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1 Introduction

The use of the small gain theorem is one of popular theoretical tools for assessing stability of inter-
connected systems. Indeed, the small gain technique forms the basis of most popular linear robust
control methods such as [2, 6, 31, 3] and references therein. Roughly speaking, if an appropriate
composition of the size of two systems is smaller than unit, the feedback interconnection of the
two systems is guaranteed to be stable. Scaled £,-gain has been found reasonable and popular
in measuring the size of linear systems. However, it has been widely known that boundedness of
such linear gains is far too strong a requirement for a nonlinear system. Thus, different points
of view such as notions of nonlinear gain [27, 17, 30] have been needed to deal with essential

nonlinearities.

Recently, an idea of ‘nonlinear scaling’ has been introduced into the Ls-gain of nonlinear systems
by [10, 11]. These papers employ scaling factors which are functions of state variables so that
the gain is not a linear gain any more. The notion of state-dependent scaling allows one system
of a feedback interconnection comprising two systems to have infinite L£o-gain. The other system
in the loop is still required to be Ls-gain bounded in primitive results presented in the previous
papers [10, 11]. In spite of this limitation, the setting has fitted robust control of uncertain
nonlinear systems successfully[11, 12]. Indeed, the £o-gain ball is one of popular models to describe
uncertainties. The Lo-gain is the ratio between the average power of output and input of a system,
which is the direct extension of the peak magnitude of the bode frequency plot to nonlinear
systems. However, if we have more knowledge on the uncertainty such as nonlinear gain other
than linear gain, the result based on [10, 11] might be too conservative. The previous papers
[10, 11] could employ state-dependent scaling only for static uncertainties so that its capability of
global stabilization is limited in the presence of dynamic uncertainties. The problem of disturbance
attenuation was not addressed either.

In the last decade, global stabilization of nonlinear systems with unknown parameters and un-
certain static nonlinearities has been extensively studied in the literature of nonlinear control.
For instance, backstepping with parameter uncertainty in strict-feedback systems has been con-
sidered in [25, 23, 20, 5] and references therein. Unknown unmodeled dynamics has attracted
less attention than static uncertainties. The effect of unmodeled dynamics is essentially different
from static uncertainty in that inadequate high gain domination leads to the loss of robustness to
unmodeled dynamics[26], and dynamic uncertainties often cause drastic shrinking of the region
of attraction[21]. At the present time of writing, there are several tools concentrating on such
troublesome uncertainties. A gain margin for a fixed linear unmodeled dynamics at control in-
put was investigated in [21] and dynamic nonlinear damping was introduced. Linear unmodeled
dynamics was also considered in [16]. These results have been extended to nonlinear unmodeled
dynamics by [24]. Optimal control posses a certain margin of stability in the sense of [26]. In-
verse optimal control is, however, not sufficient to secure global robustness to general classes of
dynamic uncertainties although it may establish robustness to static uncertainties. The concept of
robust control Lyapunov functions defined in [5] is not applicable to dynamic uncertainties either.
Usually, redesign of control Lyapunov functions are required to robustify control against dynamic
uncertainties[19, 7, 13, 1]. One has yet to develop a tool which unifies treatment of static and



dynamic uncertainties in global nonlinear stabilization.

In this paper, the concept of state-dependent(SD) scaling is extensively developed further in a
fruitful from to deal with global control of nonlinear systems described by interconnection of
nonlinear-gain bounded dynamic systems. Advanced state-dependent scaling factors are proposed
for the first time to achieve this goal. Thereby, the use of linear small gain and nonlinear small
gain is unified successfully within a single framework which locally falls in with popular linear
robust control. Thus, the SD scaling approach becomes a natural extension of popular scaling
techniques in linear H* control to nonlinear systems. The SD scaling concept of this paper not
only allows nonlinear gains, but also brings in a unique way of constructing non-quadratic (control)
Lyapunov functions directly. The development is considered as a global robustification of the
previous results[5, 11] against dynamic uncertainties and an extension of them to Lo disturbance
attenuation problems. This paper allows scaling factors to depend on state variables even in the
presence of dynamic uncertainties and exogenous disturbances. Dynamic and static uncertainties
are treated in a unified way so that design formulas for the two types of uncertainties are identical.
A difference only appears in classes from which scaling factors are chosen. This paper does not
limit dynamic uncertainties to input unmodeled dynamics either. They are allowed to enter a

system in a general manner.

The main purpose of this paper is largely to present a unique solution to a new problem for
interconnected uncertain nonlinear dynamic systems. In brief, the primary goal is to design non-
linear controllers which achieve three control objectives simultaneously. One is global asymptotic
stabilization and another is disturbance attenuation in a Lo-gain sense. These two properties are
required to be robust against all admissible uncertainties. The other one is to secure desirable
local properties of the nonlinear control in the way that nonlinear controllers are identical with
robust linear H* control at the equilibrium. The SD scaling characterization developed in this
paper leads to an explicit construction of partial-state nonlinear feedback laws which are natural
extensions of linear robust H® controllers. This point is quite unique and useful in practice.
For a class of interconnected systems, the control laws are systematically generated by selecting
SD scaling factors and parameters of the coordinate change recursively. The design equations
are obtained as affine algebraic inequalities with respect to the design parameters, so that the
SD scaling approach is advantageous to systematic numerical computation as well as analytical
computation. This feature contrasts with the past literature in constructive nonlinear control.
The layout of interconnected uncertain systems for which this paper guarantees the existence of
solutions is broader than setups considered in previous papers [8, 22, 29, 9] which deal with £
disturbance attenuation. Thanks to SD scaling and non-quadratic Lyapunov functions generated
by the scaling, this paper allows uncertainties to be dynamic and linearly unbounded as well. For
much more general systems, nonlinear weighting in the level of Lo disturbance attenuation and
a nonlinear gain margin are addressed in this paper. This paper also introduce a new class of
nonlinear uncertainties including systems which are not input-to-state stable.

This paper is organized as follows. Section 2 starts with a general description of nonlinear systems
subject to dynamic and static structured nonlinear uncertainties. In Section 3, a new class of non-
linearly bounded uncertainties is defined. Section 4 develops a novel concept of state-dependent
scaling for dynamic and static uncertainties. Global stability and the level of Lo disturbance
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Figure 1: Interconnected nonlinear system X

attenuation of the uncertain nonlinear systems are recasted as a state-dependent scaling prob-
lem, which forms the basis of this paper. After Section 3, the topic is shifted to a partial-state
feedback controller design problem which is formulated in Section 5. The design goal consists of
global stabilization, Lo disturbance attenuation and local matching with scaled H* linear con-
trollers. Section 6 introduces a new class of uncertain systems, which is called the generalized
robust strict-feedback form. For this wide class of systems, the existence of controllers is demon-
strated in Section 7. The section also proposes a recursive procedure to construct partial-state
feedback controllers. In addition, a result of nonlinear gain margin and nonlinear weighting in Lo
disturbance attenuation is presented. An example is provided to illustrate the proposed methodol-
ogy. Section 8 gathers some important modifications. Another set of new state-dependent scaling
which guarantees solutions to another class of systems is also presented briefly. Some conclusions
are drawn in Section 9. Proofs can be found in Appendix.

2 General layout of interconnected system

Consider the nonlinear uncertain system Y comprising a time-invariant system Xj; and a time-
varying uncertain system A shown in Fig.1. The lower part Xj; is described by

= A(x)r+ B(x)w x(t) e R"
XM {Z = nggxiDEx%w ’ w((t)),ez(t) e Rp+a (1)

wy ?1 w,(t), Zz<t) € RPi
w= w2 , 2= 22 , p; >0
Wi, Zm p= Z?ll bi
71 €1 T‘Z‘(t), ei(t) € R
r= TQ , e= 632 , q >0
Tm em q= Zznll q;
w1 Z1
wi:[l,’lj;], Zi:|:2:| ERPITE p= w2 , Z= 22
Wi, Zm

The matrices A, B, C, and D are assumed to be C° functions of . The part ¥ which is a
nonlinear mapping from z to w consists of the following mappings.

.. | *Es | Wis o Ais 0 )
A zi= [sz} = w; = {wid] . W= { 0 Aid} zZi . (2)
Here, A;s and A;q represent a time-varying static system and a time-varying dynamic system,

respectively. It is unnecessary for A; to have the both types. The static part A;s and the dynamic



part A;q are defined by

Ais : wis = ha,, (Zis, t) (3)
L. xAz = fAid ('rAiv Zid, t)
Azd : { Wig = hAid (I'Al,t) 5 (4)

We assume fa,,(0,0,t) =0, ha,,(0,t) = 0 and ha,,(0,t) = 0 for all ¢ > 0. Functions fa,,, ha,.
(x stands for s or d) are locally Lipschitz in (za,, zix) on R x RP* uniformly in ¢ € R. In
order to assure the well-posedness of the interconnection (X7, Xa), the static mapping between
w and z seen as a part of the direct-feedthrough matrix D(x) is assumed to be zero. The system
YA represents uncertainty arising from the system X so that knowledge of the functions fa,,,
ha,, and hp,, is unnecessary. We only assume that information about nonlinear or linear gain
is available in a sense described in Section 3. The state of the whole interconnected system X
is 1y = [¢7, 28T = [xT,ajzl,x&, e ,mgm]T € R"a_ The system X is said to be globally
uniformly asymptotically stable if the equilibrium x., = 0 is globally uniformly asymptotically
stable. In this paper, the system X is said to have Lo-gain less than or equal to 7 if there exists a
storage function V' (z.) which is positive definite and radially unbounded in z such that for all
initial states x4 (0) € R™""A and all r € £[0,T], the inequality

T
V(za(T)) < V(za(0)) +/O (Tl lI* — llel|*)de

holds for all T' > 0.

