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Dc susceptibility in oxide superconducting specimens in field-cooled pro-
cess has been experimentally found to depend not only on applied dc mag-
netic field but also on size of specimens. The dc susceptibility is calculated
using the critical state model in which the diamagnetism and the flux-pinning
effect of superconductors are taken into account,. It is shown that a satu-
rated value of the dc susceptibility at sufficiently low temperatures, i.e., the
so-called Meissner fraction, decreases with increasing dc field and /or increas-
ing specimen size.

1. Introduction

In the early stage of characterization of oxide superconducting specimens, the
dc susceptibility at sufficiently low temperatures in field-cooled process has
been adopted, under the recognition that its value gives a volume fraction
of superconducting region in the specimens. However, it has been elucidated



[1,2] that the value of dc susceptibility varies with the external field even for
a field sufficiently smaller than the lower critical field at low temperatures.
The dc susceptibility has also been found [3] to depend on a size of specimens.
These facts show that the dc susceptibility in the field-cooled process is not
suitable for characterization of superconducting specimens.

The dc susceptibility directly corresponds to the magnetic flux distribu-
tion inside a specimen. There are two factors that determine the magnetic
flux distribution: the intrinsic diamagnetism due to superconductivity that
expells quantized magnetic fluxoids out of a specimen and the flux-pinning
interaction that prevents motion of fluxoids. The magnetic flux distribu-
tion in type II superconductors has been known to be well described by the
phenomenological critical state model. In this paper, the dc susceptibility
in superconductors in the fileld-cooled process is treated using the critical
state model. Dependences of the susceptibility on the dc magnetic field, the
specimen size and the pinning strength in specimens are discussed.

2. Critical State Model

In the dc susceptibility measurement in the field-cooled process, the dc
mangetic field is first applied to a superconducting specimen above the critical
temperature and the measurement is started with decreasing temperature.
For simplicity, we sppose that an infinite superconducting slab 0 < x < 2D is
put in the parallel magnetic field of intensity H, along the z-axis. Above the
critical temperature, T,, the magnetic flux density inside the superconductor
is uniform and equal to poH,.. From symmetry, we have only to consider
a half of the superconducting slab, 0 < x < D. When the temperature is
reduced to T'=T; = T.— AT(T > 0), the slab becomes superconduting state
and the deamagnetism appears. That is, equilibrium value of the magnetic
flux density is reduced from poH,. to a certain value, which is denoted by
poH. + M(Ty) with M(Ty) < 0. Since the equilibrium magnetic flux density
is reduced, excess of fluxoids are expelled out of the superconductor. If T}
is larger than the irreversibility temperature under the magnitic field of H,,
T;(H.), the critical current density is zero and no restrictional force acts on
fluxoids. Hence, the flux destribution inside the superconductor is uniform
and B = pgH, — M(T}), as shown in Fig. 1(a). When the temperature is
reduced to T = T,, = T;(H.) — AT, the critical current density with a fi-
nite value, AJ., appears and the flux distribution depicted in Fig. 1(b) is
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obtained. In the figure, the slope of the magnetic flux density is poA.J..
For further decreasing temperature, both the diamagnetism and the criti-
cal current density increase and we can expect the flux distribution given
in Fig. 1(c). Repeating this procedure, finally we have the flux distribution
shown in Fig. 1(d) at sufficiently low temperatures.

In the zero-field-cooled process, the flux distribution is much more easily
obtained. According to elevating temperature, both the diamagnetism and
the diamagnetic pinnintg interaction are weakened. Hence, the fulx distribu-
tion is always determined by the diamagnetic magnetization and the critical
current density at the measuring temperature alone, as shown in Fig. 2.

The flux distribution and the susceptibility at each temperature can be
easily calculated numerically, if the temperature dependences of the diamag-
netic magnetization, M, and the critical current density, J., are given. That
is, if the mean flux density is denoted by (B), the relative susceptibility is
given by

B
B
poHe

-~ (1)

Accoding to Abrikosov [4], the diamagnetic magnetization for the magnetic
field higher than the lower critical field H.,(T) is given by

M(T) = —epo[Ha(T) - H,), (2)

where ¢ = 1/1.16(2k? — 1) and the temperature dependence of Ginzburg-
Landau parameter k is neglected. The temperature dependent upper critical
field, H.o(T), is simply approximated as

Hoo(T) = H.o(0) (1 _ %) . (3)

Below the temperature, T,;, at which the lower critical field coincides with
the external field, we have

M(T) = —poH,, (4)

Since the magnetic field dependence of M just above H,. is complicated,
we approximate it by a linear extrapolation of Eq.(2) from highter fields, as
shown in Fig. 3. In this case € should be modified from the original result



by Abrikosov, 1/1.16(2k* — 1), in order to avoid a discrepancy at H,. For
this purpose we use

