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THREE RECURSIVE APPROACHES FOR DECISION
PROCESSES WITH A CONVERGING BRANCH SYSTEM

Toshiharu Fuita

Abstract

In this paper, we consider a decision process model with a converging branch system that is a
nonserial transition system. The model is treated by three approaches. Thus we introduce three types
of recursive equations by using a dynamic programming technique.

1. Introduction

Nonserial dynamic programming was proposed by Nemhauser [5] and has been
widely discussed [1, 2, 3]. Nonserial dynamic systems are classified into the four
structures: diverging branch systems, converging branch systems, feedback loop systems,
and feedforward loop systems. Herein, we focus on a converging branch system and
propose a finite-stage decision process model with a converging branch system. In the
model, more than two initial states are given, the states are converged on the process,
and finally the process is terminated at a final state.

We formulate the model in Section 2, and in Section 3 we discuss three recursive
approaches to the model and introduce three types of recursive equations by using a
dynamic programming technique. We give a numerical example in Section 4.

2. Notation and formulation

We introduce a finite-stage decision process model with a converging branch
system.

1. X, a nonempty finite set, is the state space. The initial states xj,xo,..., Xz
(€ X) are specified at the beginning of the process. The process progresses
through states xy.1,X7.2,...,Xy_1 € X with a converging branch system and is
terminated at state xy € X.

2. U, a nonempty finite set, is the decision space. u, (€ U) represents the selected
action for state x,, n=1,2,...,N — 1. We denote the power set of U by 2Y:

2V ={4:a set|4 C U}.

Furthermore, we denote by U a point-to-set valued mapping from X to
2U\{#}. U(x), called the feasible decision space, represents the set of all
feasible decisions in state x.
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3. The transition matrix E = (e;) € {0, 1}VN is defined by

1 (if x; is the next state to x;)
ej = .
Y 0 (otherwise),

and let I; ={ile; =1} (j=L+1,L+2,...,N).
Let G,(U) be the graph of U(:):

G (U)={(x,u)|lue U(x), xe X},

and, for a set A, #A means the number of elements in 4. When an index set I =
{my,my,....mpy} (mp <my < --- < my) is given, the corresponding sequence

(xml }) uml ) xmz? umz? MR ] mea umM)

is denoted by (x;,uy, |m e l). Similarly

(xml y Xy o 7me) and (uml s Umyy+ - - 7umM)

are denoted by (x,,|mel) and (u,|m e I), respectively.
4. r,:G(U)—-R (n=1,2,...,N—1) are the reward functions, where R =
(—o0,00). A decision u, selected in state x, confers a reward r,(x,,u,).
The function k: X — R is the terminal reward function.
5. fu: G,,(U)#I” — X (m=L+1,L+2,...,N) are the converging transition laws.
If a process in states (x, |mel,) selects actions (u,|m € l,), it proceeds
deterministically to the next state f,(Xp, Uy |m € I,).
Then our model is formulated as follows:

(P) Max V](X],ul) —|—r2(x2,u2) + .- —‘r}’N,](xN,],uN,l) -l—k(XN)
s.t. Xy = fu(m, i |m € 1) n=L+1,L+2,...,N
uy € U(xy) n=12...,N—1.

ExampLE 2.1. Let N = 8, L= 3) and €14 = €25 = €37 = €46 = €57 = €68 = €78 = 1
(ejj =0 for the other pairs (i, j)). Then, for the given initial states xy, x», X3, the other
states x4, Xs, Xg, X7, Xg are determined by

xl,ul) X]EX, uleU(xl)
X2, U3), X2 eX, u e U(xy)
ug), x4 €X, ug e U(xy)

X3,u3,x5,u5) X3,X5EX, us € U(X3)7 useU(Xs)

| |
=
~— — /g\ — —

xg = f§

X6, Ug, X7, U7), X6, X7 € X, ug € U(xg), u7 € U(x7)
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Figure 1. State transition tree for Example 2.1

(see Figure 1). In this case,
L=A{1}, L={2}, IL={4, L={35} L={67}
and the problem is described as follows:
Max ri(x1,u1) + ra2(xa,u0) + - - - + r7(x7,u7) + k(x3)
st Xy = fo(Xm, | M€ 1) n=4,5...,8

u, € U(xy) n=12...7. O

3. Three recursive methods

3.1. Backward recursive equation I

We now give the first recursive method for the problem (P). First, P, (n=1,2,...)
denotes a set of indexes of x,, satisfying the condition that the distance between x,, and
the final state xy in the state transition tree for (P) equals n. Especially, Py = {N}.
We consider the following subproblems with the initial states (x,, |m € P,) and the
optimal value functions are denoted by V"(-):