3 Nonlinearly bounded uncertainty

This section defines a class of nonlinearly bounded systems for describing the uncertainty Xa. It
will be shown that input-to-state stable systems fall into that class under a mild assumption.

In this paper, the uncertainty ¥ is supposed to belong to the following class of nonlinearly
bounded systems.

Assumption 1 The uncertain system X satisfies (1) and (ii) for each i =1,2,...,m.
(i) There exists a C° function ;s : [0,00) — [0,00) such that
lwis | < is(llzis )l 2251 (5)
holds for all t € [0, 00).

(ii) There exists a CO function 1;q : [0,00) — [0,00) and a C* function Wa; : [0,00) x R™% — R
such that

B,(lzall) < Wai(t, za,) < Bi(llza, ) (6)

OWpni  OWp
+ sy <Bilan,) = lwial > +ia(l|zial || zial|*

hold for all (t,za,;, ziq) € [0,00) x R"*i x RPid  where B, and B; are class Koo functions, and
B; is a positive definite CO function of za, .




A system Y is said to be admissible if Assumption 1 is true. The assumption does not require
uncertain systems to have finite £o-gain. Instead, they are supposed to have finite nonlinear-gain.
When A;s (A;q) exhibits finite Lo-gain, the parameter ;s (g, respectively) in Assumption 1
reduces to a positive constant. In such a case, we obtain ;s = %‘23 and ;g = %Qd, where ;s
and ;4 are Lo-gain. The new class of uncertain systems is broad and it includes input-to-state
stable(ISS) systems in the following sense.

Lemma 1 (i) Suppose that a static system A;s admits class Koo functions o; and o; such that

ai([lwisl)) < oi(]l2is]) (8)

holds for all t € [0,00) and

< +00 (9)

holds. Then, there exists a C° function ;s such that (5) holds for all t € [0, 00).

(ii) Suppose that a dynamic system Ayq admits a C' function Va; : [0,00) x R™ — R such that

ai(lzall) < Vai(t,za,) < @llza, ) (10)
8VA1‘ aVAZ
< —q ) . .
ot + anAi fAzd = al(HxAZH) +01(||zzd||) (11)

are satisfied for all (t,za;,ziq) € [0,00) x R™i x RPid where a;, @; and o; are class K
functions and o; is a class K function and they satisfy
lwiall® _ oi(llzal)

— o <+o00, lim ————=<+00 (12)
lea, -0 ai(flzal]) lziall—0 [ 2iall?

uniformly in t. Then, there exists a C° function g, a C* function Wa;, class Koo functions
B, and B; and a positive definite C° function 3; such that (6) and (7) hold for all (t,za,, Zid) €
[0,00) x R4 x RPid,
The proof exploits a technique introduced in [28] and appropriate modifications. According to the
proof, a function ;s can be obtained from

(a0 0i(5))? < ahis(s)s> Vs € [0,00)

(2

A choice of ;4 is a function satisfying
[g0dioa; ! omoi(s)] oi(s) < vials)s?

for some 7; > 1 and m; > 7;/(7; — 1). Here, ¢ : [0,00) — [0,0) is a non-decreasing C° function
such that ¢(s) > 0,Vs > 0 and

7i[lwial|?

SO Yt aa,) € R x R
iz, )

qoa;(lzall) >

Then, (; is obtained as

fitaa) = (1= 2 = Y leoaileal)asloa, )

7 K3

6



Note that §;(xa,) can be always chosen as a class Koo function of ||z, || for ISS systems defined
in Lemma 1(ii). The existence of all functions appearing in the above are guaranteed by Lemma
1. It is emphasized that Assumption 1 admits systems which are not ISS. To bring out a better
interpretation of Lemma 1, we define

~ 1/2
Zijs = Uis(zis) = 1/}15/ (”ZiSH)ZiS

N 1/2
51 = via(zia) = Ui (|12iall) zia

Lemma 1 demonstrates that the mappings A;s and A;4 can be decomposed into A;; = Aisovis(zis)
and Ay = Ay o0 vid(ziq). Here, new mappings Ais t 3is — wis and Ay 1 24 — w;g are globally
Lo-gain bounded due to (5) and (7), respectively. An example of nonlinearly bounded static
mappings which violate (9) is w;s = ha,, (2is) = \/]|zis|]] which is not Lipschitz at z;; = 0. Indeed,
if ha,,(zis,t) is Lipschitz at z;s = 0 uniformly in ¢ as assumed in Section 2, there always exists a
class Koo pair of {a(s),o(s)} satisfying (9) and (8). Therefore, a static nonlinear mapping A :
Zis — W;s can be always decomposed in such a way. A dynamic nonlinear mapping A;q : 2;q — Wiq
is guaranteed to be decomposable under the condition (12). The condition together with (11) is
common in asymptotic analysis based on the nonlinear small-gain technique[14, 15, 17]. It is
known that (12) is always satisfied for appropriate functions «; € Ko and o; € K if the Jacobian
linearization of A;q at za, = 0 is uniformly asymptotically stable(e.g. see [18]).

4 SD scaling characterization

This section derives a characterization of global robustness properties of the interconnected system
Y via a generalized concept of state-dependent (SD) scaling which incorporates the nonlinear gain.

In order to characterize the robustness of the interconnected system X, this paper introduces
several new classes of SD scaling factors associated with uncertain components. First, a set of
scaling factors associated with dynamic components A;q4 is defined as

&= {@uta) = oalVo(@)) | %47 9]
ba(-) €C°  ¢a(s) >0, Vs €[0,00), g >0

13
Jue() € K s.t. - > pe(s), Vs €[0,00) (13)
ba(s)

for i = 1,2,...,m. Here, the block partition of ®;; is compatible in size with that of [zL,el]T.
All sets ®;4, i = 1,2,...,m are defined with a common function ¢4(-). The parameters ¢;q for
i=1,2,...,m are constant. The function Vy(-) is a C® function R™ — [0, 00) of the state z, which

has yet to be defined. For static components A;s, a set of scaling factors is defined by
;s = {Dis(x) = is(x) : dis(-) €C% ¢is(x)>0 Vo eR"} (14)

The identity matrix I is compatible in size with z;;. The definition of ®;; is similar to state-
dependent scaling factors employed in [11, 10]. The new scaling factor ®;; is different from those
SD scaling factors in that the growth rate of the state dependence is constrained. Note that
constant scaling factors are members of the set ®;4, i.e., a matrix ®;4 with a positive constant ¢q



belongs to ®;4. The following lemma will play an important role in constructing non-quadratic
Lyapunov functions with the new SD scaling.

Lemma 2 Suppose that n(x) is a C' function of x € R™ which is positive definite and radially
unbounded. Let ¢(-) be a C° function which fulfills the following properties.

¢(s) >0, Vs € [0,00)

() € K s.t. @ > u(s), Vs € [0, 00)

Then, the function

n(@) 1
C(z) = /0 Rl

is Ct, positive definite and radially unbounded.

For i =1,2,...,m, define ®;(z) as

# = (o= "4 o 0] 35 ESS ) a5

Using C° functions 1;q, ;s : [0,00) — [0,00) in Assumption 1, define ¥(z) as

U(z) = blocﬁidiag U, (z) (16)
i=1
Pis ([l 2is )21 0 0
Vi(z) = [ 0 Yia(llzal)'?1 0 ] (17)
0 0 Gy

The block diagonal structure of ¥; is conformable in size to the partition z; = [z}, zij;l, el1T. The

scalar 7 is a positive number to describe the level of disturbance attenuation. We are now ready

to define three sets of SD scaling matrices by

P = {@(m) = blocl@diag b(z), ®; € @i} (18)
i=1

© = {6(z) : R" - RIHD*+0 ©()eC’, 6(z) >0 Vo € R"} (19)

¥ = {W(a) : RY - ROFDXCH, w()eC?, B(a) > 0 va € R") (20)

All scaling matrices ®, © and ¥ are ‘state-dependent’.

Based on the triplet of new scaling matrices defined in the above, we shall characterize stability
and L9 disturbance attenuation of 3 shown in Fig.1. Consider a diffeomorphism between x € R"
and y € R" as follows:

x =S(z)x . (21)
The time-derivative of x is obtained as
X = SZx,gix,---,;im T+ S(z)t =T(x)T .

Let x| and x(,) denote

_ T _ T
X[k = X1 X255 Xkl s X)) = Xt 1 Xet 25 5 X

respectively. Note that x = x[,) = x(1)- The following is the main result of this section.

8



Theorem 1 Suppose that there exist an integer k € [0,n], constant symmetric matrices Py €
RFEXE, Peyry € RM=r)x(n=K) " and SD scaling matrices ® € ®, O € O, U € ¥ such that

S—TATTT=Z+=ETAS™ ZETB S~TCTVa
BTTT= -6  DTvd |<0 (22)
PUCS! oD -
P 0
p=|"Md 2
{0 Py | >0 (23)
0<d (24)
U< (25)
are satisfied for all x € R™ with
T
_ I X PleXpm o w21
V(o) = { Xl » %2 (26)
— | 1 0
=@) = [ 0 Ga(Vo(@)lnr ] © 27)
Then, the system X is globally uniformly asymptotically stable, and it has Lo-gain less than or
equal to T.
In the case of k = 0, scaling factors ®;4, 7 = 1,2,...,n defined in (13) become constant matrices.

For systems Yj; with ¢ = 0 (equivalently, @ = w and Zz = z), Theorem 1 only addresses stability.
Note that Z = P holds if Kk = n or if K = 0 and ¢4(0) = 1. In the case of {¢ =0, Kk =0, ¢g = 1,
© = ®, U = [}, Theorem 1 reduces to the primitive result of [11]. In Section 7, it will become
clear that the choice k = 0 is not sufficient for ensuring the global properties if the system X

involves dynamic components in YA or signals for Lo disturbance attenuation.

