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1 Introduction

Recently, an idea of state-dependent scaling has been introduced into dissipativity-based robust
control for nonlinear systems in [4, 5]. The primitive state-dependent scaling[4, 5, 6] aimed at
nonlinear uncertain systems whose uncertainties were described as Lo-gain balls, while the known
part of the system was allowed to have infinite Lo-gain. If we have more knowledge on the un-
certainty such as nonlinear gain[12, 9, 13, 8] other than linear gain or if the uncertainty does not
exhibit finite linear-gain properties, design results based on [4, 5, 6] might be too conservative.
As for output feedback control based on state-dependent scaling, the design procedure presented
in [6] did not address the existence of globally stabilizing controllers in the presence of dynamic
uncertainties although the existence was proved for static uncertainties. The problem of distur-
bance attenuation was not addressed either. Although the recursive observer design proposed
in [6] succeeded in extending the output-feedback form defined in [10] to a slightly wide class
of systems, it would be possible to cover a more general class of systems by fully exploiting the
unique nested structure of robust observer design.

In the last decade, Ls-gain disturbance attenuation with global internal stabilization using full-
state information has been extensively studied for linear and nonlinear systems(See [2] and ref-
erences therein). In comparison, when only the output feedback is allowed, the problem is less
understood. For essentially nonlinear systems, filtered transformation and backstepping technique
were employed in [11] to solve a problem of output feedback tracking with almost disturbance
decoupling. Another approach proposed in [1] resorts to solutions of Hamilton-Jacobi partial dif-
ferential inequalities and a coupling condition. The recent work [7] has considered a more relaxed
class of nonlinear systems than earlier work, and the plant is allowed to involve unmeasured dy-
namics which is input-to-state stable. The layout of interconnected uncertain systems for which
this paper will give a new characterization of the output feedback disturbance attenuation and
the existence of solutions is broader than setups considered in those earlier papers. This paper
will also allow systems to have both static and dynamic uncertainties including systems which are
not input-to-state stable. Nonlinearities allowed in the plant by this paper is more general than
those in [10, 6, 7].

The purpose of this paper is to develop a new method of state-dependent(SD) scaling design in
order to achieve the output feedback disturbance attenuation with global asymptotic stability
for nonlinear systems described by interconnection of nonlinear-gain bounded systems. Thereby,
the use of linear gain and nonlinear gain is unified. The design becomes a natural extension of
popular techniques in linear robust control to nonlinear systems. The development is considered as
a global robustification of the previous results[6] against dynamic uncertainties and its extension
to Lo disturbance attenuation. Dynamic and static uncertainties are treated in a unified way so
that design formulas for the two types of uncertainties are identical. A difference only appears
in classes from which scaling factors are chosen. The state-dependent scaling characterization
does not require systems to fit in some geometric structure. For interconnected uncertain systems
partially in an extended feedback form, the control laws can be systematically generated by
selecting parameters of the observer and the feedback gain recursively. The recursive procedure

proposed in this paper not only allows us to use nonlinear gains, but also brings in a unique way of



constructing robust observers which enable the output feedback to make the effect of disturbance
arbitrarily small with respect to generalized equations of controlled output. The new procedure of
observer design proposed in this paper is also unique in that it can be applied to a broader family
of nonlinearities in the plant, compared with previous output feedback results in [10, 6, 7]. The
design equations are obtained as affine algebraic inequalities with respect to the design parameters,
so that the SD scaling approach is advantageous to systematic numerical computation as well as

analytical computation.

2 System description

Consider the uncertain nonlinear system

z=A(y)x+ By)w + G(y)u , z(t) € R"™
Yo:4 2=C(y)z , Z(t), w(t) € RPTY (1)
y=Cyx ,y(t) eR

The matrices A, B, G, and C are assumed to be C° functions of y, and Cy is a constant row
vector. Scalars u(t) and y(t) are control input and measurement output, respectively. The signals

w and Z are partitioned as

w1 Z1 w;(t), zi(t) € RPi
w=| "2, 2=|2], pi >0
w'm z;n p= Z:il pi
r1 €1 ri(t),e;(t) € R%
r=| "2, e=| 2], g >0
r;n e;n q=732"1 4
w1 z1
wi:m’}, zlz[zz] Rt = 2| z=| %
Wiy, Zm

Suppose that there is a system A described by the following nonlinear mappings between z to

w.
1S (K] Ais 0
Ai L2y = [Zd} = W; = |:z))zd] ) w; = |: 0 Ald:| Zi . (2)

Here, A;s and A;q represent a time-varying static system and a time-varying dynamic system,
respectively. It is unnecessary for A; to have the both types. These systems are defined by

Ais = wis = ha,,(2is, t) (3)
i, = fag(Ta,,s zid t)
Bid : { Wid = ha,,(2a,,t) )

Assume fa,,(0,0,t) =0, ha,,(0,t) = 0 and ha,,(0,t) = 0 for all ¢ > 0. Functions fa,,, ha,. (*
stands for s or d) are locally Lipschitz in (za,, zix) on R™i x RPi*  uniformly in ¢ € R. The
state variable of XA is zaA = [w£ RERE ,xim]T € R"A. The system XA represents uncertainty so

that knowledge of fa,,, ha,, and ha,, is unnecessary. We only assume that information about

id?



nonlinear or linear gain is available in the sense described in Section 3. The interconnected system
consisting of ¥y and XA is denoted by Xp.