H.
e (5)
Hc2 - Hcl

E =

which is independent of temperature. Hence, € is changed by a factor of
log k/1.16. The characteristic temperature, T,;, is expressed as

Tcl = [1 - @] Tca (6)
with
H,

Usually the external magnetic field in the dc susceptibility measurement is
low and we can assume that the critical current density is rather independent
of the magnetic field but depends only on the temperature. Here we assume
as

7. 7) = A (1~ T ) (8)
Tc2

where n is a parameter not smaller than 1 in usual and T,y is a temperature

at which J. becomes zero. For simplicity, we assume that the irreversibility

is alive up to the phase boundary, B.(T). Thus, T., can be defined as a

temperature at which the external dc field coincides with the upper critical

field:
Tc2 - (1 - 6)Tc (9)

Usually 6 is much smaller than 1 and J. can be regarded as almost constant
with respect to magnetic field.

Examples of numerically calculated susceptibilities in field-cooled and
zero-field cooled processes are represented in Fig. 4, where we have used
poH(0) =100 T, T, =93 K, e = 5.13 x 107, poH, = 1.0 mT, D =1 mm
and n = 1.8. The value of A was varied from 1.0x10% to 1.0x10*® A/m?. The
dc susceptibility in the field-cooled process becomes saturated at sufficiently
low temperatures. These results qualitatively agree with various experimen-
tal data[5]. Since we assumed that .J. has finite value up to T,y as given in
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Eq. (8), x’s in the field-cooled and zero-field-cooled processes are different in
the whole superconducting region. The difference in two x’s becomes larger
for larger A (stronger pinning force). If we replace T., in Eq. (8) by T;(H.)
and substitute J. = 0 for T" > T;, the reversible region can be obtained, i.e.,
x’s in the two processes meet on the same curve for T; < T < T..

Although the above numerical calculation is simple, we cannot directly
see the dependences of the satuarated susceptibility at sufficiently low tem-
peratures on the magnetic field, the specimen size and the pinning strength.
Here we shall derive an analytic expression of susceptibility. The magnetic
flux distribution near the surface region is given by

B(z) = poH. + M(T) + poJo(T)x, (10)

which is represented by a linear part in Fig. 1(b) or 1(c). In the case of flux
distribution shown in Fig. 1(d), the saturated susceptibility is calculated
from an envelope, which is given by a locus of the penetration depth, xq, up
to which the linear flux distribution shown by Eq. (10) holds. That is, the
envelope is expressed by

0B(x)
T (11)

First, we treat the case of T' > T,.; where Eq. (2) is used for M(T). Under
the approximations given by Egs. (2), (3), (8) and (9), Eq. (11) is written as

€[H(0) — H,] ) T
An - (1—6)T.

Ty = ]lina (12)

The characteristic depth, xg, is indfinite at T' = T, and decreases monoton-
ically with decreasing temperature fos n > 1. The magnetic flux density at
this depth is obtained from Eq. (10), which is still a function of the temper-
ature, T. Elimination of T using Eq. (12) yields the envelope:

1
Az

5Hc2 (O)
n

B(x) = poHe = (n = 1)po (1= o)/ D ()Y (13)

for x > x.

It is to be noted that the above results are correct only for n > 1. For
dl‘o

n > 1, from Eq. (12) we have 2 > 0. In this case the penetration depth

of the linear flux destribution is not given by xo but by zj as depicted in



Fig. 5. The region of the linear destribution given by Eq. (10) is developed
according to decreasing temperature.

For the temperature below T,;, the diamagnetic magnetization is constant
and the boundary condition at the surface is fixed: B(0) = 0. Hence, the
flux distribution at T' = T, is “frozen” even at lower temperature than T,;.
That is, the susceptibility is saturated for T' < T,;.

3. DC Susceptibility

In this section we shall theoretically derive the expressions of the dc suscepti-
bility for various cases. If we represent the temperature at which xq coincides
with D by T}, we have

eH.(0)(1—6)
AnD

Ty = T.(1 - 8){1 - | -0y, (14)

First, we treat the case of Ty > T,;. This condition is written as
AnDH!™' > e"H(0)(1 — 6)". (15)

It can be seen that this condetion is more easily satisfied for larger and/or
more strongly pinned specimens. For T, > T > T, Eq. (10) represents the
flux distribution in the whole sample and we obtain

g Lt g st el (16)

For Ty > T > Ty, the flux distribution is given by Eqs. (10) and (13) in the
regions of 0 <z < xy and o < x < D, respectively. The susceptibility is

e?H%(0)(1 — 6)? T (n—1)2 [eﬂcz(o)