The Lyapunov function employed in the above theorem is

Vo) (Xe1) 1 LA
V(t,rg) = / ds + X1y Pl 1) Xina1) + O GiaWailt, zas) (28)
0 ba(s) i=1
The first term of the Lyapunov function is in a form which is similar to recent Lyapunov tech-
niques(e.g. [27, 17, 19, 26]). It, however, rises from different purposes and its role and mechanism
are distinct from them. In this paper, the integrand 1/¢4(s) in (28) is given a character of scaling
and the function is determined directly by the matrix inequality (22). Theorem 1 demonstrates
how to construct the integrand for guaranteeing stability and disturbance attenuation with respect
to the uncertain dynamics X explicitly. An explicit procedure for selecting ¢4(s) for a wide class

of nonlinear systems will be also explained in this paper.

It is worth mentioning that the SD scaling characterization presented in Theorem 1 does not
require the system to fit in some geometric structure, such as strict-feedback form, which is
necessary in backstepping and nested controller designs[20, 5, 29, 15].

In the cases of kK = 0 and k = n, the inequality (22) implies that the ‘scaled’ system

i = A(z)z + B(z)0 V2w
z =200 (2)x + /20D (2)0" 2w
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Figure 2: Interconnected plant Xp

has Lo-gain less than one with a storage function 7 ST PSz. Here, ©~1/2

is scaling at the distur-
bance input, and ®1/2¥ is scaling at the regulated output. The original system (1) unnecessarily
has Lo-gain less than one since ®, © and ¥ are functions of the state x. Indeed, it is unnecessary
for the original system (1) to have finite Lo-gain. In addition, the uncertain system X4 is allowed
to be linearly unbounded. In this sense, Theorem 1 is much more general and less conservative

than the classical input-output small-gain theorem.

5 Design problem setup

From this section, we consider feedback controller design for the nonlinear plant ¥p shown in
Fig.2. Let x denote the state variable of 3. Several control objectives are posed to the feedback
design at the same time. The design goal is to find a partial-state feedback controller of the form

Yk u=K(z)x (29)

which

e globally uniformly asymptotically stabilizes ¥ p
e makes the mapping between r and e have Lo-gain less than or equal to 7

e is identical to a scaled H™ linear controller given arbitrarily at the equilibrium point.

The state za of the uncertain system > a is not measured for the feedback. We assume that X
in Fig.2 is described by

o { &= A(z)r + B(x)w + G(x)u z(t) eR™, u(t) eRP

z=Cla)z + D(x)w + H(z)u o(t), 2(t) e RV (30)

We also assume that the uncertain system X is admissible as defined in Section 3.

The feedback connection consisting of ¥y and X g corresponds to ¥,s in Fig.1, and the whole
system comprising g, X g and X is regarded as ¥. According to Theorem 1, the system X p is
globally uniformly asymptotically stabilized by a partial-state feedback controller ¥ 5 and achieves
Lo-gain less than or equal to 7 if there exist P > 0, ® € &, © € © such that (23) and
STATTT=4+2TAS ETB STCTUd
M = BTTT=Z -0 DTvd | <0 (31)
dUCS U D -
0<d (32)

10



are satisfied for all x € R™ with (26-27) and a given matrix ¥ € ¥ meeting the constraint (25),
where A and S are given by

32[15;1}’ A=[A G|, ¢=[C H]

In addition to the above global properties, this paper takes into account local properties of the

_ Of(z,w,u) B _ Of(z,w,u)
4= 2GR0 = a0, = TR0 = p0)
_ Of(z,w,u) B _ Oh(z,w,u) B
Q - 81}, I?E(())_ G(O)a Q - ax %gé_ C(O)
_ Oh(x,w,u) B _ Oh(z,w,u) B
D= dw %gé_ D(0), H = ou 3’508_ H(0)
f@,w,u) = A(z)z + B(z)w + G(z)u
h(z,w,u) = C(x)z + D(x)w + H(z)u

which define a Jacobian linearized system of ¥g. The control law v = Kx with a constant gain
matrix K is said to be a scaled H linear controller if there exist a constant matrix X > 0 and
constant scalars @js > 0 and de >0,7=1,2,...,m such that

(A+GK)"X+ X(A+GK) XB (C+HK)"v(0)®
M = ~ BTx —® T9(0)® <0 (33)
QT(0)(C + HK) 2¥(0)D ~o
. o1 00
® = block-diag | 0 @jdl 0] (34)
i=1 0 0 I

are satisfied. Here, the block-diagonal partition of ® in (34) is compatible with the partition of
Z. According to linear robust control theory(e.g.[6, 3]), such parameters X, st and Qj g exist
if and only if the linear control gain K achieves robust stability and robust H* performance of
mappings A; whose constituents have L£o-gain less than or equal to diagonal elements of W(0).
Recall that 1;5(0)'/2 and 1);4(0)'/? represent local Lo-gain of each uncertain components. Thus, it
is practically desirable that the nonlinear controller ¥ agrees locally with the scaled H linear

controller, i.e.

Oz =0

In this way, this paper seeks a nonlinear controller which is a natural extension of a linear con-

troller.

6 A class of uncertain systems

This section defines a new class of uncertain nonlinear plants Xp shown in Fig.2. For that class,

this paper will give control laws solving the partial-state feedback problem formulated in Section

11



5. Consider the system Yy described by (30) with a scalar input p = 1. Let m = 2n. Signals are
partitioned as follows:

P N . wi(t), zi(t) ERP, u(t) eR (35)
v ri |7 e |7 ri(t),e(t)eREL
[ wp [z ]
(Cp) 2 pi =0, ¢ =0
w= : , 2= : , ) )
Wan—1 Zam—1 | p=2lpi 4= G
L Won | L *2n |
i w1 1 [ Z1 1 T €1
w2 z2 T2 €2
w= : , 2= : , = : , e= :
Wan—1 22n—1 To2n—1 €an—1
| Won | L 22n | T2n €2n

Then, the uncertain system > a is a mapping in the block-diagonal form of
2n
w=Az= |block-diag A; | z (36)
j=1

where each component is represented by

=[] = |6 o] ] = 2 @
Here, A;s and A;4 are mappings of a static system and a dynamic system, respectively, which
are defined in (3-4). Dimension of each vector w;s, w;q, zs, ziqg can be zero. Mappings A; with
even ¢ represent uncertain components situated at virtual and actual inputs, which will be seen
clearly from the structure of matrices B and C' defined below(See also [11]). Suppose that all A;,
1=1,2,...,2n fulfill Assumption 1. We assume that X has the following structure.

ai aio 0 e 0
a1 ap ag 0 0 9
Alx)=| L |LGw=] (38)
ap—-1,1 Gp—-12 " Qp—1,n Gn n+1
an1 Qp2 77 Ann
aij(x):aij(xl,xg,“',mi), 1<i<n, 1<53<1+41 (39)
Bi1 U O 0o - 0 0 0
Bo1 Uy Bog Upg . : :
Bla)= | 77 T TR g g | H@) =] (40)
By Unt Bpo Un2 ** Bun Urp Ugn
D;0 0 0 0 O
000 000
0 0Dy 0. . 0 00 O
D@)=| 000 0 = 0|, Dy(x)= lo 0 0 ] (41)
: 00 Dgr;
0Oo0O0---0D,0
000000
r Ci1 0 0 0 0 7
0 Uri 0 0 0
Co1 Co O 0 0
0 0 Ugrs 0 0
C(a)= L - N (42)
C(n—l,l Cn—l,? On—lm,—l 0
0 0 UR n—1
Cnl Cn2 Cn,nfl nn
0 0 0 |
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where B;; € R1><(p2i71+Q2z‘71)’ Cij c R(p2i71+Q2i71)><1’ D, € R(P2¢71+Q2i71)><(;D2i71+Q2i71)7 Ui €
RIXP2ita2) U € RP2t@2)x1 and Uy; € R*(P2i+a20) are consistent with

Bij(xz)=DB;j(x1, 2, x;), Cij(x) =Cij(x1, 22, ), Di(x)=Di(x1, 22, ", x;) (43)
Uri(x)=Uri(x1, 22, 2;), Uri(x) =Upi(x1, 22, ", ;) (44)
Uli(x):Uli(xl,:rg,'“, a;l), i-i- 1 S l S n (45)

for1 <i <mand1 < j <i. Theblock partition of D; is consistent with that of [ZQTZ-_LS, Z2Ti—1,dv e%;_lv]T.
We also assume

I—72Dp;Df; >0 if g2i—1 # 0 (46)

aii+1 7 0 if pa; +q2; =0 (47)

forallx € R" and 7 = 1,2,...,n. Finally, it is assumed that there exist positive numbers QASjS and
ngd such that

al iy > U 03,00 UriUpi®5; U, if poi +q2i # 0 (48)

holds for all z € R™ and ¢« = 1,2, ...,n, where <i>j is defined by

. [@isl 0 0
Q=10 ¢l 0| >0 j=1,2,....2n (49)
0 0 I
The block partition of ®; is compatible in size with that of [2%; Zis) ;‘Fd, J] The inequalities (47)

and (48) prevent coefficients of virtual and actual inputs from being zero[5]. These conditions
are for simplification of solution formulas(see Subsection 8.1). In either case of Ug;(z) = 0 and
Uri(z) = 0, the condition a;;41(z) # 0 is sufficient for (48). The inequality (46) is necessary
for achieving the prescribed level 7 of Lo-gain between r and e. When we consider ¥y with
g = 0 (namely, w = w and Z = z), our concern is only stabilization. In this paper, a system Xp
consisting of ¥y and XA satisfying (35-48) and Assumption 1 is said to be in the generalized robust
strict-feedback form. This class of ¥ p extends several types of strict-feedback forms [20, 5, 11] to
general interconnected systems with uncertain static and dynamic systems which are nonlinearly
bounded, and involving signals to define disturbance attenuation. The uncertain components,
disturbances and regulated outputs are allowed to be situated at any locations in the system
equations of the plant.