Since the state variable x is supposed to be unmeasurable, we employ the following observer to

control the uncertain system X p.

(22 As+ Y i)y i)+ Gl 3(9 (5)
Yy = Cy.’E ) y(t) € R

In this paper, given an arbitrary number 7 > 0, we seek the output feedback control consisting of
(5) and

u=K(y,2)& . (6)
which

e globally uniformly asymptotically stabilizes ¥p when r = 0

e makes the mapping between r and e have Ls-gain less than or equal to 7

The state variables  and xa are not measured for the feedback control. Functions Y and K are

C° functions which have yet to be determined. The system Xp is said to be globally uniformly

asymptotically stabilized if the equilibrium z, = [T, 2%, 2T]T = 0 is globally uniformly asymp-

totically stable. In this paper, the system Y p is said to have Lo-gain less than or equal to 7 if
there exists a storage function V' (z.) which is positive definite and radially unbounded such that
for all initial states z(0) € R*"*"2  and all r € L]0, T, the inequality

T
V(za(T)) < V(za(0)) +/0 (T[Irl* = llell*)dt

holds for all 7" > 0.

3 Nonlinearly bounded uncertainty

In this paper, the uncertainty XA is supposed to belong to the following class of nonlinearly

bounded systems.
Assumption 1 For each i =1,2,...,m, the uncertain system XA satisfies the following.
(a) There exists a C° function ;s : [0,00) — [0, 00) such that
lwisl|* < wpis (I3 ) | 2is 1 (7)
holds for all t € [0, 00).

(b) There exists a C° function 14 : [0,00) — [0,00) and a C' function Wa; : [0,00) x R™ — R
such that

Bi(llza.ll) < Wait, za,) < Billlza,ll) (8)

OWai  OWa;
+ Fase <Bi(xa,) = |wiall* +via(| zial) | zial?
ot O, ()




hold for all (t,za;, ziq) € [0,00) x R"*i x RPid  where B, and B; are class Koo functions, and
B; is a positive definite CO function of za, .

A system YA is said to be admissible if Assumption 1 is true. The assumption does not require
uncertain systems to have finite £o-gain. Instead, they are supposed to have finite nonlinear-gain.
When A;s (A;q) exhibits finite L£o-gain, the parameter ¥;s (14, respectively) reduces to a positive
constant. In such a case, we obtain ;s = 'yizs and ;g = ’yfd, where ;s and ;4 are Lo-gain. The
new class of uncertain systems is broad and it includes input-to-state stable(ISS) systems[12] in
the following sense.

Lemma 1 (a) Suppose that a static system A;s admits class Koo functions «; and o; such that

a;([lwis|l) < ol i) (10)
holds for all t € [0,00) and
- oi(s)
slirél‘* Oéi(S) < e (11)

holds. Then, there exists a C° function ;s such that (7) holds for all t € [0, 00).

(b) Suppose that a dynamic system Ayq admits a C1 function Va; : [0,00) x R™ — R such that

ai(|lzal) < Vailt,za,) < a(lza,ll) (12)
aVAi 8VA1
< — ) . .
ot + axAi fAzd = al(”‘rAlH) + Ul(”z’LdH) (13)

are satisfied for all (t,za,,zia) € [0,00) x R"%i x RPid where o, &; and o; are class Koo
functions and o; is a class K function and they satisfy
[widl? _ oi([[zial)

00,

el <+o00 14
o 10 ai([lza, ) leial=0  [lziall? .

uniformly in t. Then, there exists a C° function ;q, a C* function Wa;, class Koo functions
B, and B; and a positive definite C° function 3; such that (8) and (9) hold for all (t,z,, %id) €
[0,00) x R™Ai x RPid,

The functions ;s and ;4 are obtained easily from «;, 0; a; and &; [3]. Note that §;(xa,;) can
be always chosen as a class K function of ||xa,| for ISS systems defined in Lemma 1(b). It
is emphasized that Assumption 1 admits systems which are not ISS. An example of nonlinearly
bounded static mappings which violate (11) is w;s = ha,, (2is) = v/]|zis|]| which is not Lipschitz at
zis = 0. Indeed, if ha,, (2is,t) is Lipschitz at z;s = 0 uniformly in ¢ as assumed in Section 2, there
always exists a class Koo pair of {a(s),o(s)} satisfying (11) and (10). As for a dynamic nonlinear
mapping A4 : zig — w;g, the condition (14) together with (13) is common in asymptotic analysis
based on the nonlinear small-gain technique[7, 8, 9]. It is known that (14) is always satisfied for
appropriate functions a; € Ko and o; € K if the Jacobian linearization of A;q at xa, = 0 is
uniformly asymptotically stable.