VO(xN) = k(xy), xyeX

V"(Xm|meP,) = max Z Fon(Xms ) + ke(xn) |,

Uy € U(Xm) m
(mEU[LPI) meUlzlP/

(X |me P,) e X, n=12....
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We note that x, € P; (I <n) that appears in above objective function is determined
consecutively by the initial states (x,, |m € P,) and decisions (u, |m € |J,_, P;) through
the transition law f; as follows

Xp = Ji( X th | M1 € 1),
because, for [ =0,1,...,n—1, he P; implies I, C P;,,.
THEOREM 3.1. The following recursive equations hold:

Vo(xn) = k(xy), xyeX

V" (x| me P,) = max Z Fon(Xms ) + V"V (X [ m € Pyy)

U € U(xm) 7
(mePy) e L
(X |m e P,) e X*, n=12...,

where, in the second term of the objective function, if | <m < L, x,, is given (x,, is the
initial state). Otherwise, Xy, is given by xm, = fu(x,ur|l € Ly).

ProOF. By the definition of the subproblems,

V' (X |me P,) = ma(x : Z Fon(Xmy th) + K (xn) |, n=12....
€ U(xy, n
(mep, Py LM EUR P
Since
P,NP,=4¢ (n #m),
we have
n—1
P, JPi=4.
=1
Therefore

V(X |m € Py)

= max max Z Fon (X Up) + Z Fon (X ) + K (xn)

U € U(Xm) | thm € U(X)
meP, n—1
(mePy) | (me;'Pr) ! meUi P

= max Z Fn (X, U) +  max Z Fon (X ) + K (xn)

U € U(xp) meD Uy € U(X) ip
(mePy) L " (mEUIV;llPI) melJ5 P iy
n—1
= max E Fin (X thy) + V77 (X [ m € Ppy) | O
€ U (Xn) meP,

(mePy)
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ExampLE 3.1. We consider the problem given by Example 2.1. Then
Po={8},  Pi={67,  P={3,45}  P3={12}
and the subproblems become
VO (xs) = k(xs)

V(x6,x7) = max [r6(x6, ts) + 1r7(x7,u7) + k(x3)]
umeu(xm) (m:6~,7)

V2(X3, X4, X5) = max [r3(x3, u3) + ra(x4, us) + rs(xs, us)
€ U(xpm) (3<m<T)

+ r6(x6, us) + r7(x7,u7) + k(>x3)]

y3 (x1,x2) = max [r1(x1,u1) 4 ra(x2, un) + r3(x3, u3) + ra(x4,ua)
upeU(xy) (1<m<T7)

+r5(xs, us) + re(Xe, ug) + r7(x7,u7) + k(x3)].
By Theorem 3.1, we get the following backward recursive equations:
VO(Xg) = k(Xg)

Vl(xg,m) = max [r6(x6, tg) + r7(x7,u7) + Vo(fg(x(,,ué,x%m))]
U € U(xy,) (m=6,7)

szxx: max r3( X3, U3) + rq(xXq,Uq) + rs(xs, u
(3, X4, X5) B (m:3’4,5)[3( 3, U3) + 4 (x4, us) + 15(xs, us)

+ V1 (fo(xayua), f7(x3,u3, x5, us) )]

V3(x1,x2) = e 2>[71 (x1,u1) + ra(x2,u2) + V2(x3, fa(x1,m), fs(x2,w2))]. O

3.2. Forward recursive equation

Next, we introduce a forward recursive method for the problem (P). Starting with
each initial state xp,xp,...,xz, subproblems are generated consecutively in a forward
direction and the optimal values functions are denoted by W”(-). For more details, see
the following procedure.

Step 1. Let
I={1,2,...,L}
and

Wn(x,) =0, J,=¢,  n=12,.. L
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Step 2. For each n ¢ I satisfying I, C I, let
Jn—InU<U Jm)
mel,

and
Jn=(L\1,2,... L} U {n}.
If n < N, define the subproblem terminated with x, as follows:

W”(xn) = max lz Vm(xma um)‘| bl xn € X

(X, thm | M€ T); meJ,
I Cxtur | 1€ Dy)=xn (mely)

Otherwise (i.e. if n = N),

W (xy) = Z (X ) + k(xN)], xyeX.

mely

max
(Xt |[MEIN); _

Sm(xrup| 1€ )= (meJy)

According to the final state x,, the corresponding subproblem may have no
feasible solution. In that case, the value of W"(x,) is regarded as “—o0”.

Step 3. if I equals {1,2,...,N — 1}, stop. Otherwise, update I as
I—1u{n|l,CI}.
Then, go to Step 2. O
We note that, in Step 2,
Jyv=1{1,2,...,N — 1}, Jy={L+1,L+2,...,N}

hold. Therefore max W™ (xy) gives the optimal value of the original problem (P).
XN E
THEOREM 3.2. The value functions W"(-) satisfy the following forward recursive
equations:

W"(x,) =0, x,€eX,n=12,...,L

W"(x,) = max > (W (xn) A+ (X, thn))
(Xt | mELy); =
Ja (xnza U | me I,,):Xn !

x,eX,n=L+1,L+2,... N—1

W (xy) = max Z (W (xXm) + Fin(Xmy tim)) + k(xn) | xyeX.