7 Recursive design

This section shows how to solve the two characteristic inequalities (31) and (33) simultaneously.
Solutions are shown to exist for systems in the generalized robust strict-feedback form.
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7.1 Recursive parameterization

Let 2 denote xpy = [x1, 22, -, xk]T. Consider parameterization of the nonsingular matrix S(z),
the partial-state feedback and the constant matrix P as follows:

-1

1 0 0 0 0
siw 1 0 0 0
_ d21 82(1‘) 1 0 0
S@=| 4y dy sl 1 0 (50)
dp—11 v dp—in—2 Sp—1@) 1
u = [dn,l dn,nfl Sn(l‘) ] X (51)
P:diag[P17P27”'7P’VL] (52)
where 81(1‘[1]), sz(x[g]), e sn(x[n}) are smooth functions, and parameters d;j, 2 <i<n,1 <j <
1 — 1, are real constants. The scalars P;, ¢ = 1,...,n are positive real constants. Candidates of
state-dependent scaling matrices are also parameterized as follows:
2n . . b . ;
¢ =block-diag ®;, ®;= 0;(@|(j+1)/2) @5 for odd J (53)
j=1 ¢j(wpi/)®;  for even j
2n . . b . ;
O=block-diag ©;, ©;=14 01G+1)/2)®; for odd j (54)
j=1 0j(wpj/)®;  for even j

¢j(x)>0, 0;j(x)>0, VzeR"

Scalar functions ¢;(x) and 6;(z) have yet to be determined. The block partition of ® and © is
compatible in size with that of Z. Pick a SD scaling matrix ¥ € ¥ so that (25) and

2n
U (x)=block-diag ¥ ;(z) (55)
j=1
] . \I/j(ac (j+l)/2]) fOI“ Oddj
() _{ jga:[j/Q]) for even j (56)
U (0) = ¥(0) (57)
I — Wy D;DIVy; 1 >0, Viec[l,n]\ {g_1=0} (58)
a7 11 > Uk 03,00 UriULi®3 UL, Vi € [1,n] \ {p2si + qoi = 0} (59)

are fulfilled. Such a SD scaling matrix ¥ exists due to the structure of [C, H] and D, and (46)
and (48). A simple choice is ¥ = W. The matrix = in (31) is given by

[1]

L 0 } (60)

(JZ‘) - [ 0 (bd(X[j;]P[H}X[N])In—n

with an integer k € [0,n] and a C® function ¢4(-) to be selected. Let My (z) be defined as

S«T AT 1T E[k]Jr _ A A
{ [Ek][k %]k E{][k] gy | S Tia B Stk Clhg Vi P
My = b L

By Ty = O Dy
P Ui Cr Sy P Y ik Dieg — Py
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for k =1,2,...,n, where individual matrices are given by

i ag1 ag a3 0 0
A[k]: : : EE - :
Agp—1,1 Ag—12 " ag—1r 0
| Qg1 Qg2 agk Gk k+1
(Bin U, 0 0 - 0 0
B Boy Usy Boy Upg = 1
(k] = : : : 0 0
| Br1 Uk Bro Ugz =" B Urg
rCip O 0 0 0 D;0 0 000
0 Ur1 O 0 0 000000
) Cyt Cp 0 . 0 0 0 0Dy 0. . 0
“w=] P P Ve 0 P 8800
Ci1 Cra = = Crp O 000 ~0DO0
L 0 0 UR,k 000 -0 00O0
1 00 0
sp 1.0 - 0
A do1 89 1 0
Sw= "0
H Sk—1 1
di1 deg—1 Sk

k 2k 2k 2k
Ep =diag=;, @y =Dblock-diag®; O =Dblock-diag®;, V¥ =Dblock-diagV;
7j=1 7j=1 7j=1 7j=1
In a similar manner, Tjy is the k X k upper left part of 7. Then, the next properties follow
immediately.

Proposition 1 For k=1,2...,n, My, satisfies the following.

(i) My, is independent of {Tyi1,Tkr2, ", Tn}-

(ii) My, does not include {sk11,"+, Sn—1,5n}, {P2k+1, P2k12, "+ P2n} and {0241, 0212, O2n )
(iii) My (zp) < 0 implies My _qj(2[—1)) < 0.

(iv) Mpy(2p) = M(x)

The following lemma is verified from S(0) = T'(0), ¥(0) = ¥(0) and comparison between (31) and
(33).

Proposition 2 Suppose that K is the constant feedback gain of a scaled H™ linear controller
given arbitrarily. Let X > 0 and ® be matrices satisfying (33). If the set of parameters {P;, s;,
dik, 0, 05, D5, ¢a}, i=1,2,....n, j=1,2,....2n, k=1,2,...,i — 1, solving (31) fulfills

X = 5(0)7PS(0) (61)

K = [dn,l dn,n—l Sn(()) ] S(O) (62)

¢ = blocl?diag <i>j (64)
j=1

1= ¢4(0) (65)

then, the nonlinear controller X agrees locally with the scaled H* linear controller.
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Let X > 0 and @ be matrices satisfying (33). Using the Cholesky factorization[4], the matrix
X > 0 is decomposed into

X=L""AL"!
A=A A2 A ] >0
1 0 0 0
lip 1 0 :
L= l21 l22 1
: . 0
lp—11 " =2 lp—in—1 1

Define scalars {lp1,...,lnn} by

KL= [ln,l ln,n—l ln,n]
On the basis of Proposition 1 and 2, a new recursive method of solving the SD scaling problem
posed by (31-32) and (33) is now proposed as follows.

Recursive procedure with local matching: Pick dy j, Py, ¢ar—1,5, P2k—1,d P2k,s and ¢apq

as
g =ligs 1S5 <h—1 (66)
Py = M (67)
Pok-1,s = Pop1.s Pok—1,4 = Pop—1.a Pok,s = Do Pokd = Por.a (68)
and solve My (z(3)) < O for {si(zx), d2r—1(Tw))s P2r(Tp)), O2k—1( k), O2k(wpr))} subject to
5k(0) = Ui i (69)
P2r-1(0) = b,—1(0) = 1 (70)
$21(0) = 021,(0) = 1 (71)

from k =1 through k = n.

Requirements of (61), (62) and (64) for local matching properties are implied by (69), (66), (67)
and (68). Parameters {P;, s;, dik, ¢j, 0}, (fj} are free from the local matching conditions (69),
(66), (67) (70), (71) and (68) as long as we do not care about local properties of the controller.
Recursive procedure without local matching: Solve My () < 0 for {si(z)), dar—1([);
bon(zr))s O2k—1(zr))s Ok (pr))} from k =1 through k = n.

The latter procedure does not force nonlinear controllers to agree with scaled H* linear con-
trollers.

7.2 Existence of solution

Consider a nonsingular matrix

[ Tk—1

Q

Qr =

5
)

=3

OOOOOB’\‘OO
OOOO?NOOO

ODENOOOOO
[N erNenNerRenNarll o N an]
OENOOOOOO
OOO“DNOOOO
~

> [Nl o]
L

[esNesNenNevNevNevNan]

—_
(=]



where [ denotes a k X k identity matrix and, p, = Z?ikl_l)(pi + qi), pp = P2k—1 + Gor—1 and

Pe = Por. + qor, are used. Then, we have

M (z—1)) Mp—1j(@[)) ] (72)

T _
Qp My (2 1)) Qk = [ My p(ew)  Mig(zp)

The right hand side of (72) becomes Mi1(x)) in the case of k = 1. Let J; € R, Ey € RIX2(pvtpe)
and Fj, € R2(Potpe)>x2(putre) he defined with

Migk — My Mt My =

Ji Ek}

El B, (73)

The left hand side of (73) is Mj; in the case of k = 1. Since F}, is in the form of
| Fax O
Fr = [ 0 Fbk}
we arrive at the following properties by applying Schur complements formula to M < 0.

Proposition 3 Assume that My,_y(2—1) < 0 is satisfied for all xp_y) € RE1 unless k = 1.
Then, My (wp) < 0 holds for all zp, € R¥ if and only if the following is satisfied for all z[) € RE.

(1) pok—1+ qek—1 # 0 & poy + qox # 0 Case: Fyy, < 0, Fy, < 0,J, — EpF'EL <0
(ii) pok—1+ qok—1# 0 & pox + qor = 0 Case: Fup < 0,Jp — EpF, 'EF <0

(iil) por—1 + qor—1 =0 & pog + qor. # 0 Case: Fyp < 0,Jp — EF, 'EF <0

(iv) por—1+ qar—1 =0 & pap + qo, = 0 Case: J, <0

The following two lemmas establish the existence of decision variables solving the set of global
inequalities and local equations posed in each step of the recursive procedure.

Lemma 3 Assume pop—1 + qar—1 # 0 and that Mp,_yj(zp—y) < 0 holds for all z,_y) € RE-1
unless k = 1. Then, the following are true.

(i) There exists a C° function vak—1(w) such that each CO function Gok—1(T[)) satisfying
vor—1(2y) > dar—1(a) >0, Vap € RF (74)
admits the existence of a C° function O2k—1(z)) achieving
dok—1(x() = Oap—1(zy) >0,  Fap(apy) <0, Vap € RY (75)
In the case of k = 1, any positive constant vor_1 fulfills the property.