Example 1 An example of admissible uncertain dynamics z;q — w;q 18

j:Ai = _xAi(l - Zzpd)
w;q = sat(za,)
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with p > 2. Indeed, it satisfies (9) for ;q = 2.2|24|P~2 and

73, 1.1 zh
Wa, = —d A —
A'L /O S /31 5(1'2Al+1)

Clearly, the system is not input-to-state stable although it is globally asymptotically stable when
Zid = 0.

Example 2 The following input-to-state stable system

i .3 2
TA; = TN T Fig

which is used in [7] with p > 2 is also an admissible dynamic system. The functions ;g and (;

are obtained as
Via = Tﬂp/2713p/22*2p/3’Zid’4p/3*2

Bi= -7t —a )r|ea,

forany T >1and 7 >71/(T—1).

4 SD scaling characterization

This section derives a characterization of global robustness properties of the output feedback
system described in Section 2 via a new concept of state-dependent (SD) scaling which incorporates

the nonlinear gain.

First, a set of scaling factors associated with static uncertain components A;s is defined by

@i={Puls =009, 20050 () 19)

The identity matrix I is compatible in size with z;5s. The scaling factors are functions of the output
and the state estimate. For dynamic uncertain components A;q4, a set of scaling factors is defined

by
Py = { id=d [(bldl 0} ¢d,¢zd>0} (16)

The block partition of ®;4 is compatible in size with that of [z, o> €i el1T. All sets ®;9,1=1,2,...,m
are defined with a common constant ¢4. For i = 1,2,... m, define ®;(z) as

- . A (I)is(yyi’) 0 . b5 € Py
®i = {(I)Z(y’:p)_ [ 0 (I)id} " Dig € Pig

Using C° functions 1;q, ;s : [0,00) — [0, 00) in Assumption 1, define ¥(z) as

T(2) = block-diag ¥ (z) (17)
=1
Yis (|| 215 ) V2L 0 0
U;(z) = [ 0 Via(||zial )2 0O ] (18)
0 0 I



The block diagonal structure of W, is conformable in size to the partition z; = [zL, 2L el]T. The
scalar 7 is a positive number to describe the level of disturbance attenuation. We are now ready

to define three sets of SD scaling matrices by

& — {@(y,i’) — block-diag ®;(y, &), P; € <I>i} (19)
=1
B L R R+ x(pta) o(-)ec
©={0w.: &, o o dymernt ) C ) (20)
B o R R)x(pta) U()ec
w= o Jo o R e < ) (21)

All scaling matrices ®, © and ¥ are ‘state-dependent’.

Based on the triplet of these scaling matrices, we shall characterize stability and Lo distur-
bance attenuation of ¥p. Consider a global diffeomorphism between [27, 27 — 27]T € R?" and

[)A(T, 77T]T € R2™ as follows:
{ﬁ}_[S(O@)V([)/}[i'—x} (22)

where W is a constant matrix. The time-derivative of x is obtained as

" —%iC :'U_|_[asjj ﬁi‘ ﬁj
X= 8y v T 05, e 0y

= X(y,&)i + T(y, )z

=

} b+ S(y, 8)3

Define

A=[er ar] = [TV

N 91 N
WT 7‘9: |:KS—1:|aA:[A G]

Then, we obtain the following theorem.

Theorem 1 If there exist P > 0, P >0 and scaling matrices ® € ®, O € O, ¥ € W such that

STAT(X +T)'P+ P(X + T)AS PXB

o BTXTp -0
My, #) = YOS 0
~-W-T(XA+TYC)TP —PWB
S~TCTyo —P(XA+TYC,)W!
0 -BTwTp
% —pwCw-! <0 (23)
—-W-TcTwd W-TAWP + PWTATW !
O<o (24)
U< (25)

hold for all (x,%) € R*™, the output-feedback law (5-6) globally uniformly asymptotically stabilizes
Yp for all admissible uncertainties and Xp has Lo-gain less than or equal to T.

In the case of {¢ =0, g =1, © = &, ¥ = [}, Theorem 1 reduces to the primitive result[6].



