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Analysis of intensity of singular stress field for bonded cylinder
in comparison with bonded plate
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Abstract

In this paper, an intensity of singular stress field for a bonded cylinder is compared with the one for a bonded plate, which
was obtained in the previous studies accurately. The analytical method focuses on the stress values at the interface corner
edge obtained by performing FE analyses on the unknown and reference models which are subdivided by the same mesh
pattern. It is found that this analytical method which is useful for analyzing the bonded plate cannot be directly applied

to the bonded cylinder because the strain in the circumferential direction causes non-singular stress component affecting
singular stress evaluation. In order to eliminate the non-singular terms, they are expressed explicitly from the interfacial
continuity conditions and the stress-free boundary conditions at the interface corner edge. Since the intensity of singular
stress field for the bonded cylinder cannot be controlled by Dundurs’ parameter uniquely, the maximum and minimum
values of the intensities of singular stress field are shown in the table and the chart according to Dundurs’ parameter.
There are cases where the intensity of singular stress field for the bonded cylinder is one and a half times as large as that
for the bonded plate even if the practical materials are combined.

Key words. Bi-materials, Interface, Finite element method, Intensity of singular stress field, Bonded cylinder, Bonded
plate
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Fig. 1 Buttjoint used as the unknown model. Fig. 2 Bonded plate used as the reference model.
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(a) Butt joint used in the tensile experiment. (b) Critical K values plotted against adhesive thickness

Fig. 3 Critical Ky values of butt joints (Miyazaki, et al., 2013; Noda, et al., 2014). (a) Butt joint used in the
tensile experiment, (b) critic#y values plotted against adhesive thickniess
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Fig. 4 Bonded cylinder used as the unknown model.

Table 1 Material properties used in the present analyses.

Material 1 Material 2
Eq ‘ Vi E> ‘ Vo
1.0 | 0.2555] 0.1138 0.2066| 0.8 | 0.3 | 0.8655
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Fig. 5 FE mesh pattern at interface corner edgg, is the minimum element size.
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Table 2 Stress and strain components of bonded cylinder and bonded plate. (a) Bonded cylinder, (b) bonded plate.
(a) Bonded cylinder.

Stress components (= singular stress + non-singular stress)

€min 05 M GZ%TFLEM OG0 Fem T Eem
a Mat1 [ Mat2 Mat. 1 | Mat. 2 Mat. 1 | Mat. 2 Mat1 [ Mat2
—0.6785 0.6515 3.561 0.2803 0.7653 0.3210
39| (= —0.6785+0.0)| (= 0.6515+ 0.0) (= 3.575—0.01344) (=0.7974 (= 0.8265 (= 0.3210+0.0)
~05171) ~0.06124)
—-1.057 1.015 5.555 0.7251 1.226 0.5000
3-12| (= ~1.057+0.0) | (= 1.015+0.0) (= 5.569— 0.01344) (=1.242 (=1.288 (= 0.5000+ 0.0)
—0.5172) —0.06124)
Strain components (= singular strain + non-singular strain)
£5em Epem £50 Fewm Viorem
% _ O ke — V(Ug({IEEM + Gz%.YFLEW] [: ogem — V(0w + GBC(;(.IIEEM)} [: Oorem — V(05 tem + Ur%TéEM)] {: Trczg.%:EM]
E E E G
Mat. 1 Mat. 2 Mat. 1 Mat. 2 Mat. 1 Mat. 2 Mat. 1 Mat. 2
—-1.719 3.888 26.75 —0.5137 0.2105 11.83
39 (= —1.854+0.1356) (= 3.769 (=26.75 (= 0.0-05137) (= 0.2105+ 0.0)|(= 11.83+0.0)
+0.1187) ~0.006950)
—2.753 5.991 41.67 —0.5137 0.3282 1843
3712 (= —2.889+0.1356) (=5.872 (=4167 (=0.0-0.5137) (= 0.3282+0.0)|(= 18.43+0.0)
+0.1187) ~0.006950)
o tem = (O™ + (08w ™2} /2., 18 ew = { (158 fem) ™™ + (153 £em) ™2} /2 for continuity of stress.
Erorem = {(E0Few) ™ + (§0rem) ™} /2 €50 Fem = { (€50 Fem) ™ + (60 Few) ™2} /2 for continuity of displacement.
(b) Bonded plate.
Stress components [= singular stress + non-singular stre8j (
€min Tratem UyPOITEEM OB em rfy%)TFEM
a Mat.1 [  Mat2 Mat 1 | Mat. 2 Mat. 1 | Mat. 2 Mat 1 | Mat2
39 —0.6821 0.6549 3.593 0.8016 0.8308 0.3226
(= —0.6821+0.0)| (= 0.6549+ 0.0) (= 3.593+ 0.0) (= 0.8016+ 0.0)| (= 0.8308+ 0.0) (= 0.32264 0.0)
11111]g12 —1.063 1.020 5.598 1.249 1.294 0.5026
(= —-1.063+0.0) | (=1.020+0.0) (=5.598+0.0) (=1.249+0.0) | (=1.294+0.0) (=0.5026+0.0)
Strain components [= singular strain + non-singular straif)]
Eorem S;OL,EEM E0tem Vf)k)TFEM
A % [7 Tatem — V(Taten+ UZF())IT;EM)] [7 I tem — V(Thten + U%»IEW} [7 Titem — V(Tigten + Uy%lrgEM)} [7 @]
E E E G
Mat1 | Mat?2 Mat. 1 | Mat. 2 Mat. 1 | Mat. 2 Mat1 | Mat2
39 —1.864 3.789 4.347 0.0 0.2118 1190
(= ~1.864+0.0) (=3.789+0.0)| (= 4.347+0.0) (=0.0+0.0) (= 0.2118+ 0.0)|(= 11.90+ 0.0)
312 —2.904 5.903 6.772 0.0 0.3299 1853
(= —2.904+0.0) (=5.903+0.0)| (=6.772+0.0) (=0.0+0.0) (= 0.3299+0.0)|(= 1853+ 0.0)
UyPOIT;EM = {(U;%I,'IIEM)M& + (Uy%ITIIEM)maQ}/Z ) TfyleFEM = {(T;yleFEM)matl + (T;yleFEM)matz}/z for continuity of stress.
gotem = L (Eorem) ™ + (Earem) ™} /2 , efen = { (Etem) ™ + (el5fem) ™2} /2 for continuity of displacement.

