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FIXED POINT THEOREMS FOR BERINDE MAPPINGS

Tomonari Suzuki

Abstract

The constants concerning the Banach contraction principle are a little complicated, which was

proved in a paper [T. Suzuki, A generalized Banach contraction principle that characterizes metric

completeness, Proc. Amer. Math. Soc., 136 (2008), 1861–1869]. In this paper, we prove fixed point

theorems for generalized Berinde mappings with constants. The constants are quite simple.

1. Introduction and preliminaries

Recently, we proved the following theorem, which is a generalization of the Banach

contraction principle [1] and does characterize the metric completeness.

Theorem 1 ([11]). Let ðX ; dÞ be a complete metric space and let T be a mapping

on X. Define a nonincreasing function y from ½0; 1Þ onto ð1=2; 1� by

yðrÞ ¼
1 if 0a ra ð

ffiffiffi
5

p
� 1Þ=2;

ð1 � rÞr�2 if ð
ffiffiffi
5

p
� 1Þ=2a ra 2�1=2;

ð1 þ rÞ�1
if 2�1=2 a r < 1:

8><
>:

Assume that there exists r A ½0; 1Þ such that

yðrÞdðx;TxÞa dðx; yÞ implies dðTx;TyÞa rdðx; yÞ

for x; y A X. Then T has a unique fixed point.

In [11], we proved that for each r A ½0; 1Þ, yðrÞ is the best constant. Before proving

Theorem 1, the author had guessed ð1 þ rÞ�1 is best from his intuition. However, his

guess was false. And he was surprised because y is not simple. So, it is a natural

question of whether there is a condition whose constant is ð1 þ rÞ�1. We have not

found it; see [6, 8–13].

In this paper, we shall show that the best constant for Berinde mappings is ð1 þ rÞ�1

for each r A ½0; 1Þ. Therefore the author believes that the concept has some mathe-

matical beauty.
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Definition 1 (Berinde [3]). Let T be a mapping on a metric space ðX ; dÞ.
Then T is called a Berinde mapping if there exist r A ½0; 1Þ and B A ½0;yÞ such that

dðTx;TyÞa rdðx; yÞ þ BdðTx; yÞð1Þ

for all x; y A X .

Definition 2. Let T be a mapping on a metric space ðX ; dÞ. Then T is called a

generalized Berinde mapping if there exist r A ½0; 1Þ and a function b from X into ½0;yÞ
such that

dðTx;TyÞa rdðx; yÞ þ bðyÞdðTx; yÞð2Þ

for all x; y A X .

Contractions and Kannan mappings are Berinde mappings. See [2–5].

2. Main results

Throughout this paper we denote by N the set of all positive integers.

We first prove the following fixed point theorem.

Theorem 2. Let ðX ; dÞ be a complete metric space and let T be a mapping on X.

Let b be a function from X into ½0;yÞ. Assume that there exists r A ½0; 1Þ such that

ð1 þ rÞ�1
dðx;TxÞa dðx; yÞ implies dðTx;TyÞa rdðx; yÞ þ bðyÞdðTx; yÞð3Þ

for all x; y A X. Then for every x A X, fT nxg converges to a fixed point of T.

We use the following lemma.

Lemma 1 ([9, 11]). Let ðX ; dÞ be a metric space and let T be a mapping on X.

Let x A X satisfy dðTx;T 2xÞa rdðx;TxÞ for some r A ½0; 1Þ. Then for y A X, either

ð1 þ rÞ�1
dðx;TxÞa dðx; yÞ or ð1 þ rÞ�1

dðTx;T 2xÞa dðTx; yÞ

holds.

