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1 Introduction

For about a decade, the input-to-state stability (ISS) property has been accepted as a useful way to
characterize a class of nonlinearities in view of stability[10]. The ISS small-gain theorem provides
a sufficient condition for the stability of a feedback system comprised of ISS subsystems|9, 13, §8].
The theorem makes use of the idea of nonlinear loop gain. There is another important class of
systems which are not necessarily ISS. This is characterized by the integral input-to-state stability
(iISS) property[11, 2]. Those systems have finite nonlinear gain only in a very weak sense. In
contrast to ISS systems, because of the weakness of gain, the cascade of iISS systems are not
always stable[3, 4]. In spite of such a weak gain property, a stability criterion covering iISS
systems in feedback configurations has been developed recently by one of the authors[5], which is
a result of the Lyapunov constructive approach presented in [6]. The criterion gives a sufficient
condition for iISS property of interconnected ilSS systems in the form of a small-gain property.
The possibility of establishing stability for the feedback interconnection of iISS systems by means
of gain conditions is followed up by a nullcline approach[l] in the absence of external signals.
Generalizing the proposed result of [1] to the case of external stability with respect to external
signals is by no means easy. As a matter of fact, the relationship between the nullcline approach
and the Lyapunov constructive approach has not been investigated yet.

The purpose of this technical report is to provide detailed proofs of the results presented in [7].
The contribution of [7] is mainly threefold. One is to derive necessary conditions for the stability
of interconnected systems in order to show how reasonable small-gain-type criteria are. Another is
to unify the treatment of iISS and ISS systems by merging the two types of small-gain conditions
derived from the two types of Lyapunov functions dealing with iISS and ISS separately. The third
objective is to provide Lyapunov functions in the situations considered by the nullcline approach
to global asymptotic stability(GAS) in the absence of external signals. An emphasis is placed on
Lyapunov functions to accomplish all the points and the development of a single unified formula
applicable equally to iISS systems and ISS systems. The condition of a small-gain type proposed
in [6] for iISS systems looks more complicated and more restrictive than the small-gain condition
for ISS systems. The result in [7] not only merges the two small-gain-type conditions, but also
removes the assumption of uniform contraction used in [6]. The unification and the generalization
of Lyapunov functions also enable us to come to the point where the necessity of the small-gain
condition holds. Furthermore, in [7], it is shown that at least one of the subsystems in the loop
needs to be ISS with respect to feedback input.

In this report, let the symbols V and A denote logical sum and logical product, respectively.
Negation is —. The interval [0, c0) in the space of real numbers R is denoted by Ry. The Euclidean
norm of a vector in R™ is denoted by | - |. The identity map on R is denoted by Id. A function
v : Ry — Ry is said to be of class K and written as v € IC if it is a continuous, strictly increasing
function satisfying v(0) = 0. A function v : Ry — Ry is said to be of class Ko and written
as 7 € Ky if it is a class K function satisfying lim, . y(r) = oco. We write v € Py for a
function v : Ry — Ry if it is a continuous function satisfying v(0) = 0. The set of v € Py
satisfying v(s) > 0 for all s € Ry \ {0} is denoted by v € P. For a function h € P, we write
h € O(> L) with a non-negative number L if there exists a positive number K > L such that
limsup,_,g4 h(s)/s® < oo holds. We write h € O(L) when K = L. As for limiting value of
functions f,g: Ry — Ry , we use the simple notation lim f(s) = lim g(s) to describe {lim f(s) =
oo A limg(s) = oo} V {oo > lim f(s) = limg(s)}. In a similar manner, lim f(s) > lim g(s)
denotes {lim f(s) = oo V oo > lim f(s) > limg(s)}. A system @ = f(x,r) is said to be 0-GAS if
the O-input system & = f(x,0) has a unique equilibrium which is globally asymptotically stable.
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Figure 1: Interconnected system X

2 System Setup

Consider the interconnected system Y shown in Fig.1. The subsystems Y1 and Yo are connected

with each other through u; =x9 and uo = x1. The state vector of X is z = [xr{,:ng]T € R™. The

signals 71 and ry are packed into r=[r{, 717 € R¥. In this report, we consider the following sets

of ¥;’s as in [7].
Definition 1 Given o; € P, 0; € K and o,y € Py for i = 1,2, let Syi(ni, a;,04,0p), 1 = 1,2
denote the pair of sets containing systems Y; in the form of
j"i :fl(t)x’mular’b)? xZERnlu UlERmZ, rzeRkl (1)
fi(t,0,0,0) =0, te R, (2)
fi is locally Lipschitz in (x;,u;,r;) uniformly in t

and piecewise continuous in t (3)

for which there exist C! functions V: Ry xR" — R and oy, &; € Koo such that

() <Vilt,w0) <@l g

DAL f1 < o (Vilt,20)) +oa(Va(t,22)) F o) )
I

T2+ T2y < —aa(Valt 22)) o2Vl 1) +omalra) ©)
T2

hold for all x; € R, r; ¢ R¥ andt € Ry, i =1,2.

The integers m;’s are supposed to satisfy mi1 = ny and mo = n; so that the interconnection of
Y1 and Y9 makes sense. The Lipschitzness imposed on f; guarantees the existence of a unique
maximal solution of ¥ for locally essentially bounded r;(¢). If the exogenous signal r; is absent,
the set of systems is denoted by Sy;(n;, i, ;).

The inequalities (5) and (6) are often referred to as “dissipation inequalities”, and their right
hand sides are called supply rates. The individual system 3; fulfilling the above definition is
said to be integral input-to-state stable (iISS)[11]. The function V; is called a C! iISS Lyapunov
function[2]. Under a stronger assumption «; € K, the system ¥; is said to be input-to-state
stable (ISS)[10], and the function V; is a C! ISS Lyapunov function[12]. By definition, an ISS
system is always iISS. The converse does not hold. The original notion of iISS and ISS is given in
terms of trajectories and, in the context of time-invariant systems, is equivalent to the existence
of C!iISS and ISS Lyapunov functions, respectively[2, 12]. As we see on the right hand side of
(5) and (6), the iISS and ISS properties we consider in this report are uniform in time ¢.

Definition 2 Given o; € P, 0; € K, 0,i € Py and o, & € Koo fori = 1,2, let S;(ng, o, 04y 0iy iy @)

denote the set of systems %; of the form (1), (2) and (3) which admit the existence of a C! function



Vi: Ry xR™ — R satisfying (4) and

av; 0V;
< il (g e
ot + axifl < —ai(|zil) + oi(Juwil) + ori((ri]) (7)

for all x; € R™, u; e R™, r; € RF and t e Ry, i =1,2.

Definition 3 Let S;(n;, oy, 04, 04;) denote the set of ¥; for which there exist a;, & € Koo such that
Y € Sl(nz, Q, Ty Opiy QU C_ti) holds.