T on(2— n)DAHe[ (- 5)TC]H (2= n)(AD)/C-DH," n

(1—6)]"/ ™=V (17

For T' < T,;, the susceptibility is saturated t
e"Hy(0)(1 - 6)"

X = T ou2 - n)DAH 1
+ (2 — n)(&;))ll)/(nl)[{e [EHC; (0) (1 — 5)]"/(”*1)‘ (18)



It should be noted that Eqs. (17) and (18) hold for n # 2. In the case of
n = 2, it is easily shown that Eqs. (17) and (18) are replaced by

___¥H5®O—®T§
N 4ADH, 2

2AD T
1 1— Ty >T >T., (19
Og{chz(O)(l—é)[ (1-5):/1]}]’ 02T 2Ta, (19)
and
e?H%(0)(1—6)* [3 2ADH,
X = Xs=— 5 tlog ;
4ADH, 2 e?H2%(0)(1 — 6)?
T>T, (20)
respectivetly.

In the case of Ty < T, i.e., if Eq. (15) is not satisfied, the flux distribution
is given by Eq. (10) alone until 7" is reduced to T.;. That is, x is given by
Eq. (16) for Tey > T > T,y. For T < Ty, x is saturated to

_ ., ApH* (21)
Xs = 2[cH.(0)(1 — )"

The susceptibility for the case of n < 1 can also be obtained similarly.
The results are shown in Appendix.

In the zero-field-cooled process the magnetic flux distribution varies as
shown in Fig. 2. The distribution near the surface region obeys

B(z) = poHe + M(T) — poJ(T ). (22)

The point, =y, at which B reaches zero given by

"o Hel T _n
S S (e A
eH.(0)(1 — 6) T .
h [1— (1—5)7;] . (23)

This point appears only for T > T,; and its value increases monotonically
with increasing temperature and becomes infinite at T' = T,.,. If we represent
the temperature at which zy coincides with D, Ty can be obtained only
numerically. For T' < T,;, B = 0 throughout the specimen and we have
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x =0. For Ty < T < Tj, the flux distribution is given by Eq. (22) and
B(z) = 0 in the regions of 0 < z < z{ and zj < x < D, respectively. The
susceptibility in this case is

H. T ., €Hp(0)(1—90) T L
X o= “lHopalt- (1—6)Tc] - DA - (1—6)Tc]
e?HZ(1 - 6)? T ]Z—n. (24)

]_ _
SDAH, | (1—6)T.

For T' > T{', the flux distribution is expressed by Eq. (22) in the whole sample
and we have

eH(0)(1 — 6) T AD T
H, 1= (1— 6)Tc] a 2He[ (11— 6)Tc] '

X=- (25)
These results on the susceptibility in the zero-field-cooled process hold also
for 0 <n <1.

4. Discussion

Here we discuss the teoretical result obtained from the critical state model
with respect to dependences of the saturated susceptibility on external mag-
netic field, sample size and pinning strength.

The saturated dc susceptibility, x,, depends on the external magnetic
field as shown in Fig.4. Figrure 6 represents the observced x, for single
crystal La-Sr-Cu-O (D=0.1 mm) vs the magnetic field along the a-axis [3, 4].
The solid line is the theoretical result with 7. = 35 K, poH(0) = 27.3 T,
e=5.13x10""* A =32x10"" A/m? and n = 1.8. Agreement is satisfactory
in spite of various asumptions in the theoretical calculation. It should be
noted here that such a large value of A cannot be obtained from a hystereses
in dc magnetization curve by using Bean’s model for a large sample. That
is, the field necessary for a complete penetration of the flux is fairly high
for a large sample and the critical current density varies largely inside the
sample. In this case, a fit of the dc magnetization hysteresis to the model
in which the field dependence of the critical current density is taken into
account is better. For n > 1, the depth of linear flux distribution, xg, is very
large near T,5. This means that the magnetic flux expelled from the sample
is relatively larger when a variation in B(0) from uoH, is smaller. Hence,



it can be qualitatively explained that the saturated dc susceptibility, —y; is
larger under a smaller magnetic field.

Figure 7 depicts the sturated dc susceptibility vs magnetic field for var-
ious sample size. Figure 8 is a replot of Fig.7 and shows the sample size
dependence of —y, The value of —y, becomes smaller for a larger sample.
Observed —y,’s in a single crystal and powders of Bi-Sr-Ca-Cu-O [6] are
shown in Fig.9. This result qualitatively agrees with the predicted sample
size dependence by the critical sate model. Since the magnetic fulx is ex-
pelled from the sample surface, the more flux is remained inside the larger
sample, resulting in smaller — ;.

The dependence of —x, on the pinning strength, A, is shown in Fig.10.
The value of —y; becomes smaller according to increasing pinning strength.
This is natural, since stronger pinning interaction traps more magnetic fulux
inside the sample.

