypothesis and Theorem 11, those cycles exist. By merg-
ing cycles Cii1,Cp, Cpi1, ..., Cpiq—1, We can construct a (gk! + 4)-cycle
that contains an edge e.

(2) fg>k+1—p,let Cp,Cpin,...,Cro1,C,Cs, ..., Cyyp—o be Hamilton
cycles in (Vp), (Vpt1), .oy (Viem1), (Va), (Vs), ..., (Vy—ktp—2), respectively,
such that each cycle C; contains f; and e; as mentioned in Theorem 11,
and Cy be a Hamilton cycle in (Vj) which includes edges f, and e.
Let C; be a Hamilton cycle in (V;) which includes edges €} and f; and
Cy—k+p—1 be a 6-cycle which contains e, 4,1 in (Vy_ji+p—1). By the in-
duction hypothesis and Theorem 11, those cycles exist. By merging cycles
Ci41,Cp, Cpin, ..., Cy, C, s, ., Cy_yp—1, We can construct a (gk!+4)-
cycle that contains an edge e.

s (Vorg2),

For a (k, k+1)-edge that is adjacent to x, we partition the vertex set V(Cay(S11,5(T)))

into V; UV, U ---U Viyy such that v € V; if v; = 4, and apply the above dis-
cussion similarly. Therefore, every edge in Cay(&,,S(T")) lies on a cycle of
length [ > 6. O

11



<Vn_q>
Fig. 5. Al =q(n — 1)! + r cycle in Cay(&S,,S(T)) that contains an edge e.

Figure 5 shows a cycle of length | = q(n — 1)! +r, r # 4 that contains an edge
e in Cay(6,,S(T)).

By Theorem13, Lemma 3 and Lemma 5, we obtain the following theorem.

Theorem 14 If a tree T is neither a star nor a double-star, the Cayley graph
Cay(6,,S(T)) is edge-bipancyclic.

PROOF. Let T be a tree with n vertices, neither a star nor a double-star.
Then, for any edge e in T, there exists an edge disjoint from e. It means that
for any transposition in S(7T'), there exists a disjoint transposition, and any
edge lies on a 4-cycle derived from such pair of disjoint transpositions. From
Theorem 13, we conclude that the statement holds. O

For any pendant edge in double-star, it is easy to verify that there exists an
edge disjoint from such edge. From this fact, the following corollary is obtained.

Corollary 15 Let T be a double-star with n vertices. Then, any edge in
Cay(6,,S5(T)) generated by a transposition corresponding to some pendant
edge in T' is contained in even cycle.

The rest of this section considers the case when the transposition graph is not
a tree. Before we state the main theorem, we show an useful lemma.

Lemma 16 Cay (&3, S(K3)) is edge-bipancyclic.

PROOF. Cay(Gs3, S(Kj3)) is isomorphic to complete bipartite graph K s
and the desired result follows. O

We have the following characterizations of the bipancyclicity of the Cayley
graph generated by a transposition set.
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Theorem 17 Let G be a connected graph with V(G) = {1,2,...,n}. The
Cayley graph Cay (S, S(G)) is edge-bipancyclic if and only if G is neither a
star nor a double-star.

PROOF. From Theorem 13, it is sufficient to show that there exists a 4-cycle
which includes the given edge in Cay(S,,, S(G)). First, we show the sufficiency
of the statement.

Let G be a connected graph with n vertices, neither a star nor a double-
star. Let e be a (u,v)-edge in Cay(&,,, S(G)). Since G is neither a star nor a
double-star, if (u,v) does not lie on some cycle in G, there exists an edge f
that is not adjacent to the edge e. Let (u,v) lie on some cycle in G. Then if
the length of the cycle is at least 4, there exists an edge f. If the length of the
cycle is 3, from Lemma 16, e is contained in some 4-cycle in Cay(&,,, S(G)).
The necessity is shown by its contrapositive.

If G is a star, Cay(6,,, S(G)) does not contain any 4-cycle. If G is a double-
star, edges in Cay(6&,,S(G)) generated by the transposition which corre-
sponds to the edge in G which connects two non end-vertices are not contained
in the 4-cycle. O

Theorem 18 Let G be a connected graph with V(G) = {1,2,...,n}. The
Cayley graph Cay(6,,,S(G)) is vertez-bipancyclic if and only if G is not a
star.

PROOF. From Theorem 17, it is sufficient to show the case when G is a
double-star. From Lemma 2, for any vertex v in Cay(&,,S(G)), there ex-
ists a 4-cycle that contains v. On the contrary, if there exists a 4-cycle in
Cay(6,,S(G)), then there exists a pair of disjoint edges in G. If a graph G
is not a star, such pair exists in G. O

From Theorem 17 and Theorem 18, we obtain the next results for the trans-
position set.

Corollary 19 Let S be a transposition set on {1,2,...,n}. Then the Cayley
graph Cay(6&,,S) is edge-bipancyclic if and only if the transposition graph
T(S) is neither a star nor a double-star.

Corollary 20 Let S be a transposition set on {1,2,... ,n}. Then the Cayley

graph Cay(6,,, S) is vertez-bipancyclic if and only if the transposition graph
T(S) is not a star.
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