We write S;(ni, a;,0;) and S;(ni, a;, 0i, a;, &;) when we consider 7;(t) = 0. Definitions 2 and 3
involve |- | to measure the magnitude of feedback signals in the dissipation inequalities. As we will
see in the sequel, for the set Sy;(n;, aj, 04, 0.;) whose dissipation inequalities do not involve the
Euclidean norm of feedback signals, stability criteria become simpler than those for S;(n;, a;, i, 0r)
and S;(n;, aj, 04, 000, ;, @;). The set S;(n;, oy, 04,0p) in Definition 3 naturally generalizes the
notion of prescribed £P-gain systems. By comparison, the set S;(n;, a;, 0;, 0y, @, @;) in Definition
2 includes the explicit information o, &; on the discrepancy between |-| and V;(+), which is essential
to the analysis of 0-GAS of the interconnection.

3 Small-Gain Conditions

This section briefly presents small-gain-type theorems developed in [7]. The following provides a
necessary and sufficient condition for the uniform 0-GAS of a set of interconnected iISS systems
as shown in Fig. 1. By uniform 0-GAS, we mean that the trivial solution of the interconnected
system Y without external inputs r; and ro is uniformly GAS.

Theorem 1 Let n; be a positive integer for each i = 1,2. Assume that functions a;,0; : Ry — R4
,i=1,2 are C' and satisfy

a; €0(>1), 0, €0(>0), i=1,2 (8)
aweK, i=1,2 (9)

Suppose that there exists some integer j € {1,2} such that a1, ag, o1 and oy satisfy

lim as_;(s) > lim o3_;(s) (10)
and one of the following conditions

(G1) lim az_j(s) = lim o3_;(s)

£1

ogioaz ooy i(s
(G2) lim L3 "° (%)
§=00 a;(s)

Then, the interconnected system % is uniformly 0-GAS for all pairs ¥; € Sy;(n;, i, 04), 1 = 1,2 if
and only if

a;l ) 0']- o a?:_ljo 0'3,]'(5) < s, Vs S (0, OO) (]‘1)

holds for the above j. Furthermore, a Lyapunov function of ¥ characterizing the uniform 0-GAS
18 gen as

Vi(t,r1) Va(t,x2)
Val(t, z) :/ Al(s)ds—i—/ Aao(s)ds (12)
0 0



for some non-decreasing continuous functions A1, Ao : Ry — Ry satisfying

A1(s) >0, Aa(s) >0, se€(0,00) (13)

It is emphasized that j in (11) is the same as in any of (G1)-(G2). The properties (9) and
(10) are assumed beforehand only for simplicity of expressions. Their necessity will be proven
in Theorem 4 and Theorem 5 of Section 4. It is stressed that (G1)-(G2) are not simultaneous
constraints. Only one of them is required. Let the inequality (11) be referred to as a small-gain
condition. It is mentioned here that the uniform 0-GAS in Theorem 1 is derived from

JageP s.t. Vy(t,z) < —ag(lz|), VreR" (14)

satisfied along the trajectories of the interconnected system ¥ with r;(¢) =0, ¢ = 1,2. The “only
if” part of Theorem 1 does not need the assumption (G1) vV (G2). In other words, there always
exists a pair of ¥;, ¢ = 1,2 such that their interconnection is not 0-GAS when (11) is violated.

One can obtain iISS of a set of interconnected systems if amplification factors w;, ¢ = 1,2, are
introduced to the small-gain condition. A stronger property, ISS, is a special case.

Theorem 2 Assume that functions «;, 04,0, ;,0; : Ry — Ry | @ = 1,2 satisfy (9). Suppose
that there exists some integer j € {1,2} such that one of the following conditions

S§— 00

(H1) lim aji(s) =00 A lim as(s) = o0
S§— 00
(H2) lim az_j(s) =00 A  lim o3_j(s) < 00
S—00 S—00
(H3) lim oi(s) <oo A lim o9(s) < o0
S—00 S—00
1s satisfied. Then, the interconnected system X is i1SS with respect to input r and state x for all

pairs Si(ni, i, 04, 0riy 0, @) with any positive integer n;, i = 1,2 if there exist w; € Koo, 1 = 1,2
such that

g;lodj oaglo (Id + wj)oo; ogg_ljodg,j oag_ljo (Id + w3_j)oos3_j(s) <5, Vs € Ry (15)

holds for the above j. Furthermore, an iISS Lyapunov function of ¥ is given as in (12) for some
non-decreasing continuous functions A\, Ao : Ry — Ry satisfying (13). In the case of (H1), the
function Vy is also an ISS Lyapunov function.

Note that the inverses of a;; and a3—; in (11) and (15) are not necessarily well defined over R .
Instead, the fulfillment of (11) and (15) only requires the whole composite function on the left hand
side of the inequality to be finite for finite s. Thus, lim,_o o (s) >lims_. 0j(s) is not necessary.
The statement about a Lyapunov function in Theorem 2 claims that

dag €P, oq€Py s.t.
Va(t,z) < —aq(|z]) + oa(lr]), Vo € R",r € R (16)

is satisfied along the trajectories of X. Since the above theorem only addresses the sufficiency of
a small-gain condition for the stability, neither (8) nor the smoothness of a; and o; is required. It
is stressed that j in (15) is the same as in (H2). It can be verified that

(G1)V (G2) < (H1)V (H2)V (H3) < (H1)

holds under the assumption that there exist wy,ws € K satisfying (15).



Theorem 3 Let n; be a positive integer for each i = 1,2. Assume that functions oy, 0y, 0 : Ry —
Ry ,i=1,2 are C! and satisfy (8), (9), (H1) and

0ri € Kooy i=1,2 (17)

Then, the interconnected system 3 is ISS with respect to input r and state x for all pairs Sy;(n;, g, 04, 0i),
i =1,2 if and only if there exist w; € Koo, @ = 1,2 such that

aflo(Id+wy)ooyoay o (Id +wy)ooa(s) <s, VscRy (18)

holds. Furthermore, an ISS Lyapunov function of ¥ is given as in (12) for some non-decreasing
continuous functions A1, A2 : Ry — Ry satisfying (13).

Theorem 3 indicates that there exists ay € Ko achieving (16). In contrast to Theorem 2 stated
with o,; € Py, Theorem 3 considers (17) which is narrower than Py. The assumption (17) is only
for obtaining the “only if” part of Theorem 3. If the exogenous signals affect systems through
sufficiently small 0,; € K, the condition (18) is not always required, while (11) is necessary. For
sufficiently small 0,1 and 0,9, none of (H1), (H2) and (H3) is necessary (See Section 5.1).