(xrm U | mely )§

. mel,
Syt | M€ Iy ) =Xy N
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Proor. If L <n < N, by the definition of the subproblems,

W (x,) = max [Z P (X, um)] ,

' (X U | M E Ty )5 med,
Sn (Xt up [ 1€ Ly)=Xm (MmeJ,

and, by the definition of J,, we have

J,,zl,,U(U Jm> and Lm(U Jm>:¢.

mely, mely,

Then,

Jo=(L\{1,2,...,L}) U {n}

= <<InU<U ‘1111>>\{1527’L}> U{n}

L,u((U Jm>\{1,2,...,L}> U {n}
mel,

=1I,U ( U (Jm\{l,2,...,L})) U {n}

mel,

Il
N o N

(I \{L,2,...,L}H U {m})) U {n}

mel,

mel,

Jm> U {n}.

n¢< _m>a

“mel, & mel, or me UJm”, IHO<U Jm>¢.

mel, mely

Hence, because

~

we have

These facts imply that

“melJ, & m=norme UJ_m”, né(UJ_m>.

mel, mel,
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hold. Therefore

W"(x,) = max max Zrm(xm,u,n)+ Z i (X, )

(X, U | ME L) oyt [ me Uy, I1); el mely Ji
Ja s th | meL)=x, | » _ 2 " lel
_J‘m(xl«, ur|lely)=xn (me U/el,—,‘ll)

= max Z P (Xoms Up) + max Z Z ri( X, u;)

(:x,”,um\mell,()_; mel, (st [ €Uy, 1) _ Lmel,iely
S Xyt | ME L) =2 St ur | L€ by)=x,n (meU,, J1)

= max Z P (Xomy Um) + Z max Z ri( X, u;)
(x| L€ Jm);

(m, th | mELy); !
mel, mel, - iel,
St | M€ 1) =2 ! " filxouiliel)=x (lely)

= max Z rn1(xm7um) + Z Wm(xm)

(X, U | ME I);

. n 1,
S (X th | M€ L) =2y Lmel, me
m
= max E (rm Xy ) + W (X))
(xmsum‘meln); mel
L n

S (X th | M€ L) =%y

When n = N, by the definition of the subproblems,

WN(xN) = max max E Finn (X U
(Xt | M€ I ); (Xm-um‘meuleln-ll);

. o)~ _ mely
SN (Xt | M€ Iy)=xn (X |1€ L) =X, (me Ulel\r J1)

+ Z rm(xlmum) + k(xN)

meU/E[NJI

Similarly, we can show the following equality:

W (x,) = ( m‘ax . E (P (X th) + W (X)) + k(xn) |- O
Xy U | M E Ly )5
f;r(«’cm-,umlmeLz):Xn mel,

EXAMPLE 3.2. We consider again the problem given by Example 2.1.  First, for the
initial states x|, x;, x3, let

Wl(xl) = WZ(XZ) = W3(X3) = 07



Three recursive approaches for decision processes with a converging branch system 9

and the subproblems become as follows:

W4 (x4) = max [r1(x1,u1)]
(ersun); fa(xr, ur)=xq
W3(xs) = max [r2(x2, 12)]
(v2,u2); f5 (X2, U2)=x5
WO (x) = - max [F1(x1,u1) + ra(xq, uq)]
(1,01, X4, u4); fa (X1, 11 )=X4, fo (X4, us)=Xs
W (x7) = max [r2(x2,u2) + r3(x3, u3) + rs(xs, us)]
(Xt | Mme{2,3,5};
S5(x2,u)=xs, f7(x3, U3, X5, Us ) =x7
WS(XS) = [r1 (1, ur) 4 ra(x2, u2)

max
ot [me{1,2,., 7Y fa(x1, 1) =xa, f5(x2, t2) =5,
Jo6(xq,ua)=x, f7(x3,u3, X5, us)=x7, f5 (X6, Us, X7, U7) =X3

+ 13(x3, u3) 4 14 (x4, ug) + r5(xs, us) + re(xe, us) + r7(x7,u7) + k(x3)].
Then, by using Theorem 3.2, the following forward recursive equations hold:
Wl(xl) = WZ(X2) = W3(X3) =0

W4 (x4) = max (W (x1) + 71 (1, 1))
(x1 1) fa(xy,ur)=x4

W5(xs) = max [Wz(xz) + ra(x2, u2)]

(x2,12); f5 (%2, ) =X

WO(xe) = max [(WH(xq) + ra(xq, ug))

(v, ua); fo(Xa, ua)=x¢

W(x7) = o max [W3(x3) + W3(xs) + r3(x3, u3) + rs(xs, us)]
X3,U3,X5,U5);
ﬁ(x3.u3,x57u5):x7