5 Recursive design

This section defines a class of systems X p and presents a recursive procedure of the output feedback
control design for this class. Suppose that Y is in the following triangular structure.

y=a, Gy=[10~0] (26)
B all a12 0 ...... 0 0
2 422 a2 O . 0 G :
Ay)=| S W= o
a‘?’L—l,l an_1,2 ...... a‘?’L—l,TL an7n+1
L a/nl an2 ------ ann (27)
aiiv1(y) #0, 1<i<n, VYyeR (28)
[ B11
B)=| ] Cly)=[Cu 0 0] (29)
L Pnl

where Bj1(y) € RY>*P1ta) Oy (y) € RPr+a)x1 iy = 2, py = p, ¢ = ¢. In addition, we assume
that

az'(y) 2<k<n-1

ij

sup <Aoo, kslsn-—1 (30)
ver | ak—1,k(Y)ari+1(y) k<i<n, k<j<n

sup _ann(y) < 400 (31)

yeER |anfl,n(y)|

The conditions (30) and (31) will be used for ensuring the existence of global solutions to the
observer design problem described later. In this paper, a system Xp consisting of ¥y and »a
which fulfill these structural assumptions (26-31) and Assumption 1, respectively, is said to be
in the generalized robust output-feedback form. Compared with a standard output-feedback
form defined in [10], the generalized robust output-feedback form not only allows for disturbance
signals and dynamic uncertain components which unnecessarily have finite linear-gain, but also
nonlinearity is not restricted to A(y)z = Aox + A1(y) where Ap is a constant matrix. The class
of generalized robust output-feedback form is also broader than an extended class considered in
[6]. When the nonlinearity is limited to A(y)z = Aoz + A1(y) + A2(y)z2 with a constant matrix
Ay, the conditions (30) and (31) reduces to

sup ‘%22(9)/@12(3/))‘ <400, 2<i<n
yER

o 0

inf lais(y)] #
which are assumptions employed in [6].

In order to solve the disturbance attenuation problem with robust stability for the above class of
systems, we first pick any constant matrices P and P of the form

n ~ n ~
P=diagP; >0, P=diagP >0 (32)
=1 =1
Define
1 00 0
s1 1.0 0
STM @1, dpog) =0 s21 . 0 (33)



u = sp(1, j[n—l])f(n (34)
Here, s1(71), s2(x1,%1), -y Sn(1,2[,—1)) are smooth functions to be determined. The notation
.’f?[k] = [:ﬁl :i‘g e Tk

is used. Let W be

1 00 -0
wy 1 0 -0
0 = 0wyl
whose components w; for 2 < ¢ < n are constant. Let the observer gain Y be of the form
Y(l'l) — _W—l |:UJ1§)CU1) :| (36)
where wq is a smooth scalar function of 1. The parameters w1, - - -, w, have yet to be determined.
Candidates of state-dependent scaling matrices are parameterized as follows:
O={P=0¢1(z1)lp1q : ¢1(z1) >0,Vz1€R} (37)
6= {@ qbl( ) ptq - gbl(l‘l) > O,V.Z'l ER} (38)

The scalar function ¢; has yet to be determined. Choose a matrix ¥ from ¥ so that (25) holds
and ¥ depends only on z1. Such a SD scaling matrix ¥ exists due to the definition of C. A simple
choice is ¥ = W. Extract My from M as

wg =% 2] |1,

_ [M[k}ll M[k]lQ}
- H

[k]21
H=WwTAWP+ pwTATW!
I O 0
0 O 0
Qk = 0 Ip+q 0 y Qn = In+2(p+q)
0 0 Ipg

where I, is a k X k identity matrix. This matrix M) has the following properties.

(a-i) My is independent of {2y, Tx 11, -+, Tn}-
(a-ii) My does not include {sgi1, -+, Sn—1, Sn}-
(a-iii) M < 0 implies M,y < 0.
(a-iv) Mp, =M
(a-v) My, is jointly affine in {s1, ¢1}. For k > 2, My, is affine in sy.
(a-vi) My, < 0 implies H < 0.

For achieving M < 0, the properties suggests a recursive procedure in which
My (21, &—1) <0, V(w1,dp_q) € R x RF! (39)

is solved for si, and ¢;(when k = 1), recursively from k = 1 through & = n. The property (a-vi)
claims that H < 0 should be secured beforehand. In order to obtain H < 0, employing an idea



which is analogus to recursive design of robust observers [6], the parameters {wi(z1), wa, ..., wy}

are selected by solving
H<k>(x1) < —Fk(xl)il, Vr1 € R (40)
for wy recursively from k£ = n down to k = 1. The notation H,y is defined as

Hyp Hppx
Hy = [H

ok Hieyny | > oo = Hen

The next section shows how to determine appropriate matrices I'y(z1) > 0 of C° functions which
guarantee the existence of solutions to (39) for all £k = 1,2,...,n. The matrix H (k) also satisfies

the following.