CyL CYL CYL (= g - i -
Table 3 ¢ values byury'rey andojq'rey (= singular strain + non-singular strain).

60,FEM
€min | _cvL | U%IE'M el | Ug(\)(,IEEM - V(O-Z%TFLEM + O-r((:)\,(ll_EM)
a €go,FEM | = r lrea €00,FEM | = E
39 ~0.5137 ~0.5137(= 0.0~ 0.5137
312 —0.5137 —0.5137(= 0.0—-0.5137)
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Table 4 The ratios of FEM stresses at the interface corner[eéd'g;@ular stresg- non-singular streggsingular stre@s
(a) Bonded cylinder / bonded plate, (b) butt joint / bonded plate, and (c) stress components of butt joint.

(a) Bonded cylinde;/ bonded plate.

€min Ur%\,{FLEM/ O tem U%TF}EM/ UyPOITgEM Ué:OY,IIEEM/ O’;)I,_IIEM 158 Fem/ T><Py|5TFEM
a Mat. 1 ‘ Mat. 2 Mat. 1 ‘ Mat. 2 Mat. 1 Mat. 2 Mat. 1 ‘ Mat. 2
0.9948 0.9948 0.9911 0.3497 0.9211 0.9948
9
3 ~ —0.6785+0.0 _ 0.6515+0.0 ~ 3575-0.01344 ~ 0.7974-05171 ~0.8265-0.06124 ~ 0.3210+0.0
06821 ~ 06549 N 3.593 N 0.8016 B 0.8308 ~0.3226
0.9948 0.9948 0.9924 0.5807 0.9475 0.9948
~12
37/ 1057400\ | / 1015+00) |/ 5569-001344\| / 1242-05172\ | / 1.288-0.06124\ | / 0.5000+0.0
- —1.063 ~1.020 B 5.598 B 1.249 B 1.294 ~ 0.5026
(b) Butt joint / bonded plate.
€min U)%],FEM/ Oy tem Ude?FEM/ Uy%ITI;FEM UzEt!)",]FEM/ O em Tfy‘{]lFEM/ Tfylf)TFEM
a Mat. 1 ‘ Mat. 2 Mat. 1 ‘ Mat. 2 Mat. 1 ‘ Mat. 2 Mat. 1 ‘ Mat. 2
0.6745 0.6745 0.6746 0.6747 0.6746 0.6750
39|/ _04601+00\|/ 04417400 2424400 _ 0.5408+0.0 _ 0.5604+0.0 0.2178+0.0
~ —06821 ~ 0.6549 - 3593 ~ 0.8016 ~0.8308 ~ 0.3226
0.6746 0.6747 0.6747 0.6747 0.6747 0.6747
~12
37/ _07168+00\|/ 06883+0.0 3777400  0.8425+0.0  08732+00 ~0.339140.0
B —1.063 B 1.020 5598 B 1.249 B 1.294 ~ 0.5026
(c) Stress components of butt joi[‘lt: singular stress non-singular stregs= 0)} .
€min O rem U;;BO'TFEM Uz%',]FEM pry‘leEM
a Mat. 1 Mat. 2 Mat. 1 ‘ Mat. 2 Mat. 1 ‘ Mat. 2 Mat. 1 ‘ Mat. 2
39 —0.4601 0.4417 2.424 0.5408 0.5604 0.2178
(= —0.4601+0.0) | (=0.4417+0.0) | (= 2.424+0.0) (= 05408+ 0.0) (= 0.5604+0.0) (=0.2178+0.0)
312 —0.7168 0.6883 3.777 0.8425 0.8732 0.3391
(= —0.7168+0.0) | (=0.6883+0.0) | (=3.777+0.0) (= 0.8425+0.0) (= 0.8732+0.0) (= 0.3391+0.0)
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Table 5 Non-singular stresses of bonded cylinder.