Wio) = max - [WO0x) + W) + 1o, ) + 1oy, 0) + k)l O
X6, U6, X7,UT);
J8(x6, U6, X7,17)=2x8

3.3. Backward recursive equation II

The results in this subsection are discussed in [4]. When we construct the sub-
problems, starting with the initial target state sequence Q = (xy), we add x, to Q in the
order that coincides one of the node order for a depth-first search for a state transition
tree with the root xy. Without loss of generality, we regard that index order as

N—-N-1-N-2—...—22->1,

by renumbering the state index.
Specifically, when we consider the decision process in Example 2.1, the indexes
are renumbered as shown in Figure 2. Then, the sequence of the target state



10 Toshiharu Funta

sequence becomes
(xg) — (x7,x38) — (X6,X7,X3) — -+ — (X1, X2,...,X7,Xg)

and we consider the corresponding subproblems and the optimal value functions v"(-) as
follows:

v®(xg) = k(xg)

U7(X7;X3, us) = max [r7(x7,u7) + k(xg)]
u7€ U(x7)
v8(x6; X3, 3, X5, Us5) = max [r6(x6, ug) + r7(x7,u7) + k(x3)]

€ U(xy,) (m=6,7)

v (Xs; X3, U3) = max [rs (x5, us) + re(x6, ) + r7(x7,u7) + k(x3)]
Uy € U(xy) (5<m<T)

v4(x4; X3,U3) = max [Fa(x4,us) + rs(xs, us) + re(xe, Us)
U € U(xy) (4<m<T)

+ r7(x7,u7) + k(x3)]

1;3(X3) = max [r3(x3,u3) + ra(xq, ug) + rs(xs, us)
une U(xy) 3<m<T)

+ 16(X6, us) + 17(x7,u7) + k(x3)]

v (x) = max [F2(x2, u2) + r3(x3,u3) + ra(xa, us) + rs(xs, us)
U € U(xy) 2<m<T)

+ r6(xXe, ug) + r7(x7,u7) + k(x3)]

vl(xl) = max [r1(x1,u1) 4+ ra(x2, un) + r3(x3, u3) + ra(xa,us)
U € U(xm) (1<m<7)

+ rs(xs,us) + re(Xs, tg) + r7(x7,u7) + k(x3)].

We give the general form of subproblems.

n=N
For state sequence (xy), the subproblem is given by
UN(XN) = k(xy), xyeX.
n<N
For state sequence (X, Xi1,.-.,Xy), the subproblem is given by

0" (X (X, thy | M € J))

= max n(Xns Un) + Ty Xn+1, Un +tk(x y
Uy € U(xp) (m:n.nJrl.N.,Nfl)[r ( ) +1( i +1) ( N)]

Xn€X, Xp €X, thyy € U(xp,) (meJdy,),
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where
N
o= |J ellj<n}
I=n+1

The set of indexes that indicate the initial states is denoted by Ir,;;. For example,
we have Iy = {1,4,6} for the decision process shown in Figure 2.
Then the following recursive relations are shown in [4].

ProposITION 3.1. Put Jy = ¢, then,
(1) if n+1¢ hnie,
Jo=JwnU{jel1|j<n}
(i) if n+ 1€ Ini,
Jn = T \{n}.

THEOREM 3.3. We have the following backward recursive equations.

o™ (

XN) :k(XN), XNEX
Un(xn; (xmaum | me Jn))

= max [rn(xm un) + Dl1+l(ﬁt+l (xma Um |m € In+l); (-xma Um |m € Jn+l))}7
U € U(xy)

X,1€X7n+1 ¢IInit
vn(xn§ (X}’thm |m € Jn))

= mgg( )[Vn(xm un) + Un+1(xn+l; (xm: U |m € Jn+l))}7 X, € X, n+1¢€ Iy
ty € U(xy

ExampLE 3.3. We consider the decision process shown in Figure 2. First, by
Proposition 3.1, we can get J; (j=38,7,...,1) as follows:

Js = ¢.
Since j=7ely={3,7} and 8 ¢ I,
Jr=JsU{jely|j<T}=¢U{3} ={3}
Similarly,
j=6€l ={56}, 7¢I
= Jo=J1U{jel|j<6}={3}U{5}={3,5},
j=5el; ={5,6}, 6 € Iy
= Js=J\{5} = {3,5}\{5} = {3},
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Figure 2. Transition tree of Example 3.3

Jj=4¢els={4}, 5¢ I

= Jy=JsU{jels|j<4}={3}ug={3},
j=3ely={3,7}, 4 € Iy

= Ji=JL\{3} = {31\{3} =4,
j=2eL=1{2}, 3¢ I

= h=LhU{jehk|j<2}=¢Ud=4¢,
j=leh={1}, 2¢ I

= Ji=hU{jeh|j<l}=¢U¢p=4¢.