(b-i) Hy does not include {wy_1, - -+, wa, w1}
(b-ii) H(k) < —F;l implies H<k+1> < _[Flzl]ﬂc—&-l)
(b-iiil) Hyyy = H
(b-iv) Hyy is affine in wy.

The properties (a-v) and (b-iv) are advantageous to numerical computation of (39) and (40).

6 Existence of solution

Let [H~']1; denote the (1,1)-component of the matrix H~!. The following can be obtained by
modifying a result in [6] properly.

Lemma 2 Suppose that H(x1) < 0 is satisfied for all x1 € R.

(i) Case k=1 : There exist smooth functions {s1(x1), ¢1(x1)} such that (39) is satisfied if

~[H 1 Ama(~ BTWTPH'PW B) Aax(WC1CH ¥) < i (41)

holds for all x1 € R.
(ii) Case k > 2 :  Assume that Mj,_y) < 0 holds for all (z1,%;—g)) € R X RF=2. Then, there
exists a smooth function sy(x1,Z[,_1)) such that (39) is satisfied.

Here, Apqz(-) denotes the maximum eigenvalue of a matrix. The inequality (39) is solvable
recursively from k = 1 through k = n if H(z1) < 0 and (41) are satisfied for all z;. Let

0
Ty = [70’“ wlpy | E=12..n—1 Tn=m
where v;, i =1,2,...,nand v;,i = 1,2,...,n—1 are real scalars. In order to achieve (40) and (41)

simultaneously, the following lemma is useful, which successfully extends the previous result of
the robust observer design [6] to much more general systems defined with the relaxed assumptions
(30-31).

10



Lemma 3 Let {yi(x1), y2(x1), ..., Yn(z1)} be any C° functions satisfying

0<")/i(.731), Ve eR, i=1,2,...,n (42)
0 < inf {%(xl)|ai,1ﬂ-(m1)\}, 1=2,3,...,n (43)
T1ER
sup {7vi(x1)|ai—1,i(x1)|} < 400, 1=3,4,...,n (44)
T1ER
Let {v1, va, ..., vn_1} be any constants satisfying
m>1 y>1,i=23,....,.n—1 (45)
Then, there exist a smooth function wi(x1) and constants we, ws, ..., w, which solve (40) se-
quentially in descending order of k, where the existence of wy, is independent of {1, v2, - - -, Vk—1}
and {wy, wa, ..., Wk_1}.

Pick a CY function ~ (1) such that

. 1
MW Amax(B W PTIPW B) Ao WC1CH1 W) < (46)
If —H!' < T is achieved, this inequality implies (41). Thus, if we select 71, ..., v, as (46),

(42-44), Lemma 2 proves that si and ¢; solving M < 0 can be constructed recursively from k = 1
up to k =n.

According to the proof of Lemma 2, any CY function satisfying
e_ < (bl(xl) <éy, 1 €R (47)

is a solution of M) < 0. The real numbers é_ and e, are given by

1+d6—5i\/(1+66—5)2—4a6

— 4
e+ 5% (48)
where
a= )\maX<—BTWTI5H_1PWB)
b= max(ZL 2Zy), Zy=-BWTPH 'CTY
c= )\max(*\pcll[H_l]llc%ﬂl‘lj)

Set ¢15 = ¢1. Then, according to Theorem 1, we achieve the condition (23) for global asymptotic
stability when ¥ p has neither dynamic uncertain components nor exogenous disturbances. How-
ever, Theorem 1 requires a constant ¢; when either dynamic uncertain components or exogenous
disturbances is involved. Lemma 2 does not guarantee that the set (é_,é,) admits a constant

solution ¢ globally in x1. The following new result is the key to the existence of constant ¢.

Lemma 4 Let {v, va, ..., vn—1} be any positive real constants. Suppose that {vi, Y2, ..., Wn}
satisfy (42) and

sup {7vi(z1)|ai—1,i(x1)|} < 400, 1=2,3,...,n (49)
T1ER

11



(a) If B(z) satisfies

)\max(Bil (xl)BZ; (.%'1))

sup <400, 1=12,..,n-1 (50)
2R |ai,it1(@@)]
Amax (B (1) B,
sup max( nl(xl) nl(‘rl)) < 400 (51)
wer  |an—1a@)|

then, there exists a C° function y1(z1) such that (42) and
AmaX(BTWTﬁnPWB) <a, Vo €R (52)
1
a! Amax(\ljcllcﬂ \I/> < E, Vri € R (53)
hold for a finite constant a > 0.

(b) If yi(x1) satisfies (42), (52) and (53) and H < —T'7* holds, there exists a positive constant
¢1 such that (47) holds.