Cmin 6-rCOTI—l_EM 52%TFLEM 5g(IIEEM Tlgg,li:EM

a Mat. 1 | Mat. 2 | Mat. 1 | Mat. 2| Mat. 1 Mat. 2 Mat. 1 | Mat. 2
39 0.0 0.0 —0.01344 —0.5171| —0.06124 0.0
37121 00 0.0 —0.01344 —0.5172 | —0.06124 0.0

Table 6 Singular stresses of bonded cylinder.

. CYL _ ~CYL CYL _ ~CYL CYL _ ~CYL CYL _ ~CyL
€min | Ororem — 9rorem | 90.Fem — 90 Fem | P60.Fem — P60Fem | Trzo.Fem — Trz0.FEM

a | Mat 1 \Mat.z Mat.l\ Mat. 2 Mat.l\ Mat. 2 Mat.l\ Mat. 2

3% | —0.6785| 0.6515 3.575 0.7974 | 0.8265 0.3210
32| —1057 | 1015 5.569 1.242 1.288 0.5000

Table 7 The ratios of singular stresses at the interface corner edge. All ratios correspond to 0.9948 independent of
theenin/a and the material.

O-r(a(FLEM - 6-rCOTI-l_EM O-Z%TFLEM - 6Z%TFLEM Ugg.,IIEEM - 558(,IIEEM Trczg,LFEM - Tr%,LFEM
€min oPLT oPLT oPLT TPt
a XO.FEM VO.FEM 20.FEM XyO,FEM
Mml\h@tz Mat. 1| Mat.2 | Mat. 1| Mat. 2 | Mat. 1| Mat. 2
379 | 019948 | 0:9948 0.9948 0.9948 | 0.9948 0.9948
3712 | 0,9948 | 0:9948 0.9948 0.9948 | 0.9948 0.9948
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Table 8 Normalized intensities of the singular stress field.Table9 The ratios of the singular stresses on the
(a) Bonded cylinder, (b) bonded plate. interface from the corner edge. The ratios are

(a) Bonded cylind constant at ®948 independent of tHR/emin.
a) Bonded cylinder.

Mat. | FE [ FS* [ FO | RO R | v | ;x| 9tem— Oprem
Oy [ Og Tz emi GZ,FEM O-y,FEM T
1 —0.269 0.0929 n Y,FEM
> [ o111 | 2033 g5y | 0098 0 | 5555 | 5508 |  0.9948
1 4.064 | 4.099 0.9948
(b) Bonded plate (Noda, et al., 2006; Carpenter and Byers, 1978). 2 3.754 | 3.787 0.9948
Mat. | FPT | FEUT [ RET | FPUT 3 | 3571 | 3603 0.9948
1 —0.270 0.0934 4 3.449 | 3.481 0.9948
> [ o111 | 80 [oaga | 00963 5 | 3356 | 3387 | 09948
gG¥ = 0.01344
3.5
p=-04 p=04
3 r i
25 T [p=-04s5 [p=045 7
§<s
=
’th:

Fig. 6 Relation betweeKg,""/K5-" anda. The maximum value of th&5 /K& T attains about 1.5 whe = 0.3.
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Table 10 The ratios of singular stresses on the interface from the corner edge (eng&r= (0.8,0.3),
oS U;,EEM. (a) Ez/E1 = 0.1074, vy = 0.00001, v, = 0.1818, (b)E/E; = 0.1166, v; = 0.3,

v = 0.2125, and (ck,/E; = 0.1389,v; = 0.49999,v, = 0.2500.
(a) Ez/E1 =0.1074,v; = 0.00001,v2 = 0.1818.