Then, we have the following recursive equations by Theorem 3.1:
0¥ (x) = k(xs)

U7(X7; (xma Um |I’l’l € -]7)) = Iglg-(x )[77()‘:77”7) + US(fS(xn’h U |m € I8)§ (xm; U |Wl € J8))}
uy X7

07 (x7; (X, thy | m € {3})) = ,max )[r7(X77u7) + 08 (S (ot | 11 € {3,73); (X, thn | M1 € 9))]

U7(X7;X3,Lt3) = max [r7(x7,u7) —&—vg(fg(X3,u3,x7,u7))]
u7 € U(x7)

and
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v (x6; (X, g | m € J6)) = max )[Vé(xé, ) + 07 (f7(m, th | M € B7); (X, thy | M1 € J7))]
Ue X6

8 (x6; (X, th | m € {3,5})) = max [re(xe,ts) + v (f7(Xm th | m € {5,6});
MGEU()CG)

(xrm Um |m € {3}))]

v8(x6; X3, 3, x5,u5) = max [re(xe, ug) + v” (f1(xs, us, Xe, g); X3, u3)].
ug € U(xg)

Similarly, we have

US(Xs;x3,M3): max [r5(x5,u5)+v6(x(,;x3,u3,x5,u5)]
u5€U(X5)
v (xg;x3,u3) = max [rg(xg, ug) 4+ 02 (f5(xa, tg); X3, u3)]
u4€U(X4)
v3(x3) = max [r3(x3,u3) + v* (x4 x3, u3)]
uze U(x3)

v (x2) = ax >[Vz(x27 ) + 0°(f3(x2,112))]

o' (x1) = max [ri(x1,u1) + 0> (f2(x1,u))]. O
u16U<X1>
4. Numerical example

We consider the decision process problem given by Example 2.1 with the following
data:

X ={s1,}, Ux)=U={a,a} (xeX)

X1 = S1, X2 = 82, X3 = 5]
X\u|a a N\ula a
f;l(x7 u) S1 52 S1 f5(x7 Lt) S1 — — f6(xa u) S1 52 S1

52 - - 82 S 52 52 ST 82

(xx,u)\(y,0) | (s1,a1) (s1,a2) (s2,a1) (52,a2)
f7()€, u,, U) (sl,al) ) A} S1 52

(s1,a2) 1 5 $ 1

(xx,u)\(y,0) | (s1,a1) (s1,a2) (s2,a1) (52,a2)

. (s1,a1) s 51 52 52
S 9.0) (5, a) 52 $ 5] 2
(S27611) N 52 Ry) S1

(52, a2) 51 $ 51 51
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and
(x,u) | (s1,a1) (s1,@2) (s2,a1) (52, 42)
ri(x,u) 4 3 - —
ra(x,u) — — 3 2
ry(x,u) 3 4 — — X 5152
ra(x,u) 2 3 3 1 k(x| 5 2
r5(x, u) 1 2 4 2
Fe(x, u) 2 3 3 4
r7(x, u) 4 5 2 3

4.1. Compute with backward recursive equation I

First, for the terminal state xg, we get
VO(Sl) = k(Sl) = 5, VO(SZ) = k(Sz) =2.

By using the backward recursive equation given by Theorem 3.1, we compute V! (s, s1)
and the corresponding optimal decision function o (sy,s1):

Vi(si,s1) = max [re(s1,ug) +ri(si,u7) + VO(fs(s1, s, 51,u7))]

g, t7 €
= [re(st, 1) + ro(si,a1) + VO (fs(si, a1, s1,a1))]
Vv [re(s1,ar) +ri(st,az) + VO(fs(s1, a1, 51, a2))]
v [re(st, @) + (s, ) + VO(fs(s1, a2, 51, a1))]
vV [re(s1, @) + ri(s1,az) + VO(fs(s1, a2, 51, a))]
=244+ Vo) V2+5+ V) VB+4+Vs2)] V3 +5+ V' (s2)]
=11v12v9v10=12, gy (s1,81) = (ug,u7) = (a1, a2).
Similarly, we have
Vi1, $)=6v7v10v8 =10, oy (s1,82) = (ug,uy) = (a2, a1)
Visy,s1) =12v10v13v 1l =13, gy (s2,81) = (ug,u;) = (az, a1)
Visa,:) =7v1lvIlvI2 =12, a1 (s2,8) = (ug,u7) = (az, a2).
Next, we compute V2 and the corresponding optimal decision function o3:
V2(s1,51,51)

= max [r3(s1,us) + ra(si, ua) + rs(si,us) + V' (fo(s1,ua), f7(s1, us, 51, us))]

uz, ug,us e U
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= [rg,(sl,al) +r4(s1,a1) —|—V5(S1,a|) =+ l(f6(S1,m),ﬁ(S],a],S],a]))]
6(s1,a1), f1(s1,a2,51,a1))]