According to the proof, a constant solution ¢; fulfilling (47) for ‘all’ 1 € R is any real number
belonging to (é_,é; ), where constants é_ and é, are given by

1+aé—bt/(1+ae—b)* — dae

2 54
ex 5% (54)
a= sup a(xy), b= sup b(x1), ¢é= sup &(x)

T1ER T1ER T1ER

Here, a, b and é are guaranteed to exist. Thanks to Lemma 4, the recursive design of output
feedback controllers which accommodate nonlinear dynamic uncertainties proceeds as follows.

1) solve (40) for wy, recursively in descending order of k with ~,, ..., 72, 71 given in (49) (43),
(42), (52), (53) and (45).

2) solve (39) for s; and a constant ¢;(when k& = 1) recursively in ascending order of k.

Using Schur complements formula, design equations (39) and (40) in each step k reduce to scalar
inequalities which are affine in the decision variables. We thereby arrive at the main result by
setting ¢1, = ¢a = ¢1 and ¢1q = 1.

Theorem 2 Suppose that the system Xp is in the generalized robust output-feedback form and
satisfies (50-51). Then, the system Xp can be globally uniformly asymptotically stabilized, and the
Lo-gain from r to e can be rendered less than or equal to T for all admissible uncertainties XA by
the output-feedback law (5-6).

It is emphasized that the disturbance attenuation level 7 can be made arbitrarily small. The
scaling factor ¢; can be chosen as either a constant or a function of ;. The uncertainty XA is
not allowed to be dynamic unless ¢ is a constant. Non-constant ¢ may often lead us to a less

complicated feedback gain whose growth order and local gain are not very large.

It is worth noting that Theorem 2 does not restrict XA to ISS dynamic systems. When we restrict
YA to ISS dynamics considered in [7], the outcome of Theorem 2 is similar to Corollary 1 of [7].

12



However, it is emphasized that this paper allows more general equations of the regulated output
e(t) than [7] as well as matrices A, B and G. This successful generalization of the functions C
and B is mainly due to the unique idea of robust observers employed in this paper. Indeed, it is
observed from (53), (52) and (40). Robust observers are systematically constructed in a recursive
manner. The result of this paper is also applicable to ¥y whose parameter B(y) is replaced by
B(t,za,y) if B(t,za,y) is uniformly bounded in ¢ and za. In addition, under the assumption
(7) of [7], the methodology proposed in this paper can lead us to a result corresponding to
Theorem 1 of [7] with ‘nonlinear gain’ disturbance attenuation. In contrast to other constructive
nonlinear design techniques in the literature, this paper does not rely on completion of the squares.
Instead, this paper employs Schur complements formula and scaling functions which not only
provide us with appropriate measures for robustification against static and dynamic uncertainties,
but also incorporates nonlinear gains in the design. Schur complements formula is usually less
conservative than completion of the squares when they are applied to vectors[6]. Combination of
Schur complements formula and state-dependent scaling also allows the nonlinear design to locally
fall in with LMI-based designs for robust linear control[3].

7 An example
This subsection presents an example to illustrate the output-feedback design proposed in this
paper briefly. Consider the system Xy given by

i1 = (14 23)xy
To = —T1T2 + (1 + |l‘1|)ZL‘3 — 1w
x'3:x3—2a:1w+r+u

z=x1, e=2x1, Y=
and the uncertain system YA between z and w in the form of
in = fa(za,z,t), w=ha(za,t)
This uncertain component is supposed to be admissible in the sense of Assumption 1 with
g = 2.22°

Thus, the system XA has zero L9-gain locally although it is globally bounded only in nonlinear
gain. The objective is to find an output-feedback controller which globally uniformly asymptoti-
cally stabilizes ¥ p and achieves the level 7 = 0.5 of disturbance attenuation between r and e. An
observer gain we can obtain using formulas of the recursive design procedure is

Y = [—w1 WiWg9 —wWi1wWwawWs ]T

where calculated parameters are

wy = —15 — 1227, wy = —13, wz = —2
18000 1822433 0 0 !
P:[O 10], I' = 0 1+ a3 0

001 0 0 (1+|z1])/2
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Figure 1: State transition of output feedback control.

The scaling factor and the feedback gain are obtained as

p1=1

u283[8281 —3S1 1]1‘

s1 = —3, 822—4\/:(}%4-1

s3 = —12(z; — 0.2)1 — 95 —

1622(0.322 4 2)(3%1 + 42)?

2?2 +1
where
10 O
P = l() 02 0 ]
0 0 0.02

is used. One of admissible uncertain components z — w is

{ an = —xa(l — z4)
w = sat(za)

(55)

It satisfies (9) for 1y = 2.222 as described in Section 3. The system (55) is not input-to-state
stable although it is globally asymptotically stable when z3 = 0. Figure 1 shows state transition

of ¥y in the presence of (55) and the disturbance

£ = 5,1<t<2
r(t) = 0 , otherwise

for the initial condition x(0) = [1,—1,2]T, zAo(0) = 1 and #(0) = 0. The damped response z1(t)
shown by the solid line demonstrates clearly that the output-feedback controller attenuate the

effect of the disturbance on e = x; substantially.