It is stressed that (15) with j = 1 is not equivalent to (15) with j = 2 in general. The same
remark applies to (11). The j = 1 case in (15) implies the j = 2 case if
lim ap(s) =00 V lim a;(s) > lim oy(s) (19)
5—00 S— 00 S§—00

Thus, the condition (15) is symmetric in terms of j = 1 and j = 2 when ¥; and 3 are individually
ISS with respect to the interacting inputs. When iISS subsystems are involved, we need to select
j € {1,2} or interchange ¥; and ¥3 so that (15) or (11) can be fulfilled. Theorem 4 in Section 4
explains why the condition should be asymmetric.

Combining the materials in Sections 4 and 5 proves the theorems in this section.

4 Necessity

In this section, the necessity of the stability criteria presented in Section 3 is demonstrated. The
issue of the necessity is important from the perspective of estimating stability margins for uncertain
systems as well as the tightness of the stability criteria.

4.1 Destabilizing Perturbation

The following lemma provides a technique to construct destabilizing perturbations, which is the
key to the proof of the necessity in Theorems 1 and 3.

Lemma 1 Suppose that C' functions o € P, o € K, real numbers § > 0, € > 0 and integers
n >0, m >0 are given. Assume that o and o belong to O(> 1) and O(> 0), respectively. Then,
there exist a locally Lipschitz function f: R™ x R™ — R, a C' function V: R* — R , class Koo
functions o, & and a real number € € [0, € such that

£(0,0)=0 (20)
afle]) = V(z) = a(jz]) (21)
gg (z,u) < —a(lz]) + o(lul), VzeR"ueR™ (22)
(1 djael) < a<ru\>} = % p,u) > daa) (23)



The proof of this lemma given in Subsection 6.1 is constructive.

When (1/N)+ (1/J) < 1, « € O(N) and o € O(J) are satisfied, the claim in Lemma 1 still
holds for € = 0.

The function f(z,u) constructed in the proof of Lemma 1 satisfies
fi(m,u)\mzo =0, i=12,....n

where f = [f1, fo, ..., fn]T. This implies that each i-th scalar component of the solution vector
x(t) € R™ of the differential equation & = f(x,u) never changes signs, namely, for each i =
1,2,....n,

2i(0) >0 = z;(t) >0, Vt € R,

holds. For such a positive system defined for initial conditions in the non-negative orthant, the C*
function V' (x) needs to be defined on only R”}. Since V(x) = |x| becomes eligible, Lemma 1 allows
a € O(1) when one’s attention is restricted to positive systems. Finally, it can be verified that all
the results presented in [7] hold even for the interconnection of subsystems evolving on R}’

4.2 Necessary Conditions

Using Lemma 1, we can derive necessary conditions for the stability of the interconnected system
¥ shown in Fig.1. The following addresses the existence of an integer j € {1,2} satisfying (10).

Theorem 4 Let n; be a positive integer for each i = 1,2. Assume that functions oy, 04,0 : Ry —
R, are C', and satisfy

a; €O0(>1), o04,0,€0(>0), i=1,2 (24)
Then, for the pair
S ={%; € Si(ni, i, 04, 004)
filt,xi ug, i) = fi(0 x5, ui,r5), VEERL} Ji=1,2 (25)
and the pair
Si ={%; € Svi(ni, a;,04,00) :
filt,xi ug, i) = fi(0, x5, ui,r5), VEERL} Ji=1,2 (26)
the following facts hold.
(i) The interconnected system ¥ is 0-GAS for all ¥; € S;, i = 1,2, only if

liminf o;(s) > lim o4(s) (27)

§—00 S§—00

holds for at least one of 1 =1, 2.

(ii) The interconnected system ¥ is 1SS with respect to input r and state x for all ¥; € S,
1=1,2, only if

liminf o;(s) > lim oy(s) + sup o,4(s) (28)

§—00 §—00 SER+

holds for at least one of i = 1, 2.



The necessary condition (28) and (17) justify either of the two requirements in (H1) of Theorem
3. The use of the sets (25) and (26) illustrates that the necessity holds for sets of time-invariant
systems which are narrower than S;(n;, a;,0;,0p) and Sy;(ng, a4, 0;, 0y;), respectively. Note that
(27) is also necessary for iISS of ¥ since iISS implies 0-GAS. The property (28) indicates that 3;
is ISS with respect to input (u;,r;) and state z; if o,; € K. The property (27) implies that %;
is ISS with respect to input u; and state z;. It is worth noting that limsup, ., o,i(s) < oo is
not necessary for the iISS property of the interconnected system ¥ even if liminfs o a;(s) < oo.
This fact can be understood naturally. In fact, a system is iISS if and only if it is 0-GAS and
zero-output smoothly dissipative|[2].

We can establish the necessity of the small-gain condition.

Theorem 5 Let n; be a positive integer for each i = 1,2. Assume that functions oy, 04,0 : Ry —
R are CY, and satisfy (24). Suppose

lim inf az(s)> lim o9(s) if2€ D

§—00

liminf as(s) =00 V
S—00

{ liminf aa(s) > lim o9(s) if 2 ¢ D

holds, where D := {i € {1,2}: 0, € Koo}. Then, the following facts hold for the pairs Si,S2
defined in (25) and (26).

(i) The interconnected system X is 0-GAS for all 3; € S;, i = 1,2 only if there exist &; € K,
i =1,2, such that

arlooyoaytoog(s) <s Vs € (0,00) (30)

ai(s) < ai(s), VseRy (31)

(i) The interconnected system ¥ is ISS with respect to input r and state x for all ¥; € S;, 1 = 1,2
only if there exist

w{S0% figp (32

and &; € K fori=1,2 such that
a;to(Id +wy)oopodyto(Id+wp)oaa(s) <s, VseR, (33)

and (31) are satisfied.

Note that we can take &; = «; if o is of class K. Theorem 5 suggests that we can assume o; € K,
1 = 1,2, without loss of generality in the stability analysis. The next lemma indicates that the
assumption of a; € O(> 1) and o; € O(> 0) is reasonable.

Lemma 2 For n; > 0, the following holds.

(i) If OV;/0x; and OV;/Ot are Holder continuous of some order a > 0 and b > 1, respectively, in
x; at x; =0, then S;(ni, oy, 0;) # 0 implies o; € O(> 1).

(i) For each ¥; € Si(ni, a;,0;), there exists 6; € K such that 6; € O(> 0) and ¥; € S;(ni, a4, ;) C
Si(ni, a;, 0;) holds.



5 Sufficiency

In this section, the sufficiency of the stability criteria presented in Section 3 is derived. This section
gives a pair of {\1, A2} with which the composite Lyapunov function V,; in (12) fulfills (14) and
(16).