(ii) For any constant ¢o_1 > 0, there exists a C° function DQk—l(XE";;}P[k}X[k]) such that each C°
function ¢op_1(wp) satisfying

Gor—1 > Vok—1 (X[ Pra X)) = dar—1(apg) >0, Vapy € RY (76)

admits the existence of a C° function Ook—1(z)) achieving (75).
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(iii) The properties (i) and (ii) are true even if o1 > o1 in (75) is replaced by ¢og—1 = Oop_1.
(iv) Suppose that M < 0 and
dij=1lij, 1<j<i—1 (77)
P=\ (78)
P2i1,5 = Pgi 160 B2i14 = Poi 1.4 B2is = by, ., P2id = Pria (79)

hold for alli=1,2,...,k, and ¢4 in (60) satisfies ¢p4(0) = 1. If

21,8

5i(0) = li; (80)
$2i-1(0) = b2;-1(0) =1 (81)
$2i(0) = 62;(0) =1 (82)
are satisfied for all i = 1,2,...,k — 1, there exist C° functions vo_1(-) and va_1(-) which

Julfill vo,—1(0) = 9,—1(0) = 1 in addition to properties of (i), (i) and (iii).

Lemma 4 Assume that Mj,_q)(zp;—1)) < 0 holds for all x,_y) € RF1 unless k = 1.

(i) por + qor # 0 Case: There exist a C° function vok(w) such that each CY function bar(2())
satisfying

vor (i) = Gor(zpg) >0, apy € RE (83)
admits the existence of a C° function O21.(zk)) and a smooth function si(zy)) for which

bar(wp)) > Oon(wp) >0,  Fyp(zp) <0 (84)
Je(@pg) — Ex(zp) Fy ap) EX (zr) <0 (85)

hold for all z) € RE. Furthermore, there exist a C° function 172k(XE‘,1;]P[k]X[k}) and a finite
constant g9y, such that each C° function bar (k) satisfying

bok > Vot (X P xik) > dar(xp) >0, apy € RY (86)

admits the existence of a C° function Ok (zr)) and a smooth function si(wy) for which

(84-85) hold for all zy € RFE. In addition, ¢op, > o in (84) can be replaced by dop = Oap,.
(ii) pox + qor = 0 Case: There exists a smooth function sy(zy)) such that
Ji(xw) — Ex(ap) Fy (@) B (xp) <0 if pag—1 + qon—1 # 0 (87)
Ji(Tpy) <0 if pag—1+ gag—1 =0 (88)
is satisfied for all x) € RF.

(iii) Suppose M < 0 holds and (77), (78), (79) and (81) hold for all i = 1,2,...,k, and ¢q in
(60) satisfies ¢4(0) = 1. If (80) and (82) are satisfied for alli =1,2,...,k — 1, there exist
CO functions vor(-), Dor(-) and a smooth function sp(-) which fulfill vey(0) = Dor(0) = 1 and
sk(0) = lg i in addition to properties of (i) or (ii).
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We are now in position to state the main results of this section. First, the next lemma guarantees
that local controllers exist for generalized robust strict-feedback systems.

Lemma 5 If the system X p is in the generalized robust strict-feedback form with r = r; for an
integer j € [1,2n] or ¢ =0, then there exist scaled H* linear controllers.

The existence of solutions to the partial-state feedback nonlinear design problem is addressed by
the following theorem. The constructive proof demonstrates how to obtain a desired solution.

Theorem 2 Suppose that the system Xp is in the generalized robust strict-feedback form and
satisfies either:

(i) dynamic components are not involved in XA, and there are no exogenous disturbances(i.e.,
q=20).

(ii) dynamic components in ¥.a are situated only at Aj, and the exogenous disturbance is r = r;
for an integer j € [1,2n].

(iii) dynamic components in YA are situated only at {A; : i = 1,2,...,2p}, the exogenous dis-
turbance is r = r;, and /l[p], By, CA’M and Dy, are independent of x for integers p € [1,n]
and j € [1,2p].

Then,

(a) the system Xp can be globally uniformly asymptotically stabilized, and the Lo-gain from r to e
can be rendered less than or equal to T by the smooth partial-state feedback control law (51).

Furthermore,
(b) the control law (51) can be made to agree localy with any scaled H™ linear controller.

Desired solutions {s(z(x)), ¢2r—1(Z[k]), P2x(T(x)); O2k—1(2[k)), O2r(2(x))} can be constructed sequen-

tially from & = 1 through k& = n. In each step of the recursive procedure given in Subsection 7.1,

existence of the solutions is guaranteed by Lemma 3 and Lemma 4, and proofs of those lemmas

have described a way to obtain the solutions. Computation proceeds in the k-th step as follows:
(1) If por—1 + qox—1 # 0, solve

vor—1 >0, —Vop_1Amin (Fd_kl‘i);ﬁchki’;ﬁlF,ﬁJ) <1 (89)

for vop 1 (). If 2k—1 = j, calculate D2k71(X[7]:;]P[k]X[k}) satisfying 0 < oy,_1 < min{vog_1, por_1}
for some finite constant ¢op_1 > 0.

(2) If pox + qar # 0, solve
Vol > 0, ang\I/%k(i)QkURkVQk < a%kﬂ — ngqlgk(i)QkURkULk(i)Q_klng (90)

for vo (k). If 2k = j, calculate ng(x[j,;]P[k]X[k]) satisfying 0 < Do < min{vay, ¢or} for
some finite constant oy, > 0.
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(3) Solve

Uk U3 PokUnid2esi + 28kan k15K + Une®s, UL iy, + Eha <0 (91)
when poy + go # 0
2Zkay k115K + Zpa < 0 (92)

when pog, + g2 = 0
for Sk(l‘[k])

Here, Apin(-) denotes the minimum eigenvalue of a matrix, and Fyy(z[)) is defined as

1 0

Fj, = 2 T
0 I—772Dg,D%,

The functions Fex () and a(xp) are given in the proof of Lemma 3 and Lemma 4, respectively.
A simpler choice of {0, ¢.} is v, = 0, = ¢.. In the cases of 2k — 1 = j and 2k = j, it is replaced
with 7, = 6, = ¢,. In the case of (iii) of Theorem 2, parameters {vor_1, Vor, Pok—1, P2k, bok_1,
a1} are chosen as constants for all k = 1,2,...,p. The parameters x and ¢4 in (60) are selected
as follows:

Case (i) Kk =0; ¢g = 1.
Case (ii) k = j/2 for even j, and k = (j + 1)/2 for odd j; ¢d(X[T,€]P[H}X[m]) = ¢;.

Case (iii) x = 0; ¢q = ¢;.

Then, ® € ® and O € O are fulfilled. Accoding to Proposition 1 and Proposition 3, the parameters
obtained achieve 0 < O(z) < ®(z) and M(x) < 0 for all x € R™. Thus, Theorem 1 proves that
the control law (51) globally uniformly asymptotically stabilizes X p and achieves Lo-gain less
than or equal to 7. This completes the proof of the part (a). To achieve the property of the part
(b), pick dj «, Py, qggk_l,s, (ZASQk;_Ld (25%78 and gﬁgk,d as (66), (67) and (68) from k = 1 and k = n.
Then, Lemma 3 and 4 imply that parameters {sg, ¢og_1, P2k, Ook—1, Oor } of each k-th step can be
constructed so that the additional conditions of local matching (69), (70) and (71) are satisfied.
According to Proposition 2, the nonlinear control law (51) with such parameters agrees with a

given scaled H™ linear controller. Thereby, the proof of Theorem 2 has been completed.

All scalar inequalities (89), (90) and (92) are affine in decision variables. The inequality (91)
which is quadratic in s also reduces to a pair of affine inequalities since (90) guarantees it. All
inequalities are functions of xf). Coefficients appearing in the inequalities are obtained easily
both analytically and numerically by application of (73) to appropriate minors of M. Solutions
to the affine inequalities are also calculated easily both analytically and numerically. It should be
noted that instead of the set of inequalities (89), (90), (92) and (91), we can solve an equivalent
single matrix inequality M < 0 directly for decision variables. The computation is amenable to
numerical calculation since M is jointly affine in {sy, ¢ox_1, fox—1}, and jointly affine in {¢ox_1,
G2k, Ook—1, Oor}-

Although Theorem 2 addresses Lo-gain disturbance attenuation of a fixed level 7 , the partial-state

feedback law can be designed for arbitrarily small 7 unless (46) and (48) are violated. Thus, the
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almost Lo disturbance decoupling with the local matching can be solved by the smooth partial-
state feedback (51).

The new class of SD scaling (13) employed in this paper enables us to solve the global stabilization
in the presence of dynamic components in ¥>a and Ls-gain disturbance attenuation. Indeed,
constant scaling employed in [11] could only guarantee solutions to the global stabilization problem
only for j =1 in (ii) of Theorem 2.

When 3 is linear, no restriction of locations of dynamic uncertain components is necessary,
according to Theorem 2(iii). Indeed, linear systems in the generalized robust strict-feedback form
are stabilizable for all admissible dynamic nonlinear uncertainties by a linear control law. However,
in the case of nonlinear ¥y, Theorem 2 does not allow dynamic components to be involved in all
A;, i =1,2,...,2n simultaneously. A benefit from this restriction is that the designed controller
achieves robust Lo disturbance attenuation globally in addition to robust asymptotic stability.
The disturbance 7 can enter the system ¥, at any single location j as r = r;. Furthermore, the
nonlinear control can be made identical to robust H*° linear control, thanks to the concept of SD

scaling design. These are unique features of this paper.

When dynamic components are allowed to be included in all A;, ¢ =1,2,...,2n simultaneously, it
is possible to obtain a nonlinear stability margin. The disturbance attenuation is also achievable
if one admits nonlinear weighting in the level of attenuation, similar to [14], instead of requiring
the standard Lo-gain.