Yfo(si,ar), fr(s1,ar,81,a2))]

v [r3(s1,a2) + ra(s, ar) + rs(si, a
Vv [r3(s, a1 r4(si,ar) +rs(s,a
Jo(s1,ar), f1(s1, a2, 51, a2))]

Vi f )
i )
Vi )
Vifs(s1,a2), fr(s1,a1, 1, @)
Vi ar))
v )
Vi(fe )

v [r3(si,a2) 4+ ra(si,ar) + rs(si, az

v [r3(s1,a2) + ra(s1, a2) + rs(s1, a Jo(s1,a2), f1(s1, a2, 51, a1))]

)+ ra( )

)+ ra( )

)+ ra( )

Vv [ra(st, ar) + ra(st, az) +rs(si, ar) (

)+ ra( ) (

v [r3(s1,a1) + ra( )+ V' (fels1,a2), frlsi,an,51,02))]
) + ra( ) (

(

(
ra(s1,a2) +rs(sy, az

(

Vv [r3(s1, @) +ra(s1,a2) +rs(s1, a 6(s1, @), f1(s1,a2, 51, a2))]
=B+2+1+V (s, )] VA +2+1+ V' (s2,9)]

VBH2+24+ V' (s2,8)] V4 +2+2+ V(s 5)]

VB3 + 14+ V' (s,s)] V4 +3+ 14+ Vis1,s1)]

VIB4+342+ Vs, )] vA+3+24+ V! (s1,5)
=18v20v19v20v17v20v18v19 =20

o5 (81,81,81) = (U3, uy,u3) = (a2, a1, a1), (az, a1, a), (az, a», ap)

V2(s1,51,8) = 22, a5 (s1,81,8) = (ar, a1, a1), (a2, a1, ar), (a1, az, ay)
V2(s1,82,81) = 20, 05 (51,82,81) = (ar,a1,a1), (a2, a2, a2)
V2(s1,50,8) = 22, 05 (51,82,8) = (az,ay,ay).

Finally, we compute V> and the corresponding optimal decision function 3:

V3(s1,sz) = maxU[rl (s1,u1) + ra(so,un) + Vz(sl,ﬁ;(sl,ul),ﬁ(sz,ug))]

s €
=443+ V2 (s1,50,5)] V[4+2+ V(s1,5,5)]

V3434 V(s1,51,8)] vV [3+ 24 V(s1,51,9)]
—[4+3+20]v[A+2+22]v[3+3+20]v[3+2+22
=27v28v26v27 =28, a3 (s1,8) = (uy,uy) = (a1, a2).

Thus, the optimal value is V3(s;,s2) =28 and an optimal state-decision sequence is
given as follows:
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(x17x2) = (S17S2)

= (uf,uy) = 03(s1,52) = (a1,a2)

— (x4, x5, X3) = (fa(s1, 1), f5(s2, @2), 81) = (82,52,51)
— (uy,us,u;) = 05(82,8,81) = (a1,a1,ar)

— (x6,x7) = (fo(s2,a1), fr(s1,a1,82,a1)) = (s1,51)
= (ug,uz) = o (s1,81) = (a1,a)

— Xg = fg(Sl,al,Sl,az) = 91.
4.2. Compute with forward recursive equation
First, for the initial states x| =1, X = 83, X3 = 51, we get
Wl(Sl) = Wz(Sz) = W3(S1) =0

By using the forward recursive equation in subsection 3.2, we compute W*(s;) and the
corresponding optimal decision function t;(s;):

Whs)) = max [W'(x) 4 r(x,w)] = max  [W(x;) +ri(x1,u)]
= Wl(s))+ri(s;,as) =0+3=3, 7y (s1) = (x1,u7) = (s1,a2).
Similarly,
Wis:) =4, t(s2) = (x1,u) = (s1,a1)
Wis1) =3, w5(s) = (x2,u3) = (s2,a1)
W s2) =2, 15(52) = (32,3) = (2, 2)
and
w(s)) = max (W (x4) + ra(xa, us)]
(x4, 114); fo (x4, ua) =51
= (x.4.,u4)E{r(gllé‘lci),(sz,ul)}[W4(X4) + ra(X4, us)]
= max[W*(s;) + rq(s1, @), WH(s2) + ra(s2,a1)]
=max[3+3,4+3]=7, e (s1) = (x4, uy) = (52, 1)
W(sy) =5, 76 (82) = (g, uy) = (s1,a1), (82, a2).
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Next, because
{(x3, us, xs5,us) | f7(x3,u3, X5, us) = 51}
= {(s1,a1,2,a1), (s1,a2,51,@1), (51,02, 82,2) }
{(x3,u3, x5,us) | f7(x3,u3,Xs5,us) = s2}