5.1 A common form of Lyapunov function

Consider the set of the quadruplets (aq, as, o1, 09) satisfying

a1,02,01,02 S IC; (34)
lim as(s) > lim oa(s) (35)
§—00 §—00

Define the following seven situations for (a1, asg, o1, 092):

o1 OQ2_100_420052_1002(8)

(M1) lim ~ <1 A lim as(s) = lim oa(s)
§—00 1 O 5[1 Ogl(s) $§—00 $—00

o1 oggloo_zgoagloag(s)

(M2) lim — <1 A lim ay(s) > lim og(s)
§—00 o100 oa(s) 500 $§—>00

B |
(M3) lim 710G OC_METOQ 002(s) =1 A lim as(s) > lim oa(s)
§—00 100 oa;(s) 500 $—>00

(J1) lim as(s) =00 A lim ai(s) = o0

§—00

(J2) lim ay(s) =00 A lim o3(s) < o0

§—00

(J3) lim o1(s) <oco A lim oa(s) < 0o

§—00

(J4) 3k € {1,2} s.t. {Sll)rgo ag(s) < oo A s&rgoo3_k(s) = o0}

The pair of {1, A2} for the Lyapunov function V,; can be constructed from the functions in the
small-gain conditions (11), (15) and (18). The following lemma provides the functions to be used
in {\1, A2} directly.

Lemma 3 Assume that
ajtoajoajtordioayoasoastoaa(s) <s, Vse (0,00) (36)

holds for a pair o;, &; € Koo and a quadruplet (a1, ag, 01, 02) satisfying (34), (35) and (M1)V (M2).
Then, there exist &p,61 € KC, @1, We € Py and 71,79 € Koo such that

(Id + &) 06105 oagoay o (Id + @) 0 oa(s) < Gy oay ooy (s), VseR, (37)
o1(s) < a1(s), ai(s) < ai(s), Vs € Ry (38)
i 51(5) > Tim a(s) (39)
Slg& az(s) =00 = = (40)
lim as(s) < oo = 61 =0 (41)

S§— 00

limg oo 2(8) > lims o0 (Id 4 Wo) 0 02(s)
lim as(s) > lim o9(s) = ¢ lims oo d1(s) > lims_oo G1(5) (42)
§—00 §—00 A A

w1,y €K



limg 00 2(8) > limg oo (Id + @2) © 02(s)

lim o3(s) = lim ag(s) = ( limgoo(Id +@1) 0 61(s) = limg—oo 1 (s (43)
e e w1001(s) >0, wyooa(s) >0, Vs € (0,00)

Furthermore, the claim can be fulfilled by @1, e € Koo if there exist wi,wy € Koo such that
ajtoartoaio(Id +w)oojoay oazoayto(Id+wy)ooa(s) <s, VsecR, (45)
1s satisfied under the assumption of
lim as(s) =00 VvV lim aa(s) > lim oa(s) (46)
500 5500 500

Using the functions given in Lemma 3 and L := lims_, d1(s), we define continuous functions
A, A2t Ry — Ry as

A1(s) :=[020 @y 75 o ago ay to ago 67 o o dy
oay ' (s)] [vor fodroay ()] [ory lodr o (s)] (47)
Ao(s) =010 ggl(s) [1/ 0610 ggl(s)] [¢ 0610 ggl(s)} (48)
where §; and 7 are any class Ko, functions satisfying
Id-6; e Ko, 1=1,2 (49)
71 =1d + ki (50)

for some k € (0,1), and v, : (0, L) — R4 are any continuous functions which satisfy

0<v(s) <oo, 0<Y(s) <oo, Vse(0,L) (51)

and fulfill
[630@9075 Toasody o ay(s)] [V o 61(s)] [¢ 0 61(s)] : non-decreasing (52)
G1(8) [vodi(s)][pod(s)] : non-decreasing (53)
[52 ol o%{loago d;lo Q0 &1_107'1_10 o odl_l(s)] [1/07'1_10 a 0071_1(8)] : non-decreasing (54)

[wo&l ogz_lo Qo oaglo T 002(5)] [&1 ogglo s oa2_10 T 002(8)] o2($)

< [wo 7'1_10 &10 071_10 gl(s)] [02 0 g 0 T2(5)] [510 ko 7'1_10 Q10 071_10 gl(s)] (55)
for all s € Ry. Note that 71 € K& holds since s + kwi(s) = k(s +w1(s)) + (1 — k)s and 71 € K.

The following demonstrates that the pair of {\1, A2} in (47) and (48) yields a Lyapunov function
V. establishing the 0-GAS, iISS and ISS of the interconnected system 3 under appropriate small-
gain conditions.

Theorem 6 Consider o,1,0.0 € Py, a quadruplet (a1, a9,01,02) satisfying (34) and (35), and
Vii(t,z) € Ry x R" — Ry, i = 1,2, satisfying (4) for some a;, &; € Koo. Then, we have the
following.

(i) Suppose that or1(s) =0, or2(s) =0 and (M1) vV (M2) hold. If (36) is satisfied, the functions
(47) and (48) satisfy

2

2
D XiVilt, zi) {—ai(|i) +oi(lui) +ori(ril)} < —aail|ail) + oai(|ril),
i=1 =1
Vi, E]Rnl, To € RnQ, 1 Ele, ro € Rmz, te R+ (56)

for some a1, 00 2€P and 04,1(8) = oa2(s) = 0.
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(ii) Suppose that (J1)V (J2) Vv (J3) and

L <oo= limr(s) < oo, hH}ll/J(S) < o0 (57)
S— S—

hold. If there exist w; € Koo, @ = 1,2 such that (45) is satisfied, the functions (47) and (48)

with &1, Wy € Koo satisfy (56) for some a1, 2€K and some 041,002 € Py fulfilling

ar, o € Ko = Qe 1, Ol 2 € Koo (58)
0ri(8) =0 = 04,(s) =0 (59)

There always exist functions v and v fulfilling (51), (52), (53), (54), (55) and (57). The existence
and the construction are addressed in Subsection 5.2. The task of finding a pair {A;, A2} which
solves (56) is referred to as a state-dependent scaling problem in [6]. In Theorem 6 (%), the property
(56) resulting in (16) yields the iISS of the interconnected system Y. Theorem 6 (i) demonstrates
that the amplification factors wi,ws in the small-gain condition (45) can be replaced by a strict
inequality sign as far as 0-GAS is concerned. Note that the existence of wi,ws € Ko achieving
(45) implies not only (36), but also (M1)V (M2).

In order to understand the idea of the assumption (M1)V (M2) for 0-GAS and the assumption
(J1)V (J2)V (J3) for iISS, the following lemma is useful.

Lemma 4 Given o, &; € Koo, @ = 1,2, the following propositions hold true for each quadruplet
(a1, 0,01, 09) satisfying (34), (35):

{{ (M1)v (M2)} & —(M3)} if (36)
{ (JD)V (J2)V (J3) } & ~(J4)

The case of (J4) allows co = lim sup,_, ., 0,k($) > lims_oo i (s). Notice that co = limsup,_, . o,k (S)
implies the unbounded influence of r; on . In this situation, (J4) implies that the underdamped
state xj of X affects X3_p through the unbounded function o3_j. If the influence of r; is small
enough, we can still obtain iISS of ¥ in the case of (J4). In fact, there exists e > 0 for which we can
obtain a1, a2 €K and 041,042 € Po if (45) holds with wi,ws € Koo and limg_.oc 071(s) < €.