Theorem 3 Suppose that the pair of g and XA defines an uncertain system X p in the generalized
robust strict-feedback form. Then, there exist uniformly bounded C° diagonal matrices W (x) and

W(x) satisfying
WO)=1, W(z)>0, W(x)>0, VrxeR"

such that the system Sp shown in Fig.3 can be globally uniformly asymptotically stabilized, and
the La-gain from 7 to € can be rendered less than or equal to T by the smooth partial-state feedback
control law (51) for all diagonal matrices W (x) satisfying 0 < W(z) < W(x) for all x € R™.
Furthermore, if there exist a scaled H™ linear controller associated with the original system ¥p
consisting of Xo and XA, the control law (51) can be made to agree locally with the linear controller,
and W (z) satisfies W(0) =1 .

Since W (z) < a holds with a finite constant o for all x, it is possible to replace W (z) and W~ (x)
in Fig.3 with aW (z) and I, respectively.
7.3 An example

This subsection presents an example briefly just to illustrate an achievement in Subsection 7.2.
Consider the system g given by

. 2
Tr1 = X2 + xjwi

To =u+ T1w3 + 173

— — 1
A=A, Am=A2, e3= | g
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Figure 3: Nonlinearly weighted plant Sp

and the uncertain system YA between z, and w, in the form of

wi = ha,,(21,1)

Tpg = fABd(:EA?ﬂ Z3at)7 w3 = hAsd(xAsa t)

These uncertain components are supposed to be admissible in the sense of Assumption 1 with

Prs =1, P3q = 2.223

Note that the dynamic system between z3 and w3 has zero Lo-gain locally although it is globally
bounded only in nonlinear gain. The objective is to find a partial-state feedback controller which
globally uniformly asymptotically stabilizes ¥p shown in Fig.2 and achieves the level 7 = 0.5
of disturbance attenuation between r3 and e3. A feedback gain of scaled H* linear controllers

associated with this design problem is computed as
K =[—-14.980 —11.411] (93)

which solves (33) with

¥ {21.995 9.806}
= | 9.806 8.082
$, 0 00 07764 0 00
o= | 076, 0001 _| 0 0781000
2=1 o 10|=1] o 0 10
0 001 0 0 01

One of simple solutions we can obtain using formulas of the recursive procedure in Subsection 7.2

w=1[-1.1352 s3] x = K(2)z (94)

where calculated parameters are

10.097 0
P:[ 0 8.0821}

b1 =0, =22+1, s =—Tz2—12133

1
¢p3 =03 =

e s9=—4(xTPx +0.4)3 —0.4%) — 11.411
S (" Px ) )
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This nonlinear controller satisfies K (0) = K. One of admissible uncertain components z3 — ws is

(o ity o

It satisfies (7) for 134 = 2.222 and

Tay 1.1 TA,

Wa, :/ —ds, f3=
0 s

Note that the system (95) is not input-to-state stable although it is globally asymptotically stable
when z3 = 0. Figure 4 shows state transition of ¥y in the presence of (95), w; = 0.8z and the
disturbance

a1, 1<t<2
() =1 o , otherwise

for the initial condition z(0) = [1.1,1.2]7 and za,(0) = 1. The solid lines are 1 and z2 in the case
of the nonlinear control (94). The dashed lines are of the linear control (93). The state response of
the linear control approaches infinity before the disturbance comes in the system. The nonlinear
case converges to zero and the effect of the disturbance is attenuated substantially. Figure 5 shows
phase trajectories around the origin for r3 = 0. The behavior of the nonlinear control(solid lines)

near the equilibrium is almost the same as that of the linear control(dashed lines).

10

8

Time t

Figure 4: State transition of feedback control systems.

8 Further results

8.1 Some useful modifications

The strict inequalities (22) and (31) require Xp to be locally exponentially stabilizable. Systems
which are only asymptotically stabilizable can be dealt with in the same manner by replacing the
strict inequalities with non-strict ones. For instance, Theorem 1 can be modified as follows.
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Figure 5: Phase portraits of feedback control systems.

Corollary 1 Suppose that there exist k € [0,n], Py € R™", Py € RM—r)X(n=FK) § c &,
© €O, Ve W and a positive definite function v(z) such that

STTATTTZ4ETAS 12+ ZTB S~ TCTUo
BTTTZ -0 DTwed | <0 (96)
dvC St dUD —d

and (23), (24), (25) are satisfied for all z € R™ and a C° function Y(z) with v(x) = xT Tx and
(26) and (27). Then, the system X is globally uniformly asymptotically stable, and it has Lo-gain

less than or equal to T.

The existence of parameters in the above corollary is mathematically equivalent to the existence
of parameters which satisfies the strict inequality version of (96) for almost all z € R™. This fact
may be useful in numerical computation. Note that there are no scaled H* linear controllers for
systems which are not locally exponentially stabilizable. In such a case, as a matter of course, a

nonlinear controller obtained in Section 7 is not able to agree locally with any linear controller.

Regarding the inequalities (47) and (48) in the definition of generalized robust strict-feedback form,
they are often unnecessary assumptions. The condition (47) can be removed when M;(zf;) < 0
(or Mp;(z};) < 0 for Corollary 1) holds with s; = 0 at all points of x;; where (47) is violated.
The condition (48) can be also removed when M;)(zf;) < 0 (or < 0) holds for some ¢9;(z};) and
Ggi(mm) with s; = 0 at z;) where (48) are violated. The existence of qﬁgi,l(xm) and Hgi,l(x[i]) is
independent of (47) and (48).

8.2 Another class of scaling

This subsection presents another control Lyapunov function based on another set of scaling func-
tions. That new class of scaling allows dynamic uncertain components to enter all channels w;
simultaneously under some assumption. Let the definition of ®;; in (13) be replaced by the

following.
. k
- ~ il 0 k=(i+1)/2 for odd s
Py = {q)id(x) = [¢(()1 I] H ¢j(nj(w)) k(: 2/2)/ for even ¢
j=1
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o

The C° function 7;(z) : R™ — [0,00) will be determined later. Functions ¢; and n; are common

N ECY, $i(s) >0, Vs €[0,00), g >0 } (97)

(
(s) > ¢j(s+¢€), Ve >0
among all ®,4, i = 1,2,...,n. Define the set ® as (18) by replacing ®;4 by ®;4.

Theorem 4 Suppose that the uncertain system Xp is in the generalized robust strict-feedback
form. Let the state-feedback control and the matriz S(x) are in the form of (50) and (51). If there
ezist a diagonal matriz P and diagonal matrices of SD scaling ® € ®, © € ©, ¥ € ¥ such that

STATTT=4=TAS =TB STCTUd

M = BTTTZ -6 DT¥e | <0 (98)
dUCS dUD -
P = block-diag P, > 0 (99)
=1
0<% (100)
U <v (101)

are satisfied for all x € R™ with

A

ni(x) = Vjj—y(xp-1) (102)
=(w) = diag&i(w),  &(z) =P L1 ¢(n;(2)) (103)
1= jzl
Vi =0 (104)
V ( ) /V[kl] (X[k—l]) 1 ds + P k 1.9 (105)
= TGS ) =L4...5N
(k] \X[k] 0 ¢k(5) XkLEXE
Then, the system X is globally uniformly asymptotically stable, and the La-gain between [rd 1 rd 1T

and [€3, 1 el 1T is less than or equal to T. Furthermore, there exist a C° diagonal matrix
W(x,xa) > 0 for which the La-gain between the disturbance r and the weighted output W(x,za)e

1s less than or equal to T.
This theorem is based on a Lyapunov function V(x) = V;;)(t, X[n}, TA[n)), Where
Vi =0 (106)

Vik (6, X[ Zap) =
/V[Icl](X[kl]va[kl]) 1
0 N E))

In contrast with Theorem 1, it is emphasized that, Theorem 4 is only applicable to the system

ds + Xk Pixt + G2r—1.aWazk—_1(t, zaok—1) + o aWask(t, Task) (107)

Y.p in the generalized robust strict-feedback form. We again apply the recursive procedure in
Subsection 7.1 to the new matrix M defined in (98). It is verified that F) defined as in (73) is
independent of &; for (98). Therefore, the following is obtained straightforwardly from Lemma 3
and Lemma 4.

Theorem 5 Suppose that the system Xp is in the generalized robust strict-feedback form and it
does not have dynamic uncertain components at virtual control inputs, i.e. p; =0,1=2,4,...,2n.
Assume that all components of the matriz \I'[k] (@x))Ciy (7)) are uniformly bounded in xy. for each
k=2,3,...,n. Then, the system Xp can be globally uniformly asymptotically stabilized, and

25



(1) 7 =ron_1 case : the La-gain from r to e can be rendered less than or equal to T by the smooth
partial-state feedback control law (51).

(i) r = [rI,rT, - ron_1]T case : there exist a C° diagonal matriz W (x,za) > 0 for which the
Lo-gain between the disturbance r and the weighted output W(x,xa)e can be rendered less
than or equal to T by the smooth partial-state feedback control law (51).

Furthermore, the control law (51) can be made to agree locally with any scaled H* linear controller.