Acknowledgments. The author is grateful to Z.P. Jiang for discussions about output feedback and

nonlinear gain and comments on improving the quality of the paper.
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Appendix

Proof of Theorem 1
Let xy denote xy = [z, 2T, 2X]T. Define

m
V(t,za) =X"PY+0"Pn+ Y diaWai(t, zai)

i=1
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which is a C* function of (¢, z), and there exist class Ko, functions a,; and @ such that

ch(chlH) < V(tvxcl) < acl(chlH)

The time-derivative of V' along the trajectories of the output feedback system satisfies

T ~
d X X UL
—V<|w|Q|w|+rTr—72Te—Y" diubi(za) (56)
Here, (24), (25) and
T
Wis -y 0 Wis
0< [ Zis 0 ¢is(bis] |: Zis ]

are used. The matrix Q(z,Z) is obtained as

STAT(X +T)T P+ L

< PX + T)AS PXB —P(XA+TYC)W
Q= BTXTp -0 —-BTWTPp
_ . W-TAW P+
-W-T(XA+TYC)"P —PWB <PWTATW1>
STCTyo
+ 0 e [dUCST 0 —PVCOW ]
~W-TCcTvo

The inequality (23) is equivalent to the pair of @ < 0 and ® > 0. Thus, under the condition
(23), the global uniform asymptotic stability of the output-feedback system follows from (56)
with 7 = 0. Finally, integrating (56) from ¢ = 0 to t = T > 0, we obtain

V(t, a:cl(T)) — V(t, xcl(())) < /OT (rpTr — T_Q@Te) dt

This proves that X p has Lo-gain less than or equal to 7.

Proof of Lemma 2:

Define the following matrix.
My = Mgy — MpyguoH ™ Mg

Let this matrix be partitioned as

Jp B .
EiT Fﬂ = Qi MyQy,
01—y O
Qpr=11 0 0 c RIF+2(p+a)]x [k+2(p+q)]
0 0 Ipyg

The scalar J and the matrix Fy is given by

Jx = 2Pyay ky15K + Ji
—-d 0 I0 I0
A= T ]+ [0e] 500

Fk:M[kfl}a for2§k§n
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where Jj,, Ej, and Fj, are independent of {8k, Sk+1, -+, Sn}. The matrix Zj is obtained as
_ BTWTP —1 5 T
Zo_—[ o }H [ PWB T ]

The assumption H < 0 implies Zg > 0. Let Zy be defined by

alpiq 2y

0=\ 21" el

From Zy > Zy > 0 we obtain 0 < b < aé.
(i) Due to Zy > Zy, F} < 0 is achieved if ® = ¢, I satisfies

-® 0 105 |10
[0 —¢]+{0¢]Z0[0q>}<0
which is equivalent to
¢1 > a (57)
cpr+(b—ac—1)p +a <0 (58)

Under the assumption that H < 0, the inequality (41) implies 4a¢ < 1. From b < a¢ we obtain
14 ac—b > 2v/ac. Thus, the quadratic inequality (58) admits real solutions ¢1, and the solutions
are given by (é_,e,) defined with (48). Here, e+ are real numbers satisfying e_ < é;. From
b < aé and 4aé < 1 it follows that 1 — 3aé — b > 0. Then, it is seen that

2¢(e_ —a) = 1—@&—6—\/(1+aé—5)2—4a6
= \/(1—a6—6)2—\/(1+aé—6)2—4aé

>0

The last inequality implies 0 < a < é_. Therefore, any real number ¢; belonging to (e_,é;)
fulfills (57) automatically. Hence, there exist smooth functions ¢;(x1) > 0 satisfying Fy(z1) < 0
for all z1 € R. Now, suppose that F; < 0 has been achieved by a function ¢1. According to Schur
complements formula, ]\7[[1] < 0 is equivalent to a scalar inequality J; — ElFl_lE%F < 0. Since the
left hand side is affine in s1, the assumption (28) assures the existence of a smooth function s (1)
which fulfills M, ] < 0. Applying Schur complements formula to M[;; < 0, the condition M, 1 <0
is equivalent to M;) < 0 on the assumption of H < 0.

(ii) Since Mjp—1) < 0and H < 0 are assumed, the application of Schur complements formula leads
us to ]\7[[;{_1} < 0. Since J; — Eka,_lE,? < 0 is affine in sg, the assumption (28) guarantees the
existence of a smooth function sy(z1, j:[k_l]) solving M) < 0 which is identical with M, < 0.