5.2 Construction of ¢

Once a function 1) satisfying (51), (55) and (57), is given, we can always select a function v required
in Theorem 6 straightforwardly. Such a desired function v is constructed as follows: First, define

1 d(t)
()=t (b(t) 1> , t€(0,9)

)
Qt) = ; (60)
1 s

b(s)=bon(s), d(s) =don '(s) (61)
m(s) =1 oaon l(s) (62)
S = lim n(s), R= ll{gloﬁloa(s)
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b(s) = [(51 o kwy o 7‘1_1 oQ10 071_10 a (s)] [d2009009(s)]
d(s) = [61 oasloagoayt oo oa(s)] oa(s)

n(s) = 61005 0@y oayt oty oay(s)
We can always pick a non-decreasing function @ : (0, R) — R satisfying
Q(s) > max{Q(s),0}, Vs e (0,R) (63)

In the case of limsup,_,, Q(s) = oo, let @ be of the form

1
Q(s) = W, s € (0, R) (64)
and we can pick a function & : (0, R) — R satisfying
1
£(s) < 1, 0</§ P ey YO (65)
Then, for arbitrary C' > 0 and T" € (0, R), define ¢ by
W(s) = CeJr QWA ¢ o R) (66)
¥(s) = lim o(r), s €[R,00) (67)

Note that (37) implies S < R.

Lemma 5 Assume that (36) holds for a pair o;, @; € Koo and a quadruplet (o, e, 01,02) satis-
fying (34), (35) and (M1)V (M2). Then, the function 1 defined by (66) and (67) is a continuous
mapping from (0, L) to Ry and satisfies
0<¢(s) <oo, Vse(0,L) (68)
[won(s)]d(s) < [y toa(s)]b(s), Vs € (0,00) (69)

Moreover, the function v is a continuous mapping from (0,00) to Ry and satisfies

0<9(s) <oo, Vse(0,00) (70)
if
Sll)rgo as(s) > Slggo oa(s) (71)

holds additionally.

The inequality (69) corresponds to (55). The property (68) ensures (51) in terms of 1. As for
(57) in (ii) of Theorem 6, the following lemma assures that (70) guarantees (57) in terms of .

Lemma 6 Suppose that the quadruplet (o, ag, 01, 02) satisfying (34) and (35) fulfills (J1) V (J2)
V (J8). If there exist w; € Koo, i = 1,2 such that (45) is satisfied, then L < oo implies (71)

It is stressed that, when supply rates for X;, i = 1,2 are given by
—a;(Vi(t, i) +0i(Va—i(t, v3-:)) +ori(|ri])

instead of —a;(|x;|)+0i(|ui])+0r:(|7:]), all developments in this Section 5 remain valid by replacing
«; and a; with the identity map, and replacing |z;| with V;.
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If Q(s) < 0 holds for all s € (0, R), the choice Q(s) = 0 fulfills (63), which yields (s) = C > 0.
If there exists K € (—00,0) U [1,00) such that

sup tQ(t) < K (72)
te(0,R)

holds, the choice Q(s) = K/s yields 9(s) = Cs’. In the case of uniform contraction where w;
and wy are linear, there exist a sufficiently large K < oo such that (72) holds. When we take
Y(s) = Cs& the functions A\; and My reduce to the ones used in earlier results [6] dealing with
uniformly contractive loop gain for ISS systems.

6 Proofs

6.1 Proof of Lemma 1

By assumption, there exist N > 1 and J > 0 such that a€P and ¢ € K are written in the form of
a(lz]) = a(le))|=™,  o(jul) = &(jul)|ul”
with some functions &(s) and &(s) which are continuous on [0,00). The class C' property of «
and o also implies that & and & are C! in (0, 00). Pick a real number @ > 1 so that
1 1
—4+ —=<1
NTIQ
is satisfied. Let € € (0,€]. In the case of (1/N)+ (1/J) <1, let @ =1 and € = 0. Define 6 € Ko

as

0(s) = { o(e) (s/0(e))? , for s € [0, 0(€))

s , for s € [o(€),0)

The class K function & given by &(s) = 0 o o(s) satisfies

o(s)=0(s)=0,s=0
(s) <o(s) , Vs € (0,€ (73)
a(s) =o(s) , Vs € [e,00)
Define p > 1 by
1 1
.=1" g (74)
Let ¢ = JQ so that (1/p) + (1/¢) =1 holds. Define
V(z) = a(lz]) = a(|a|) = |/ (75)
fla,u) = fa(x) + fp(x,u) (76)
fa= oDl ¥z, p=2(140) +1 (77)
fB= %(Q(l+5)d(|$|))1/p(q5(|u|))l/qfﬂ (78)
Then, we have
oV N N_o9
%f:?m vl f

A q A v 1/q
——pév(|z))]x |V + <pp(1 + 5)a(|$|)|$|N> (o (|ul))
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Applying Young’s inequality to the right-hand side, we obtain

ov q . -

5ol <= (n=2a+0)) aleDlat" + o(lu) < ael) + o(lu)
Since ¢(1 4 6) — p = 0 holds, we arrive at

(1 +0)a(lz]) = o(jul) = %f = —pe(|z]) + g (Jul) = (¢(1 +6) — pa(|z]) = da(|z])
(1 +0)a(lz]) <o(jul) = %f > (q(1+0) = pa(|z]) = da(|z])

Thus, we have (23) by virtue of (73). The choice (74) of p implies N/p > 1, so that V given by
(75) is C!. The function fa is Lipschitz at each point in R™ due to N/q > 0 and the class C!
property of & on (0,00). The function fp is also locally Lipschitz in & on R™ since &(s)/? is C!
on (0,00) and bounded on R;. To verify the local Lipschitzness with respect to u € R™, we first
obtain J@Q = ¢ from (74). Next,

5(s)"/® = o(e)/%(6(s) /o () |s| , Vs € [0,¢]

follows from o € O(> 0). This function &(s)'/7 is continuously differentiable in the interval (0, €]
since 6(s)9/9 is class C'. The function &(s)'/4 is also Lipschitz at zero since Q/q > 0. The identity

5(5)/7 = 6(5)/|s] /9 , Vs € [e,00)

together with ¢ > 1 and J > 0 guarantees that &(s)'/9 is C' at each s € [¢,00) due to the
continuous differentiability of &(s)l/ 9. Hence, the function fp is locally Lipschitz at all u € R™.