= {(Slaalvslaal)7 (Slaa1751702)7 (Slaala527az)7 (Sl,az,slyaz), (51,612,52,01)},

we have
W(s) = max (W3 (x3) + W3(xs) + r3(x3, u3) + rs(xs, us)]
(3,143, X5, 115 ); 7 (X3, 43, X5, 145) =51
_max[W3(s1) W3(sy) + r3(s1,a1) + rs(sz, ar),
W3 (s1) + W3(s1) + r3(s1,a2) + rs(s1,a1),

W3(s1) + W3 (s2) + r3(s1,a2) + rs(s2,a2)]
=max[0+2+3+4,0+3+4+1,0+2+4+2] =max[9,8,8]
=9, 7(s1) = (3, u3, X5,u5) = (s1,a1,82,a1)

W(s:) = 10, 77(82) = (x3,u3, X5,u5) = (81,a2,52,41).

Finally, because
{(x6,us, x7,u7) | f3(X6, s, X7,U7) = 51}
= {(s1,a1,s1,a1), (s51,a1,51,@2), (51,42, 82, a1), (82, @1, 81, @1),
(s2,a1,82,a2), (82, a2,51,a1), (82, a2, 82, a1), (52,02, 2, a2) }
{(x6,us, x7,u7) | f3(X6, s, X7,U7) = 52}
= {(s1,a1,8,a1), (s1,a1,8,a2), (s1,a2,51,a1), (51, a2, 51, a2),
(s1,a2,50,a2), ($2,a1,51,a2), (82,41, 52, a1), (52, a2,51,a2) },

we have

W¥(s1) = o ax [WO(x6) + W (x7) + rs(xs, ) + r7(x7,u7) + k(xs)]
X6, U6, X7,U7)3
S3(x6, 6, X7, u7)=51

= max[Wé(sl) + W7(s1) +re(si,ar) +ra(s1, @) + k(sy),
WO(st) + W (s1) + re(s1,a1) + r1(s1, a2) + k(s1),

WO(s1) + W(s2) + re(s1, @) + ra(sa, ar) + k(s1),
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WO (sy) + W (s s2,a1) +r7(s1, ar

)

+ 76
WO (sy) + W(s1) +rs

(s1)

WO(s2) + W (s2) +
(s1) $2,a2) +1r7(s1, a1
(52)

(

+re(s2,a1) 4+ r7(s2, a
(
(

—_ O~ ~—

W()(Sz) + W7 $) +r¢ Sz,az) +}"7(S2,a1

)
)
51),
),
WO(s2) + W(s2) + re(s2,a2) + r1(s2,a2) + k(s1)]
=max[7+9+2+4+574+9+24+5+57+10+3+2+5,
54943+4+4554+104+3+3+55+9+4+4+5,
5410+4+24554+10+4+3+75]
= max[27,28,27,26,26,27,26,27) = 28
T3 (s1) = (6, ug, X7,u7) = (81, 01,51, a2)
w(sy) = 26, 74 (82) = (6, g, X7, u5) = (81, a2, 81, a2).
Thus, the optimal value is
max[W8(s;), W3(s,)] = max[28,26] = 28, Xg = 8
and we get an optimal state-decision sequence as follows:
Xg = S1 = (X6, ug, x7,u7) = Tg(81) = (81,a1,581,a)
— X =051, U;=a
= (xa,uy) = 15(s51) = (s2,1)
— X4=8, Uy =a
= (xnu) =14(s2) = (s1,a1)
— x1=8, u =a
— X7=S8, W=
= (x3,u3,xs5,us) = 15(s1) = (81,a1,%,a1)
— xX3=S8, Uu3=a
— Xs=8, U =a
= (x2,u3) = 75(82) = (82, 2)

— X2=8, U =a.
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4.3. Compute with backward recursive equation II

In Example 3.3, we modified the indexes. But, to solve our numerical example, we
need to return that modification back to the original. Then, the backward recursive
equations in Example 3.3 become

v®(xg) = k(xg)

v’ (x7; X6, g) = geaé[m(x% ur) + 08(f3(x6, us, x7,u7))]
v3(x3; X5, Us, X6, Ug) = geag[rg(x%m) + 07 (f7(x3, u3, X5, U5); X6, Us )|
v3(x5; X6, Ug) = {,?25[’5(’“5’”5> + 03 (03 X5, us, Xg, tg)]
v*(X2; X6, ) = max[r (2, uz) + 07 (f5(x2, u2); X, )]

10 (xg) = geaé[r(,(xé, ug) + v2(x2; Xg, tg)]

v*(xg) = max[ra(xs, ug) + 0°(fo(xa, 1a))]

X
ll4€U

o' (x1) = max[ri (x1,u1) + v*(fa(x1,w))].