Proof of Lemma 3:
Define the following set of integers.

e k<i<n, k<j<n
Q_{(Z7]7P7L) p=11+1<n, ]{;SLSn}

The assumption (30) implies

Qi5Qp,
ap—1k(y)ari11(y)

2<
sup < 400, k‘S

yeER
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sup @) <400, 2<k<n-1 (60)
yeR | @r—1,k(Y)
Sup ka1 ()| oo, 2<k<n-—1 (61)
YER ak—l,k(y)

For systems satisfying (26-27) and (32), (35) and (36), the inequality (40) is equivalent to

H<k+1> < _F]:il (62)
2Pgag_1 gwi, < —2Pgak k + 2Prag 1wk — Y5+
1
ef (Hugry + v ' Tihy) en (63)

in the case of 1 <k <n — 1. where ap; = 1. For K = n, the above two inequalities are replaced
by a single inequality

2ﬁ)nanfl,nwn < _Qpnan,n - 77:1 (64)
Here, ey is a vector satisfying
erer < > aliygpo)laijan), 1<k<n-—1 (65)
(i,5,p:0) €S2
for some finite non-negative constants c(-,-,,-) since wq, ws, ..., w, are constants. Here,
ek (s, -+, ) are independent of {71, v2, ..., 7} and {wi, wa, ..., wg}. Combining (65) and (44),
we obtain
T Z dk(iajapv L)|aijapb‘
€1 CEYi+1 (4,5,p,L)EQ 2<k<n-—1
|ap—1| ~ |ak—1,kar141] ©okslsn—l
for some finite non-negative constants dj/(-, -, -,-). Thus,
€£6k’n+1
sup t——"= < 400, 2<k<n-1,k<l<n-1 (66)
YyER ‘akfl,k’

follows from (59). Now, we choose wy, from k& = n down to k = 1 recursively as follows.

(i) Case k =n : Let v,(x1) be a C° function fulfilling (42-44). Due to (43), (31) and (28), there
exists a constant wy, such that (64) is satisfied for all z; € R. Then, the inequality (40) is achieved
for k = n. This process does not involve {y1, v2, ..., Yn—1} and {wy, wa, ..., wyp_1}.

(ii) Case 2 < k <n—1: Suppose that the set of constants {wy1, w2, ..., w,} satisfying (62)
are given. Let a constant vy be chosen as (45). It is verified that

—ip—1 )L Vk
- (H(k+1> + v lrkh) < kaH (67)
Let v (z1) be a C° function which fulfills (42-44). Due to (43), (60), (61) (66), (67) and (28), there
exists a constant wy such that (63) is satisfied for all ; € R. Again, this selection of wy, does not
depends on {1, 72, ..., Yk—1} and {w1, wa, ..., wi_1}. The inequality (40) is achieved for k.
(iii) Case k = 1 : Suppose that a given set of constants {wa, ws, ..., w,} satisfies (62) with

k = 1. Pick a constant v, as (45). Let 1 (x1) be any C° fuction fulfilling (42). Due to (28), there
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exists a smooth funciton wy(z1) such that (63) with & = 1 is satisfied for all z; € R. Hence, the
inequality (40) is achieved for k = 1.

Proof of Lemma 4:
(a) Let By denote

=] %]
Bnl
The following holds.
k—1
By Wiy Py D Py Wiy Boy = (}1 Vj) v Pi B Bri +

k
(H Vj) Pt Wt 1 Py (Wk+1BleBk1 + Bljp1y B + BEIB(k+1)) +
=1

Blloiny W ety Py Pt 1y Pty W1y B 1)

for 1 <k <n—1. In the case of k = n,
n—1
T /T B 5 _ 52 T
By Wiy Py D1y Py Wiy By = | 11 v | P B B
Jj=1

Thus, under the assumption of (49), there exist a C° function v (z1) and a constant a > 0 such
that (42), (52) and (53) hold if (50) and

)\maX(Bi-i—l,l (xl)ngrl,l (.'L‘l))
sup

400, 1=1,2,...,n—1 68
z1€R | it1(@1)] (68)

Since (61) follows from (30), (68) is equivalent to (51).

(b) The inequality (52-53) imply 4a¢ < 1 due to the assumption that 0 < —H~! < T';. The
assumptions (52) and (53) also guarantee boundedness of @ and ¢. Recall that H < 0 implies
b < ac for all 1 € R. Tt is obvious that b < ac¢ holds and b is bounded. Let Zo be defined by

alprq 2y

W=7 i,

Since ZOZZOZOholds for all x1 € R, F1 < 0 is implied for all 1 € R by
—-® 0 10|55 1|10

Using the same argument as the proof of Lemma 2, it is shown that the inequality (69) is achieved
by any real constant ¢; belonging to (é_,é4) defined with (54).
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