6.2 Proof of Theorem 4

We first deal with S; and S» given by (25) and we begin with proving (7).
(i) Suppose that (28) is not satisfied for each ¢ = 1,2. This assumption is equivalent to

liminf a;(s) < oo A liminfa;(s) < lim o;(s) + sup op(s)
S§—0Q S§—00 S§— 00 S€R+

for i = 1,2. Due to o; € K and o,; € Py, there exist v; > 0, w; > 0 and §; > 0 for ¢ = 1,2 such
that

(1 + (51)0&1(8) < 0'1(11)2) + O'rl(vl), Vs € {hll,hlg, }
(1 + 52)042(8) < Ug(wl) + UT2<1}2), Vs € {hzl, haa, }

hold for some increasing sequences hi, — oo and ho, — 00 satisfying hiy, hoy > 0, respectively.
For all integers j and k satisfying h1; > w; and hgy > wo, the properties

21| =haj, 22| > hok = (1+01) a1 (|z1]) <o1(x2]) +ori(lr])
21| > Ry, |z2| = hor, = (1402) e (|72]) <o2(|71]) +ora(|re)

hold as long as r; and 7o satisfy |r1| > v1,|ra| > vo. Lemma 1 with replacement of o(|u|) with
oi(Jui|) + or:(|r5]) guarantees the existence of fi(z1,u1,71), fo(xo, uz,m2): R™ x R™ x RF — R,
C! functions Vi, Va: R% — R and a4, a1, as, @2 € Ko such that ¥; € S;(ns, as, 04, 04) and

a;i(lzi]) = Vi(wi) = @i(lzil) (79)
(1 + 51)041(|.7}z‘) < Ui(|l‘3fi|) —|—0m‘("l“i’) = (;szz > 5zaz(‘x2|)
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hold for ¢ = 1, 2. These systems ¥ and Yo satisfy
A%
21| = haj, [v2| > hok = 8711?1 > diar(|z1]) (80)
15A%
21| > haj, [v2| = hok = aT;h > 0 (|z2l) (81)

for all |r1| > v1, |ra| > va. Define
U(ly, 1) = {(z1,z2) e R xR : Vj(z;) > ;(l;),i=1,2} (82)

Due to (79), the pair of (80) and (81) implies that trajectories starting from (z(0),z2(0)) €
U(hqj, hog) stay in U(hyj, hoy) forever if |r| = vy and |ra] = vp hold for all t € Ry. The
trajectories remain in U(hy;, hog) for the same r and rp however large hy; and hgy are. This
invariance property implies that the interconnected system does not have finite gain in terms of
ISS[10].

(i) Suppose that (27) does not hold for i = 1,2. There exist w;, d; > 0 for ¢ = 1,2 such that

(1 + 51)@1(8) < Ul(wg), Vs € {hn, hi2, }
(1 + (52)042(8) < 0'2('11)1), Vs € {hgl,hgg, }

are satisfied for some increasing sequences hi, — oo and he, — o0 satisfying hii, ho1 > 0,
respectively. Lemma 1 guarantees the existence of ¥; € S;(n;, a;,0;), ¢ = 1,2, such that (80) and
(81) hold. Trajectories starting from U(hq;, hog) remain in U(hyj, hoy) for arbitrary hi; and hog.
Therefore, the interconnection is not 0-GAS.

In the case of (26), by assumption there exist M; > 1 and L; > 0 such that a; € O(M;) and
o; € O(L;) hold for i = 1,2. Define &; = o;(s%) and &; = o;(s%3-%) for some K; > 1, i =1,2.
Then, there exist continuous functions &;,d; : Ry — Ry such that

&i(|zi)) = di(|mi|) @™, Ny = K;M; > 1
Fi(|ra—i|) = 6i(|za—i|)|zs—i|”i, J; = K3_;L; >0

hold for i = 1,2. Since o; and o; are C!, the functions &; and &; are also C! on (0,00). Lemma 1
yields a Lipschitz continuous time-invariant system Y; € S;(n;, &, 7, o) with Vj(z;) = |a;|% for
each ¢ = 1,2. The property S;(n;, &;, 7i,0r;) = Svi(ni, a;, 04, 0r;) completes the proof.

6.3 Proof of Theorem 5

The following deals with (25). The technique to deal with (26) is the same as Theorem 4.
(i): Assume «; € K temporarily and let &; = «;, i = 1,2. Suppose that there exists 1 € (0, 00)
such that

010 a2_1 oog(lh) > ay(l) (83)

holds. Pick Iy € (0,00) so that a2_1 oog(ly) > 1y > 01_1 o aq(ly) is satisfied. Using ae,01 € K,
we obtain ag(le) < o2(ly) and ai(l1) < o1(l2). Suppose |ri(t)] = |ro(t)] = 0 for all t € R.

Lemma 1 guarantees the existence of two time-invariant systems ¥, € Si(ni,a1,01,0,1) and
Y9 € Sa(na, ag, 02, 0,2) achieving (79) and

aV;
i(|2i]) < oi(|r3—i]) = i >
ailzil) < oillesil) = 544> 0
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for ¢ = 1,2. This leads to the following:

oV,

1] =1, |332’Zl2:>871f120 (84)
I
oV

1] > 1, |332’252:>672f220 (85)
T2

Define U(ly,[2) as in (82). Due to (79), the property characterized by (84) and (85) implies that
trajectories starting from z(0) € U(l},l2) remain in U(l1,l2). This invariance contradicts the
0-GAS. Next, consider the case of a; € P\ K. Suppose that

a1, o €, i=1,2
a;1(8) > a;a(s), Vse Ry, i=1,2

hold. Then, if there exists I; € (0,00) such that
o1 0ay; 00oa(l1) > ayp(l) (86)

holds for k = 1, the same [; also satisfies (86) for k = 2. This property implies that the negation
of (30) implies the existence of [; € (0, 00) satisfying

0106&2_1002@1) Zdl(ll) (87)
for all &; € K fulfilling (31). Define Iy € (0, 00) satistying a5 0 oa(l1) > la > oy o @y (ly). If

holds, the argument given above for «; € I, i = 1,2 leads to the existence of a pair of systems
whose interconnection is not 0-GAS. Suppose that there exists 1 € (0,00) such that

dl(ll) < oq(ll) (89)

and (87) hold for “all” &; € K fulfilling (31). Then, &;(l1) < o1(l2) holds with any &» € K fulfilling
(31), which implies that there exists I; € (I1,00) such that a;(l;) < o1(l2) holds. If (87) and

dg(lg) < Oég(lg) (90)

hold for all &; € K fulfilling (31), there exists Iy € (l2,00) such that as(l2) < o2(l1) holds. If (89)
and (90) are satisfied simultaneously, we have a1 (l1) < o1(l2) and as(l2) < o2(l1). Hence, the rest
of the proof is the same as the case of a; € K, i =1, 2.