Proof of Theorem 2. Since ð1 þ rÞ�1
dðx;TxÞa dðx;TxÞ, we have

dðTx;T 2xÞa rdðx;TxÞ þ bðTxÞdðTx;TxÞ ¼ rdðx;TxÞð4Þ

for all x A X . Fix u A X . Then from (4), we have dðT nu;T nþ1uÞa rndðu;TuÞ and

hence
Py

n¼1 dðT nu;T nþ1uÞ < y. Thus, fT nug is a Cauchy sequence. Since X is

complete, fT nug converges to some point z A X . By Lemma 1 and (4), we can

find a subsequence f f ðnÞg of fng such that

ð1 þ rÞ�1
dðT f ðnÞu;T f ðnÞþ1uÞa dðT f ðnÞu; zÞ:
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By (3), we have

dðz;TzÞ ¼ lim
n!y

dðT f ðnÞþ1u;TzÞ

a lim
n!y

ðrdðT f ðnÞu; zÞ þ bðzÞdðT f ðnÞþ1u; zÞÞ

¼ rdðz; zÞ þ bðzÞdðz; zÞ ¼ 0:

Therefore z is a fixed point of T . r

As a direct consequence, we obtain the following theorem, which is a very slight

generalization of Berinde’s theorem [5].

Corollary 1. Let ðX ; dÞ be a complete metric space and let T be a generalized

Berinde mapping on X. Then for every x A X, fT nxg converges to a fixed point of T.

We also obtain the following.

Corollary 2. Let ðX ; dÞ be a complete metric space and let T be a mapping

on X. Assume that there exist r A ½0; 1Þ and B A ½0;yÞ such that

ð1 þ rÞ�1
dðx;TxÞa dðx; yÞ implies dðTx;TyÞa rdðx; yÞ þ BdðTx; yÞ

for all x; y A X. Then for every x A X, fT nxg converges to a fixed point of T.

We next prove that for every r A ½0; 1Þ, ð1 þ rÞ�1 is the best constant in Theorem 2

and Corollary 2.

Theorem 3. For each r A ½0; 1Þ, there exist a complete metric space ðX ; dÞ, a

mapping T on X and B A ½0;yÞ such that T does not have any fixed points and

ð1 þ rÞ�1
dðx;TxÞ < dðx; yÞ implies dðTx;TyÞa rdðx; yÞ þ BdðTx; yÞð5Þ

for all x; y A X.

Proof. In the case of r ¼ 0, we have shown the existence of X and T in [11]. So

we assume r > 0. Define real sequences fungyn¼0 and fvngyn¼0 as follows:
� u0 ¼ �1
� un ¼ 1 þ 2ð�rÞn=ð1 þ 2rÞ for n A N
� vn ¼ �un for n A NU f0g

Put

X ¼ fun : n A NU f0ggU fvn : n A NU f0gg

and let d be the usual metric. Define a mapping T on X by Tun ¼ unþ1 and Tvn ¼ vnþ1

for n A NU f0g. It is obvious that X is complete and T does not have any fixed
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points. We note limn un ¼ v0,

v2 < v4 < � � � < u0 < � � � < v3 < v1 < u1 < u3 < � � � < v0 < � � � < u4 < u2;

dðu1; v1Þ ¼
2

1 þ 2r
>

2

1 þ 2r
ðr� r3Þ ¼ dðu1; u3Þ

and

dðun; unþ1Þ ¼ rn
2 þ 2r

1 þ 2r

for all n A NU f0g. Put

d :¼ supfdðx; yÞ : x; y A Xg ¼ dðu2; v2Þ

and

B :¼ d=dðu1; u3Þ > d=inffdðui; vjÞ : i; j A Ng:

Dividing the following nine cases, we shall show (5).

( i ) y ¼ x

( ii ) y ¼ Tx

( iii ) y ¼ v0 and x A fu0gU fvn : n A Ng
( iv ) y ¼ v0 and x A fun : n A Ng
( v ) y ¼ u0

( vi ) y; x A fun : n A Ng
( vii ) y ¼ u1 and x A fv0gU fvn : n A Ng
(viii) y A fun : n A N; nb 2g and x A fu0; v0gU fvn : n A Ng
( ix ) y A fvn : n A Ng

ynx u0 un ðnb 1Þ v0 vn ðnb 1Þ

v0 (iii) (iv) (i) (iii)

u1 (ii) (vi) (vii) (vii)

un ðnb 2Þ (viii) (vi) (viii) (viii)