As shown in this paper, the value of dc susceptibility in the field-cooled
process at sufficiently low temperatures depends on strongly on external mag-
netic field, sample size and pinning strength, although the volume fraction
of superconducting region, i.e., the true Meissner fraction is assumed to be
100 %. This means that —y, does not give correct value of the Meissner
fraction and characterization of samples by measurements of —y; is not jus-
tified. In particular, underestimate of a quality of sample is significant for a
large and strongly pinned sample. Figure 11 shows the observed susceptibil-
ities of a melt-processed Y-Ba-Cu-O in the field-cooled and zero-field-cooled
processes at poH, = 5 mT [5]. It is well known that this material has a
high quality and strong pinning force even for a sample with large size [7].
In general, samples with large J.’s and moderate sizes are needed from the
viewpoint of application. In this sense, a sample with smaller —y, in the
field-cooled process is rather of better quality.

It is shown that the behavior of trapped magnetic fulux in a supercon-
ductor can be qualitatively described by the simple critical state model. In
a strict sense, however, a long-range diamagnetic force on trapped fluxoids
which has been observed in low T, superconductors [8] might be involved
below H. in high T, superconductors, too. If it is so, fluxoids would be
continuously expelled from the sample according to decreasing temperature
even below T,.;. This is not clear at this moment and further detailed inves-
tigation is necessary in order to exactly understand the magnetic behavior
in high T, superconductors.



Appendix

i)n<1
The flux distribution in this case changes as shown in Fig. 5 with decreas-
ing temperature. The position, xj, at which B reaches poH, is expressed as
, eHeo(0)(1—0) T

T = 1 [1— = 5)TC]M' (A-1)

If Ty’ denotes the temperature at which zy is equal to D, we have

eH(0)(1 = 6)

Ty =T.(1—6){1 - /=1y, A-2
s =T - )1 - [ ey (4-2)
In the case of Tj > Ty, i.e.,

ADH,"' < [eHn(0)(1 — 6)]", (A-3)

the susceptibility is given by

e?H%(0)(1 — 8)? T 2

= 1— " A-4
2ADH, [ (1-— 6)Tc] (A-4)

for Ty < T < T, Eq. (16) for T,y < T < Tj and Eq. (21) for T < T,y. If
Ty > Ty, the susceptibility is given by Eq. (A-4) for T,y <T < T, and
[eHeo(0)(1 — 0)]"

— s — — A_5
X=X 2ADH," (4-5)

for T'<T,.
(i)n=1

Equation (A-1) for the characteristic depth, zj, is useful also in this case.
Now zy is independent of the temperature. If x5 > D, we have Eq. (16) for
T > T > T, and Eq. (21) for T < T,4.If 2y < D, we have Eq. (A-4) for
T >T > T, and Eq. (A-5) for T < T,.
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Figure Captions

Fig. 1. Schematic illustrations of variation of flux distribution inside a
superconductor in field-cooled process: (a) Flux distribution is
uniform for 7> T;. (b) When T is decreased from T; by AT,
irreversibility appears and some flux is prevented from going
out. (¢) Diamagnetism and pinning effect become stronger with
decreasing temperature. (d) Flux distribution at sufficiently

low T'.
Fig. 2. Variation of flux distribution in zero-field-cooled process.
Fig. 3. Simplified magnetic field dependence of intrinsic magnetization.
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Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

10.

11.

Examples of numerically calculated susceptibilities in field-cooled
and zero-field-cooled processes for samples with various pin-
ning strength. Used parameters are T,=93 K, p1oH.»(0)=100 T,
£=5.13x10"%, n=1.8, D=1 mm, poH.=1 mT and A=1.0x108,
1.0x10° and 1.0 x 10'° A/mz.

Variation of flux distribution in field-cooled process for n <1.

Saturated susceptibility vs magnetic field. Symbols show ex-
perimental result on La-Sr-Cu-O single crystal [6] and a solid
line represents the theoretical result.

Saturated susceptibility vs magnetic field for various sample
sizes. Assumed parameters are T,=93 K, pgH.(0)=100 T, ¢ =
5.13 x 1074, A=1.0 x10° A/m? and n=1.8.

Sample-size dependence of saturated susceptibility at poH.,=1.0mT.
This is a reprot of Fig. 7 and the other parameters assumed
are the same.

Observed saturated susceptibilities in a single crystal and pow-
ders of Bi-Sr-Ca-Cu-O [6].

Saturated susceptibility vs magnetic field for various pinning
strength. Assumed parameters are T,=93 K, poH.(0)=100 T,
e =513 x10"* n=1.8 and D=1 mm.

Y

Susceptibilities of a melt-processed Y-Ba-Cu-O in field-cooled
and zero-field-cooled processes at pgH.=5 mT.
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