(ii): Consider the case of 0,1,0,2 € K. In order to prove the claim by contradiction, assume
that (33) is violated for all pairs of w; € K, i = 1,2. First, suppose that there exists I; € (0,00)
such that (83) holds with all &; € K fulfilling (31). Then, the claim (i) proves that x = 0 is not
guaranteed to be GAS, which implies that the interconnection is not ISS. Next, we suppose that
there are no [; € (0,00) and no &; € K satisfying (83) and (31). Since all pair of w; € K, i = 1,2
violate (33), there exist continuous functions wy,ws : Ry — R4 and a non-empty set Y such that

(Id + wy) o001 0@y to (Id + ws) 0 0a(s) = Gi(s), Vs € Ry (91)
Id +wi, Id 4wy € Ko
lim wj(s) <oo, Vje¥Y C({l1,2} (92)
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are satisfied for some @; € K fulfilling (31). The property (92) yields

lim w; o 0j(s) < oo, (93)

S§—00

Since 0,1 and 0,9 are of class K, there exists R; € (0,00) such that

lim wj o a;j(s) < ovj(lrsl), Vs € Ry, Vlrj| = R; (94)
S§—00
hold for all j € Y. Let l; be a real number in (0, 00), which is now given arbitrarily in contrast
to the (i) case. Define lo(ly) = @5 o (Id + wa) 0 ga(l1) which is of class K. Due to (91), we have
as(la(lh)) = (Id4+wse) o o9(ly) and @i1(l1) = (Id4w1) o 01(l2(l1)). By replacing o with o; + o,; in
Lemma 1 , we obtain ¥; € S;(n;, &;,0;,04), such that (79) and

ov;
8561'

hold for ¢ = 1,2. This leads to (84) and (85) for all |r;| > R;, j € Y and ry, =0, k € {1,2}\'Y since
we have (94). Define U((y,l2) as in (82). The inequalities (84) and (85) imply that trajectories
starting from U(ly,l2) remain in U(ly,l2) as long as |rj(t)| > R; and ri(t) = 0 hold. Recall that Iy
is arbitrary in (0, 00), and independent of R;. The trajectories for the fixed input |r;(t)| = R; < oo
does not leave U(l1,l2) no matter how large I is. This violates the ISS property[10]. Therefore,
the interconnected system X is not ISS when (33) is violated for all pair of w; € K and all &; € K
fulfilling (31), ¢ = 1, 2. Note that a; € P\ K can be handled as in (7). In the case of 0,; & Koo, use
wi(s) =0 and r;(t) = 0. The property &;(l;) < oi(ls—;) + ori(|ri]) is replaced by &;(l;) < o;(l3—;).

ai(|zil) < oi(|zs—i]) + oril|ri]) = 5—fi > 0

6.4 Proof of Lemma 2

(i) The Lipschitzness of f;(t,2;,0) in z; at 2; = 0 uniformly in ¢ and the Holder’s condition on V;
imply that 9V;/0t + 0V;/0x; - fi(t,x;,0) < —&;(|z;]) requires &; € O(1 4 a). Since &;(s) > a;(s)
follows from ¥; € S;(n;, a4, 0;), we have oy; € O(1 + a).

(ii) The existence of a C! function V; and the local Lipschitzness of f; implies that OV;/0z; -
fi(t, x5, u;) is locally Lipschitz with respect to (z;,u;) uniformly in ¢. From ¥; € S;(n;, oy, 0;) it
follows that

oV | oV;
Ot 8331

filt, zi,ui) < —ai(|xi]) + mi(|4]) | wil

holds in a small neighborhood N := {|u;| < €} of u; = 0 for some n; € P fulfilling b;e; > o4(e;),

where b; := supyeg, 7i(s) < oo. When o; ¢ O(> 0) holds, there exists ¢; € (0, €] such that
¢; = min{s € (0,¢] : bis = 0;(s)}. Define

Gils) = { bis for s € |0,¢)

oi(s) for s € [¢;,00)

and we arrive at 3; € S;(n;, a;, ;) C S;(ni, i, 04) and 6; € O(1).

6.5 Proof of Lemma 3

The properties can be verified by merely examining the inequalities.
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6.6 Proof of Theorem 6
(#): The logical sum of (J1), (J2), (J3) is equivalent to the logical sum of
(N1) lim ag(s) =oc0 A  {lim ai(s) =00 V lim oa(s) < oo}

(N2) lim as(s) <oo A lim o(s) < 0o

under the assumption (46). We first prove the claim in the case of (N1). For notational simplicity,
we use the following notations:

Wy = kd)l) Wy = 0327 T2 = 7227 dQ = 2, 02 = 02

Replace o, by 7,; € K satisfying o,i(s) < 7,(s) for all s € Ry, i = 1,2. Due to (49), we can pick
a class K, function 7,; fulfilling

-1 -1 -1
w;oT; = —djow;or;  — T, € Ks

for each i = 1,2. The rest of the proof does not involve ,; and 7,; if o,(r;) is identically zero.
Define

0i(s) = @0 &; toT;064(s), s€0,Y;) (95)
0ri(s) = a; o CY_lO Tri © 0ri(s), s€[0,Y)

Y7 = lim 0'1107'1_106(1(8)

S—00

00 , 1 limg o0 G (8) > limg o0 71 © Gp1
Yo = lim g ot loa i
s—00 0,1 O Ty 1(s) , otherwise
Y =00, Yyo=00
for ¢ = 1,2. The function A(s) given by (47) satisfies A\i(s) > 0 for all s € (0,00) and it is

non-decreasing on Ry since (51) and (52). Define non-decreasing functions Agi, Agr1 : Ry — Ry
by

Ao1(s) = {ﬁrlnziiisg\l(s s = {0 Yég) (96)
Aor1(s) = {1);;112_0;(2( ). i g Fi)/rf?l) o7

By virtue of (39), é1(c0) > 7, 1o é&;(00) holds if and only if d;(c0) < co. Thus,

YI1<ooVY <oo = lim d(s) <oo = lim A\(s) < o0 (98)

S§—00 S§—00

follows from (47). The function A\a(s) given by (48) is a non-decreasing function satisfying Aa(s) > 0
for all s € (0,00) under (51) and (53). Define non-decreasing functions Aga, Agr2 : Ry — Ry by

Ag2(s) = Ag00a(s), Agra(s) = Aa0bpa(s), seRL
We obtain

At (Vi){—aa(|z1]
< =A1(ay (|z1])

A2(Va){—da(|z2]
< —A2(ay(|z2])

+ 61(|22]) + ori(Iri])}
wy o7y todn(lz1]) — mppledn(|z1))] + Aar(|z2)) 61 (|z2)) +Aara (1 )Fra (ral) - (99)
+ 62(|71]) + or2(|r2])}
wo 0 75 Mo i(|mal) — 5 0dn(|zal)] + Asa(|21)G2(|21]) +Aara(|ral)Fra(lral) (100)