9 Conclusion

The state-dependent scaling approach proposed in this paper enables us to deal with a broader
class of nonlinear systems involving uncertain nonlinearities, unmodeled dynamics and linearly-
unbounded systems, and standard Lo-gain and nonlinear L£o-gain to characterize the disturbance
rejection level. It should be emphasized that a single design procedure provides us with solutions
in such various situations. The state-dependent scaling is not only the first avenue to this ac-
complishment, but also naturally extends popular linear control frameworks such as scaled H™
control, LPV control and gain scheduling[2, 6] to global control of nonlinear systems with sig-
nificant nonlinearities and nonlinear uncertainties. Thanks to the extension, nonlinear controller
constructed in this paper can be always made identical to such linear controllers at the equilib-
rium. It is also worth mentioning that the SD scaling characterization does not require systems
to fit in some geometric structures. The SD scaling approach has unified treatment of static and
dynamic uncertainties, and provides us with a unique way of constructing new Lyapunov functions

directly securing robustness against static and dynamic uncertainties.
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A Appendix

Proof of Lemma 1:
(1) From o;(|Jwis||) < oi(||zis]|) it follows that

lwisl|* < (a7 " o oi(llzisI))?* = f(llzisl),  t € [0, 00)

The assumption (9) implies that the class Ko, function f(-) can be decomposed as f(||zis||) =
Vis(||zis||) || 2is]|> with a C° non-negative function .

(ii) Consider a non-decreasing continuous function ¢ : [0,00) — [0, c0) satisfying ¢(s) > 0 for all
s > 0. Define a C! function by

VAZ' (tzxAi)
Wa,(t, ;) :/0 q(s)ds

Here, Wa, satisfies (6). From (11) we obtain,

dWa
dt

t<q(Va(tza) {=ailllzall) + oillzial )}

Let m; be any scalar satisfying m; > 1. If o;(||za,||) > mioi(||zid||) holds, we have

dv;/tAi < — (1 — 1) q(VAi(t, xAz))az(HiUAlH) (108)

(2
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In the case of a;(||za,l]) < mioi(||ziall),

AW,
dt

< —q(Va,(t za,)eilllzal) + ¢(@( ziall)) o[l ziall) (109)

is satisfied, where 60(-) is

1

0(||zidll) = @i o o~ o mioy(|| ziall)

Here, note that @;(||za,|]) < 0(||zidl|). Combining (108) and (109) together, we have

S <= (1= 2 ) avastaaas(lea) + al0(zal)o(al)

The first condition in (12) implies that ||w;q||?/ci(]|za,]|) is bounded for all za, € R™*: uniformly
in ¢. Thus, the non-decreasing continuous function g(x) can be chosen such that

7i|widl|?

>0, V(t,za,) €R xR
ailllza, )

q(a;(llzall)) =

for some 7; satisfying 7; > m;/(m; —1). Using (10) and the non-decreasing property of ¢, we obtain

dWa
dt

c<- (12 - 1) Jetailaa as(lea ) = el + a@(zaos(lzl) - (110)

The second condition in (12) guarantees existence of a CY function ;4 : [0, 00) — [0, c0) satisfying

0(Ollzial))oi(llziall) < vialllziall)llzial

Finally, substituting this inequality into (110), we arrive at (7) with

1 1
Bilaa) = (1= = = ) leo ailloa Dl ailloa, )

T T
which is a class K function of ||z, ||.
Proof of Lemma 2:
By definition, the function ((z) is C! and satisfies ((z) > 0. It is zero only if n(z) = 0. Positive
definiteness of n(x) implies that {(x) is also positive definite. Since p(-) is a class K function,
there exist finite numbers k,« > 0 such that p(s) > ks/(s+ 1) holds for all s > a. Thus, we

obtain
@ 1 n(x) k B a 1 77(1') +1

Since n(x) is radially unbounded, so is {(z).

Proof of Theorem 1:

Suppose that (22-27) are satisfied for all ¥ € R". Let Vo, (X(x)) = Vo(z) which is positive definite
radially unbounded C' function of xi,). Define a function V(t,z¢) as (28). Since (21) defines a
diffeomorphism from z € R" to x € R", Lemma 2 assures that V(-,-) is a C' function, and there
exist class Ko functions a; and @, such that

ch(”xcl”) < V(tvxcl) < acl(chlH)
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The time-derivative of V' along the trajectory x. of X satisfies

d 1 d d
—V(t C < % K K + 1% K N 7;-; P,‘i K
oV (tza) Vo i) {dt 01 (X11) + Sa(Vors) (X[s1)) 3 Xt 1y Pl ) X (1)
d
+¢a(Vorx) (X Z¢zddtWAz(t HCAZ)]
< e { Vot (0 + GV () G e P
S Vo Oy Lt s Octs) + Vot () g Xty P X
o~ [ wig —0a(Vors (X ))Qgidj 0 {wid} S
+ 7 ) )
; [ Zid] [ 0 Viada(Vow) (X[x)))Pial | | #id ; iafi(@ai)

T
Wis o, 0 Wig n
0= |: :| l: 0 wisq)is] |:Zis]7 VZeER

we arrive at

d q(z, w) T IR
—Vt,xg) < ——————+r r—7 “e e— idBi (T A 111
oV (& aa) G Vora Oxi0) ;¢d (zi) (111)
Tro-TATTT= | = -1 = T
STTA'T'E4+=TAS ™ =ZTB -0 0
R I = I I MR e

The function ¢(z,w) satisfies ¢(z,w) < 0 for all x € R™\ {0} if

[_0@ ‘%} [\Pcos—l qu] <0 (112)

holds for all z € R"™. According to Schur complements formula, the inequality (22) is equivalent
to a pair of (112) and ® > 0. Thus, under the condition (22), the global uniform asymptotic
stability of ¥ follows from (111) with » = 0. Finally, integrating (111) from ¢t =0 to t =T > 0,

we obtain

STATTTZ =T AS! =TB 0S5 ToTwy
BTTT= 0 I DTw

V(t, 2a(T)) — V(£ 2a(0)) < /0 . (#Tr = r2ee) dt

This proves that 3 has Ls-gain less than or equal to 7.

Proof of Lemma 3:

Proof : For kK =1,2,...,n the matrix F, is obtained as
Fy = [ —Oop—1 DIWoy 1®op_1 ]
N Pop_1Vor_ 1D —Pop—1 — Pop_1FepPor—1

Fa =0, ch = |:*j’6_1:| M[; 1}|:*j’6_1:| s J=23,...,n

where x; ; denotes any function depending only on z;, and the functions s; through s; and their
partial derivatives.
(i) The condition (75) is obtained as

0 0

$ok—1 > O2p—1 > 0, {0 op17 2D DT, | < Oap—1(I + Pog— 1@22 1Fck@§é2 ) (113)
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There exists C° functions Gak—1(z(x)) and Ogp1 () satisfying (113) if and only if there exists a
C function voy_1 () satisfying

£1/2 £1/2 0
vop—1 > 0, —Vzk—1@2é,1Fck<P2;é,1 <|0I-72Dg DT (114)

for all xp € RE. Note that F,, < 0 follows from Mpy,_1) < 0. Since Dy and Fyy, are CY functions
defined on R*, the assumption (58) implies that such a C° function vok—1(py)) exists. Write g1
as

O2k—1 = Pok—1(1 —€)
Then, (113) is satisfied if and only if € satisfies

0 0 £1/2 £1/2
0<e<l |gr2py,np, | <(-a0+ bop_1 D37 Fp M2 ) (115)

For any C° function Par—1(z () satisfying (74), there exists a C° function e(wp) satisfying (115)
for all ) € RF¥ since we have vo_1 Fop < ¢op_1Fe and (114). Finally, if & = 1, the assumption
(46) and F,; = 0 imply (114) for any constant vop_1 > 0.

(ii) Let vop_1(zpy) be a CY function satisfying (114). There exists a C° function g;_1(s) such
that

0 < gp—1(s) < {¢2k—1, min V2k—1($[k])}

o €z ¢ s=X{y P xim }

for all s € [0,00) since X[k] = Sjk% [k is a diffeomorphism and Py > 0. The rest of the proof is
the same as (i).

(iii) Choose € = 0 in the proof of (i) and (ii).

(iv) The inequality M < 0 implies M, _1;(0) < 0 with ¢4(0) = 1. The assumptions also guarantee
that M (0) < 0 with ¢4(0) = 1 is achievable by ¢o;_1(0) = 02;,1(0) = 1. Proposition 3 implies
that F,;(0) < 0 can be also achieved for ¢ox_1(0) = 025_1(0) = 1. Thus, v9;_1(0) = 1 solves (114)
at xp = 0. Finally, v, 1(0) = 1 implies

1= 7721971(0) = minT V2k71(1'[k})
ek 4@ 0=Xp Plri X1k

Proof of Lemma 4:

(i) For k =1,2,...,n, the matrix Fy is obtained as

_|=©2 0
Fbk—{ 0 —m]

The inequality Fpr < 0 is satisfied if and only if ¢or > 0 and €oy, > 0 hold. The inequality (85) at
z[x) is obtained as

ngq/%k(i)gkURk¢2k8% + 2Ekak7k+1sk + ULk‘i’Q_klngE,%HQ_kl + E%O& <0 (116)
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where the function a(zf,)) is defined so that the left hand sides of (116) and (85) are identical.
The function « is independent of sy, ¢or and 0o;. Note that o, ag 11, Urk, ULk, Zx and Uy, are
C° functions of z[y)- There exists a scalar sy satisfying (116) at z) if and only if

AUy U5y, Pok Uk < i o1 — Ul U3 Sk UrkUrk®o, ULy donby; (117)
holds. There exist ¢or and 0o satisfying (117) and ¢op > Oop at zy) if and only if there exists a
scalar vy satisfying

ang\I’%kqA)QkURkl/Qk < a%’k_i_l - ng‘lj%k(iQkURkUquA);klng 0< 1075 (118)

Since we have (59), there exists a C° function vy (zpy) satisfying (118) for all zy € RF. Write
0oy, as

P2k
1+e

Then, (117) is satisfied for all ) € RE if and only if € satisfies

O, =

AU U3, o Uik < @i o1 — Uk U3 @k UpiUpr®y; UL (1 + €) (119)

for all z € RE. For any C° function Par () satisfying 0 < gog(z)) < vor(zp)), there exist a
C function e(xpy) satisfying (119) and e(zp) > 0 for all zj € RF¥ since we have (118) and (59).
Note that € = 0 is a solution. Furthermore, the function vy (x[k]) can be replaced by another C°
function o (X[jl;] Pyyx[k) obtained from

0 < Ui (s) < min { Pop, min vak (T(x))
@ik E{2pr) © s=X{j Preixin }
Finally, the inequality (117) implies that the inequality (116) has a smooth solution s (z () since
Urks ULk, g ky1, o, Z and Wy, are CY functions of Tk
(ii) If por + gor = 0, the inequalities (87) and (88) are obtained as

25 ak kr15k + Zpa < 0 (120)

with appropriate C° functions o which are independent of s;. This affine inequality admits a
smooth solution sy (7).
(iii) Regarding the final statement of the lemma, recall that M < 0 implies Mp_y(0) < 0 if
$4(0) = 1 in (60). The assumptions guarantee that M)(0) < 0 is achievable with ¢4 (0) =
621,(0) = 1 and s4(0) = lj . Proposition 3 implies that (116) is solved with ¢24(0) = 61,(0) = 1
and s;(0) = Iy k. Thus, v9;,(0) = 1 satisfies (118) at xp = 0. It is also verified that

1 = 0g,(0) = min vor ()

o €42+ 0=x{y Prixm } .