In the first case, we have

dðTx;TyÞ ¼ 0 < rdðx; yÞ þ BdðTx; yÞ:

In the second case, we have

dðTx;TyÞ ¼ rdðx; yÞ ¼ rdðx; yÞ þ BdðTx; yÞ:

In the third case, we have

dðTx;TyÞ < d < Bdðu1; yÞaBdðTx; yÞ < rdðx; yÞ þ BdðTx; yÞ:
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In the fourth case, since

ð1 þ rÞ�1
dðx;TxÞ ¼ dðx; yÞ;

(5) holds. In the fifth case, we can show (5) as in the third and fourth cases. In the

sixth case, we have

dðTx;TyÞ ¼ rdðx; yÞa rdðx; yÞ þ BdðTx; yÞ:

In the seventh case, we have

dðTx;TyÞa d < Bdðv1; yÞaBdðTx; yÞ < rdðx; yÞ þ BdðTx; yÞ:

In the eighth case, we have

dðTx;TyÞ < d ¼ Bdðu1; u3ÞaBdðTx; yÞ < rdðx; yÞ þ BdðTx; yÞ:

In the ninth case, we can show (5) as in the sixth, seventh and eighth cases. r

3. Additional result

We finally give an example which informs that there exists a generalized Berinde

mapping which is not a Berinde mapping.

Example 1. Put

X ¼ f0gU f�1=n : n A NgU fþ1=n : n A Ng

and let d be the usual metric. Define a mapping T on X by

Tx ¼ �x if x A fð�1Þn=n : n A Ng;
0 if x A f0gU f�ð�1Þn=n : n A Ng:

�

Then T is a generalized Berinde mapping but is not a Berinde mapping.

Proof. We first show that T is a generalized Berinde mapping. Define a mapping

b from X into ½0;yÞ by

bðyÞ ¼ 1 if y ¼ 0;

2=inffdðx; yÞ : x0 yg if y0 0:

�

Dividing the following four cases, we shall show (2) with r ¼ 1=2.

( i ) y ¼ 0 and x A f0gU f�ð�1Þn=n : n A Ng
( ii ) y ¼ 0 and x A fð�1Þn=n : n A Ng
(iii) y0 0 and Tx ¼ y

(iv) y0 0 and Tx0 y

In the first case, we have

dðTx;TyÞ ¼ 0a ð1=2Þdðx; yÞ þ bðyÞdðTx; yÞ:
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In the second case, we have

dðTx;TyÞ ¼ bðyÞdðTx; yÞ < ð1=2Þdðx; yÞ þ bðyÞdðTx; yÞ:

In the third case, there exists n A N such that x ¼ ð�1Þn=n and y ¼ �ð�1Þn=n. So we

have

dðTx;TyÞ ¼ ð1=2Þdðx; yÞ ¼ ð1=2Þdðx; yÞ þ bðyÞdðTx; yÞ:

In the fourth case, we have

dðTx;TyÞ < 2a bðyÞdðTx; yÞa ð1=2Þdðx; yÞ þ bðyÞdðTx; yÞ:

Next, let us prove that T is not a Berinde mapping. Arguing by contradiction, we

assume that T is a Berinde mapping, that is, there exist r A ½0; 1Þ and B A ½0;yÞ
satisfying (1) for x; y A X . Putting xn ¼ ð�1Þn=n and yn ¼ ð�1Þnþ1=ðnþ 1Þ, we have

2 ¼ lim
n!y

n
1

n
þ 1

nþ 1

� �
¼ lim

n!y
ndðTxn;TynÞ

a lim
n!y

nðrdðxn; ynÞ þ BdðTxn; ynÞÞ

¼ lim
n!y

n r
1

n
þ 1

nþ 1

� �
þ B

1

n
� 1

nþ 1

� �� �

¼ 2r:

This is a contradiction. Therefore T is not a Berinde mapping. r
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