~— ~— ~— ~—
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by combining calculations in individual cases divided by &;(|z;|) > 7 o 6i(|zs—i|), q:i(|xi|) <
7 0 6i(|z3—il), &i(|zil]) > Tri 0 dri(|ri]) and &;i(|zs|) < 7pi © Gpi(|ri]). Thus, the inequality (56) is
fulfilled with

eri(8)=Ni(a;(s)) [w oT; “loa,; — 5iogio7flodiod;lo o — 7'7;10@1‘] (101)
oc1,i(8)=Aori(|s])Tri(|s]) (102)
if A1 and Ao satisfy

Ao1(5)01(s) < Aa(ay(s)) [(520g207'2_10d20072_10 QQ(S)] (103)
Ao2(8)a2(s) < Ai(ay(s)) [(51 ogloTl_loéylodl_lo gl(s)] (104)

for all s € Ry. Here, 6; ow; € K is used. Consider the following three conditions.

s) [61 05" 0 ba(s)] [Mo1 0 ay'oba(s)]

< A(q(8)) [02 0 wy 0 2(s)] [51 ow; o Tflo Q10 dflo gl(s)] , s e Ry (105)
o1 ()]61(s) = Aa(a(s))[d20wq07; lodzo ayto ag(s)], s € [0,Y7) (106)
o1 (5)]61(s) < Aa(@s(s))[da0wq0m; lodzo ay o an(s)], s € [Y1,00) (107)

The pair of (106) and (107) implies (103). If (37) is are satisfied, we have 71061005 'ofa(s) < a1 (s).
This inequality together with the definition Y7 implies limg o 0ty 1o 02(s) < Yi. Thus, substitution
of (106) into the left hand side of (105) results in (104). Hence, the proof is completed if \;,
i = 1,2 given in (47)-(48) solve (105), (106) and (107). Combining (47) with (48), we arrive at
(106). Due to (48), (98) and the definition of Ag;, the property (52) leads to (107). On the other
hand, from (37), (54) and (55) it follows that A; in (47) solves (105). In the (N2) case, 61(00) < 0o
follows from (41). The property (57) guarantees \;(o00) < oo, i = 1,2, in (47) and (48). Define
Oali = Ai(00)ori € Py, and we do not need 60ri.

(i): The properties (42) and (43) allow us to define 5 as in (95) with Y5 = oo. If &1 € Ko holds,
01 can be defined as in (95) with Y7 = co. When &; ¢ K and (M1) hold, the properties (37) and
(39) imply 71 0 1(00) = 61(00) = &1(00). Thus, 6; can be defined as in (95) with Y7 = co. When
d1 & Koo and (M2) hold, the property (42) implies 61(c0) > 71 *o G1(00) yielding A (00) < oco.
Although 6;(s) defined by (95) is finite for Y7 < oo, the function \g;(s) defined by (96) is finite
for all s € Ry.

6.7 Proof of Lemma 4

To prove the former claim, we first recall that (36) implies

o1 ogglodgoagloag(s)

lim — <1
% ay 0 o0y (9)
Then, the situation of = (M3) A (36) is
e |
lim J19%2 °020% 002(3) <1 v (M1)

% 00 oa(s)

Thus, the first claim follows straightforwardly. To prove the latter claim, we first see that =(J4)
is identical to

{lim a1(s) =00 V lim o2(s) <oo} A {lim as(s) =oc0 V lim oi(s) < oo}
5—00 5§—00 §—00

§—00
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Moreover, the above situation is equal to the logical sum of the following four cases:

lim ai(s) =00 A lim as(s) = oo (108)
5§—00 §—00
lim o3(s) < oo A lim o1(s) < oo (109)
S§— 00 S§—00
lim ai(s) =00 A lim o1(s) < o0 (110)
§—00 §—00
lim og(s) < oo A lim as(s) = o0 (111)
S§— 00 S§—00

Here, the situation (110) is redundant and can be removed since the case which is not covered by
any one of (108), (109) and (111) is

lim ai(s) =00 A lim o1(s) < oo A lim as(s) < oo A lim o3(s) = o0 (112)
§—00 §—00 §—00 §—00

This situation, however, does not occur since (35) is assumed. Therefore, the latter claim has been
proved since (108)= (J1), (109)= (J3) and (111)= (J2).

6.8 Proof of Lemma 5

First, recall again that L > lim, .o, 7; 'oa(s) is ensured by (39) and (50). By construction, (s)
is continuously differentiable on (0, R). By definition, the following properties hold:

beP, w €Py (113)
d,n,a €k (114)
(Id + @1) on(s) < als), VseR4 (115)

Here, (42) and (43) are used for (113), and the inequality (37) corresponds to (115). Assume that

lim as(s) = lim oa(s) (116)

S§—00 S§—0Q
holds. Then, the right hand side of the implication (43) holds. By virtue of (39), we obtain
S=L= lim 61(s) = lim ai(s) =R
S§—00 S§— 00
wi(s) >0, Vse(0,95)
lin§s+®1(s) =S,

Hence, the function m satisfies
m(0) =0, m(s)>s, Vs (0,5) (117)
From (63), (64) and (65), we obtain
¥'(s)
¥(s)
By virtue of (60), (117), b(s) > 0 and (s) > 0, the following property holds.
[ ()] d(s) < [$(s) + (m(s) = $)¢'(s)] b(s), Vs € (0,5) (118)
From (64) and (65) it follows that

=Q(s)>Q(s), s€(0,R)




holds. This property guarantees

V() = ¥(s)(Q'(s) + Q(5)*) 2 0, te(0,R) (119)

When (63) is satisfied by a non-decreasing function @, we have (119) again. Since the inequality
(119) implies the non-decreasing property of ¢'(s), the inequality (118) lead to (69) since n € K.
The boundedness of ¢ on (0, S) follows from (60) and (117). Next, assume that (71) holds. Then,
the right hand side of the implication (42) holds. From (115) and 0 < k£ < 1, we obtain S < R, and
m satisfies (117) and lims_,s{m(s) — s} > 0. The property lims_,~, 02(s) < oo guaranteed by (71)
implies limg_,o d(s) < 0o. The property w;,ws € K guaranteed by (42) implies limg_o b(s) > 0.
These two properties yields

lim sup CAZ(S) < 00 (120)
s—S  b(s

Therefore, the definition (66)-(67) and (120) ensure the boundedness of ¥ on (0,00). The rest is
the same as the case of (116).

6.9 Proof of Lemma 6
First, suppose that

lim as(s) = lim o3(s) = o0 (121)

§—00 S§—00

holds. Then, the assumption (J1)V (J2)V (J3)implies lims_,o a1 (s) = co. Hence, L = oo follows
from L = lim,_.o 61(s), (39) and (40). Next, assume that

lim as(s) = lim o39(s) < oo (122)

§—00 §—00

This property, however, does not admit the existence of a function we € K satisfying (45). Since
both (121) and (122) contradict the assumptions of Lemma 6, the only case remaining under (35)
is (71).
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