Proof of Lemma 5:
The claim is proved using the result (a) of Theorem 2 for linear ¥y as follows. Suppose that

constant scalars
$js >0, ¢ja>0, 1<j<2n
Pk > 0, 1<k<n

dij, 2<i<n, 1<j5j<i-1
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are given arbitrarily. Choose k = 0 and ¢gq = ¢;. Let A = A, B =B, G =G, C = C,
D =D, H=H and ¥ = ¥(0). Since these matrices are independent of z, M < 0 can be solved
with constant parameters {¢or_1 = 021 > 0, o = o > 0, si} following the procedure
described in the proof of Theorem 2. This fact implies that M < 0 is solved with X = STPS,
K=1[dn,...,dnn-1,5,)S and

05 = 0ibis >0, 6y =j0ju>0,, 1<j<2n

Hence, u = Kx is a scaled H* linear controller.

Proof of Theorem 3:
Let k = n. According to Lemma 4, in the n-th step of the recursive procedure, we can choose a
uniformly bounded C° function ¢g,(x” Px) such that

0 < Big2n(x" Px) < ¢i(zpy), ap) € RF
Bidan(0) = i(0)

hold for some 3; > 0,7=1,2,...,2n — 1. Lemma 3 and 4 also allow
0;(0) = ¢;(0), 1=1,2,...,2n—1
Then, the recursive procedure leads us to a controller (51) which satisfies
STATTT P4+ PTAS PTB STCTU®
M = BTTTP -0 DTve | <0
dUCS U D -

for all x € R"™. Define a matrix-valued C° function

- 2n

®(z) = block-diag (¢, ®;
j=1
where (s, = 1. This matrix satisfies
0< ®(x) < d(z), VreR" (121)
®(0) = ®(0) = ©(0) (122)

The matrix ® also belongs to ® in (18). Since

I0 0 STATTTP+PTAS PTB STCT® 00 0 I0 0
M=|01 0 BTTT P - pr's |+|00 0 0r 0
00 o1 OS5 dD —& 00®—od 1P 00 o 1o
holds, the inequality (121) implies
STATTTP+PTAS PTBW STCTUO
WBTTT P —®  WDT¥® | <0 (123)

dUCS dUDW -
N B ~ 2n —
W =0"12§1/2 — block-filag \/WI >0

=
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From (122), the matrix W (z) satisfies W(0) = I. If we take ¢g, so that «9j_lqz52n is uniformly
bounded in  for all j, W (x) becomes a uniformly bounded function. It is verified that (123) holds
for all z € R™ even if W (z) is replaced by any diagonal matrix W (x) satisfying 0 < W (z) < W (z).
Define

W(z) = block. dlag BjonT
=1

Then, Theorem 1 proves that Sp is globally globally uniformly asymptotically stabilized and
achieves Lo-gain less than or equal to 7 for all admissible dynamic uncertainties. Furthermore,
the control law (51) agrees locally with a scaled H* linear controller as shown in Theorem 2 if
we choose ¢;(0) =1and g;=1fori=1,2,...,2n.
Proof of Theorem 4:
Let Vi be defined as (106) and (107). According to Lemma 2, the function Vj is radially un-
bounded and positive definite with respect to (X[, Za[x]). Since x[x) = Sjk)7[y is a diffeomorphism,
there exist class Ko, functions 7(-) and 7(-) such that

€ n
Nz ) < Vig (& xpp zap) < 0llzapl),  Veap = {xiﬁ]] e RMmam | te[0,00) (124)

Note also that ‘A/[k}(x[k}) = Vi (t, X[t], 0)- From ¢, > 0 and positive definiteness of Wy, it follows
that

0 < VigOxw) < Vig (6 X am)s Vg € RE, zap € R™AM, ¢ € [0, 00)
Since ¢y is non-increasing, the above inequality implies
D1 (Vig (X)) = D (Vi (6 x> @apg) > 0, Vg € RF, wap € R™AM, t € [0,00) (125)

First, consider the case of [r{,-- ~,T‘§(n_1)] = 0. Let k be an integer in [1,n]. Suppose that
the time-derivative of Vj;_;) along the trajectory (zj;_1j(t), zax—1)(t)) of the closed-loop system
(Xp, Xk ) satisfies

prAdlas) (£, X(e—1): Tag-1) <0, Vg1 € R, zap_1 € R™E-1, t€[0,00)  (126)

if k£ > 2. Using (125) and (126), the time-derivative of V};; along the trajectory (z(x(t), zax(t))
of (¥p,X k) is obtained as

d 1 d d . -
-V < - —Vig—11 + = (X6 Pexk + d2k—1,aWazk—1 + d2r,aWaok
dt b1 (Vie—1)(xp—1)) @t U e ( )
1
< ~7Nk(t7Xk 7‘7:Ak)
k(X e—1]) T A A
Here, Njj and ggl for 1 <1 < n are defined by
Lo d
Ny (& X zam) Z i (Xz \Xi + $2i1,aWazi—1 + ¢21dWA21)

!
A(xp-1)) H (V-1 (xgj—1))
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Due to (100), (101) and the definition of admissible uncertainties, the function V| satisfies

2 Twig]” —pidiql 0 wj o
Ny < Z{(Z?z XiPixi + (Z {zjﬁ [ OJd Tlijdd;zfﬁjdfl {ij] — 0i®jal;

=1 j=21—1
k — T — -
- /d - w O 0 w
< (a 5 _[k]} i [_[k]}
= ; {¢z (dt XiPixi — ¢2z 1 d/@Qz 1— ¢2@,d/82@)} + [ Z[k] 0 \If[zk]q)[k] Z[k)
W1 21
- w2 ~ 22
L N P
W 22k

unless £ = n. In the case of kK = n, we obtain

L . . w1' -6 0
N < z; b %XiPiXi_¢2i71,dﬁ2i—1_¢2i,dﬁ2i + 13 0 U2
1=
B 2n
+¢n Z (7"}17“]' — 7'_26?6]')
j=2n—1
Owing to the triangular structure of A, B, S and T, we obtain

Ny < {W]T Siig A Tik HkﬁT = Tl A S ST B
B Biig T = 0

o
Wik)

517 [—O 0

lf[kl] [ W 0 } [ ]
* [ Zlk) 0 Wy [ 2K ;@ (¢2z 1,aB2i-1 + ba; dﬁm)
r {STAT TTE + ETAS HTB] { }

Ny = { BT TT:

ISP

2n

+ [IZD]T {_06 \I,O(i)] [g}] — zn:@ @21'—1,(1521—1 + $2i,dﬂ22‘) + n > (7"?7“1' -7 2€T€J

i=1 j=2n—1

Recall that M < 0 in (98) implies My < 0 for any integer [ € [1,n]. Based on application of
Schur complements formula to My < 0, the inequality M) < 0 implies

B

Ny (& Xk Tam) < —pk(X) Z <$2i—1,dﬁ2i—1 + ¢32i,d/62i) , k<n

for a positive definite function pg(-). Thus, the there exists a positive definite function pg(-,-) for
which

d
21 VR X Tam) < —Pe(Xw zam) VX € RE, xapy € R™AM, t € [0,00)

holds under the assumption of (126). By induction from k =1 to k = n, we obtain

d n n
2 Vil (6 @) < =pn(x; 2a) + § (r ri—T 2e]Tej), Vx € R™, za € R™, t € [0, 000127)
j=2n—1

for a positive definite function p,(+,-). Hence, the stability follows from rg,—1 = 0 and 79, = 0.
T ]T

Integration of the above inequality also proves Ls-gain of the level 7 between [rl, _;,71 17 and
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el 1,el 1T. For the proof of the weighted Ls-gain in the case of [r{,--- ,rg(n_l)] # 0, the
inequality (126) and (127) are replaced by

d k—1 1 2% 2k
—V rlr. — 77 2ele;) — Ty — T_26T€‘) <0
dt 1 ;¢¢+1(V[i )bit2 - dr(Vig— 1])]-:%:_1( 7 s €3) j%.: 1< 7 7
ACESEDS : > ¢ b Y (o)
- n riTi—T e e; rir;—T ‘€ie
dt [] ¢Z+1 ‘/[’L ¢Z+2 (z)n(‘/[nfl]) j=2i—1 7 j j=2n—1 ’ 7

respectively. Since V}; satisfies (124) and ¢; is bounded from above, there exist a CY function matrix

W(z,za) > 0 for which £y disturbance attenuation of the level 7 between r and W (x,za)e is
achieved.
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