X
u1€U
First, for the terminal state xg, we get
128(51) =k(s1) =5, vg(sz) = k(sz) = 2.
We compute v7(s1;51,a1) and the corresponding optimal decision function 77 (s1;s1,a1):
U7(S1;Slva1) = mgg[h(s] ’ u7) + Ug(fg(Sl,al,Sl,LH))]
u7
= [r7(s1,a1) + 08 (fs(s1, a1, s1,a1))] v [r1(s1, @) + v (f(s1, a1, 51, a2))]

=4+ 0% s)]vS+0%(s)] =4+ 5] v[5+5]=10

i (s1;81,a1) = aa.

Similarly,
v7(s1;s1,a2):[4+2]v[5+2]:7, 7y (s1581, a2) = az
v (s1550,a1) =9, 7 (s1382,a1) = ay, v (s1582,a2) =9, 7 (81582, a0) = ay
v (s2381,a1) = 5, 77 (82581, a1) = az, vl (s2351,a0) =7, 77 (8281, a2) = a
v (52382, a1) = 8, 77 (82552, a1) = ay, v (52350, a2) = 8, 77 (82582, a2) = ay.
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Moreover, we compute v,v>,v%,...,0' and the corresponding optimal decision func-
tions n3,my,7;,...,ny as follows:

3.

v (slaslaalvslaal)

= 51’125[}’3(.91,”3) + 07 (fr(s1,uz,51,a1); 81, a1)]
3

= [r3(s1, @) + 0" (f(s1,a1,81,a1);51,a1)] v [r3(s1, @) + 07 (fo(s1, a2, 81,a1); 51, a1)]

=3+ 0 (syss1,a)] v [+ (sis51,a)] =3+ 5] v[4+10] = 14

X
713(51;3176117317611)2
3 T _
U= (S81551,d1,81,d2 7T3(S17S1,6117S176l2)—(12
3 _ * . _
U815 51,4d1,82,a1) = ”3(51,S1,611,S27al)f612
3 _ [T _
U815 81, d1,82,a2) = 7'53(s1,s1,a1,s2,a2)—a2
3 _ T _
v (81581, a2,81,a1) = w3 (81581, a2, 81,a1) = az

3

v(81581,a2,81,d2) = T3 (815 81,d2, 81, d2

3

v(81581,a2,82,d1) = T3 (81581,42,82,d1) =
3

U7 (81581, A2, 82,42) = T3\81581,d2,82,d2) =

3

(
(
(
(
(
(
(
v (1582, a1, 81, a1
(
(
(
(
(
(
(

Ty

§1582,d1, 81,41

3

)=
ar)
a2)
a)
a2)
ar)
a2)
ar)
a2)
S1382,d1,82,41)
a2)
)
a2)
ar)
a2)
ar)
)
)
)=

3 ( )=
3 ( ap)
3 ( a)
3 ( a)
07 (81582, a1,81,a2) = 3 (S1582, a1, 81, a2) = az
US = 77,' (S §2,d1,82,d 1):
v? $1;82,d1,82,d2) = i3 F(s1582, a1, 8, a) =
U3S ;82,a2,81,41) = T3 3 (81382, a0, 81,a1) = a»
v (s1382, a2, 81, a2) = 3 (81352, a2, 81, a2) = a3
v (51380, a0, $2,41) = T3 (81382, a2,82,a1) = a;
v’ $1;82,d2,82,d2) = ”3*(5 $2,02,82,07) =
v (s1;81,a1) = ns(s1381,a1) = v (s1351, @) = 13, s (s1581,a2) =
v (5138, a1) = s (si;38,a1) = v (51380, a2) = 5 (S1582, a2) =
US(Sz;Sl,m): s (s2581,a1) = US(Sz,Slvaz)Z 5 (82581, a0) = ay
v (52582, a1) = 75 (82582, a1 U3 (82582, @2) = 75 (82582, a2) =
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vz(sz;sl,al) =19, 7y (s2;81,a1) = az, vz(sz;sl,az) =17, 75 (82581, a0) = aa
V(sns,a) =18,  m(sus,a) =ai,a,  V(sns,a) =18,  m3(sn0,a) =ar,a
vé(sl) =21, g (1) = ai, 176(52) =22, 75 ($2) = az
v4(51) =24, i (s1) = a1, az, v4(52) =24, my(82) = ay
and

vl(s)) = 28, i (s1) = a.
Thus, the optimal value is v3(s;) = 28 and an optimal state-decision sequence is given by
x1=8 — u =7n/(s1)=a
= = fals,a) =5 — w=mn)=a

— x¢= fo(so,a1) =81 — ui =mwi(s1) =a
X2=8 — uy=my(5;8,a1) =a

— xs=fs(s,a2) =8 — us =mi(s2;81,a1) =a
xX3=8 — uy=m;(81;8,a1,8,d1) =a

— x7= fi(si,a,8,a1) =81 —  u; =75(s1581,a1) = @

— X3 = f3(s1,a1,81,a2) = 51.
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