emin/a=3"° emin/a=3""
: cyL cYL
R/€min ogPLT | govL FCvL OzFEMm oPLT | gonL FOvL OzFEMm
VFEM | OzFEM DFEM | GPLT VFEM | OzFEM DFEM | GPLT
V.FEM V.FEM
0 3.641 | 3.513 0.965 | 5.672 | 5.456 0.962
1 2.720 | 2.631 0.967 | 4.238 | 4.084 0.964
2 2.491 | 2.412 0.968 | 3.881 | 3.742 0.964
0.02795 0.02795+———
3 2.357 | 2.283 0.969 | 3.673 | 3.543 0.965
4 2.268 | 2.198 0.969 | 3.533 | 3.409 0.965
5 2.200 | 2.133 0.969 | 3.428 | 3.309 0.965
(b) E2/E; = 0.1166,v1 = 0.3, v, = 0.2125.
€min/a=3"° €min/a= 31
. cyL cyL
R/€min oPLT oCYL GCvL OzFEm oPLT gCYL GCvL OzFEm
VFEM | OZFEM 20,FEM oPLT VFEM | OzFEMm 20,FEM oPLT
Y,FEM y,FEM
0 3.586 | 3.583 0.999 | 5.586 | 5.597 1.002
1 2.601 | 2.592 0.997 | 4.052 | 4.052 1.000
2 2.410 | 2.400 0.996 | 3.755 | 3.754 1.000
—0.02638 —-0.02638 ——
3 2.297 | 2.285 0.995 | 3.578 | 3.575 0.999
4 2.222 | 2.210 0.995 | 3.462 | 3.459 0.999
5 2.164 | 2.152 0.994 | 3.372 | 3.368 0.999
(c) Ez/E; =0.1389,v; = 0.49999,v, = 0.2500.
€min/a=3"° €min/a=3"12
. cyL cYL
R/€min oPLT | gonL FOvL OzFEm oPLT oCYL FOvL OzFEM
VFEM | OzZFEM DFEM | GPLT VFEM | OzFEM DFEM | GPLT
V.FEM V.FEM
0 3.182 | 3.349 1.053 | 4.957 | 5.283 1.066
1 2.874 | 3.014 1.049 | 4.477 | 4.760 1.063
2 2.493 | 2.598 1.042 | 3.884 | 4.114 1.059
—0.1169 —-0.1169 ——
3 2.362 | 2.456 1.040 | 3.680 | 3.892 1.058
4 2.268 | 2.353 1.038 | 3.533 | 3.732 1.056
5 2.200 | 2.280 1.036 | 3.428 | 3.617 1.055
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Table 11 Maximum and minimum values i6f""/K&-".

B
—02|-01] o [o01] 02 03] 04] 045
0.978( 0.997 0.997| 0.978
0.0] 0.948| 0.981| 1.000| 0. 981| 0.948
0.903] 0.956/ 0.996] 1.032| 1.065
0.110.878| 0.936| 0.989| 1.000| 1.022
0.920| 0.986] 1.052] 1.145
0.210.844| 9 896/ 0.955| 1.000| 1.060| 1.246
0.889| 0.972[ 1.050] 1.184| 1.444
0.3 0.850| 0.914| 0.984| 1.036| 1.358
0.863]0.955| 1.031] 1.172| 1.525
0.4 0.826| 0.880| 0.948| 1.000| 1.343
0.838 0.937| 1.000| 1.127| 1.447
a1 0.5 0.812| 0.857| 0.914| 0.983| 1.134
0.918/0.975[ 1.071] 1.299
0.6 0.808| 0 843/ 0.890| 0.951| 1.000| 3:117
0.899| 0.946( 1.020] 1.165| 1.862
0.7 0.835| 0.875| 0.925| 0.986/ 1.564
0.879| 0.919] 0.974| 1.066| 1.327
0.8 0.833] 0.866| 0.909| 0.962| 1.000| 2:276
0.859| 0.892( 0.934] 0.993| 1.098| 1.237
0.9 0.834| 0.864| 0.900| 0.945| 0.994| 1.000
1 0.839| 0.866| 0.898| 0.937/ 0.981| 0.995

Upper: maximum value, lower: minimum value
Red: bad pairgreen: equal pairblue: good pair
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