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Abstract

Adhesive joints are widely used in numerous industrial sectors, such as
automobile, shipbuilding and aeronautics. However, as is known that there is stress
singularity at the end of interface for different materials, which may result in the
failure of the joint. The intensity of singular stress field (ISSF) has already been
discussed for bonded plate under arbitrary material combination, while few studies are
available for the ISSF of butt joints in axi-symmetrical and three-dimensional
problems, and no results with varying material combination. Thus this research
concentrated on the analysis of ISSFs of axi-symmetrical and three-dimensional butt
joint problems, which may make a contribution on a general understanding of the
strength for the axi-symmetrical and three-dimensional problems. This thesis is
composed of total 5 chapters and organized as follows.

Chapter 1 gives an introduction of composites and bonded structures applied to
aviation industry, microelectronic packaging, and steel process equipment. With the
extensive application of the technology, structural failure problems are emerging,
which requires further study. Then, the issues of the research on singularity in the
bonded structures are reviewed, and it is found that there are only few papers focused
on the ISSF for axi-symmetrical and three-dimensional butt joint problems. Then, the
research purpose of this thesis is introduced, focusing on the analysis of ISSF for
axi-symmetrical and three-dimensional butt joints.

In Chapter 2, the ISSF variations were clarified over the entire adhesive
thickness range for plate butt joint. An effective mesh-independent technique was
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applied to obtaining the ISSFs under arbitrary material combinations. The bonded
plate, which has been solved by the body force method, was used as the reference
solution to eliminate FEM error.

In Chapter 3, the ISSF variations were clarified over the entire adhesive
thickness range for cylindrical butt joint. The results were calculated by changing the
material combination systematically under the space of Dundurs’ parameters. The
result of cylindrical butt joint has been compared with that of plate butt joint and the
difference was elaborated. The non-singular stresses caused by the circumferential
strain are contained in the FEM stresses at the interface end. The accurate method was
used for calculating the ISSF from the ratio of the stress obtained by subtracting the
non-singular stress to the stress of the plate butt joint adopted as the reference solution.
The ISSF of axi-symmetrical problem cannot be governed by the Dunders’
parameters, therefore, the maximum and minimum values of the ISSFs were
considered and shown in tables and charts in the space of Dundurs’ parameters.

In Chapter 4, the adhesive strength of three-dimensional butt joint was studied in
terms of the intensity of singular stress on the interface outer edge. The interface
stress distributions of three-dimensional butt joint were obtained by using different
mesh sizes. It was found that the singularity occurs on the interface outer edges. The
stress distributions on the interface outer edge of three-dimensional butt joint were
investigated by using the ratios of singular stresses. The adhesive strength on the
interface outer edge can be evaluated by the constant critical ISSF as Ki? =const. The
ISSF at interface vertex cannot yet be obtained, fillet was considered instead of the
vertex. The ISSF distributions on the fillet arc were investigated. The effect of fillet
radius on the ISSF was discussed. When the fillet radius »/W>0.0005, the adhesive

strength can be evaluated by using the ISSF at the middle point of the interface outer
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edge.
In the last chapter of this thesis, Chapter 5, main conclusions of this study were

summarized for axi-symmetrical and three-dimensional butt joints.
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Chapter 1

Chapter 1 Introduction

1.1 Research backgrounds

Composites, bonded and multiple-layer structures are widely employed in
automotive and aerospace industries as well as in microelectronics packaging. The
advantages offered by the chip scale packages include smaller size, lower weight,
easier assembly process, lower over-all production costs and improvement in
electrical performance. Fig.1.1 demonstrates a wire-bond BGA ball grid array chip [1].
A typical chip scale packaging process starts with the mounting of the die on the
interposer using epoxy. The die is then wire-bonded to the interposer using gold or
aluminum wires. Plastic encapsulation then follows to protect the die and wires,
usually by transfer molding. After encapsulation, solder balls are attached to the
bottom side of the interposer. Finally, the parts are separated from the lead frame.

Composites are also widely used in aviation industries. Boeing first had
composite used in the manufacturing of the rudder on B767 air plane, and in the B787
air plane, up to 50% of composites were used. Air Bus has also developed its own
new air crafts with composites are widely used such as A380 and the new A350XWB

[2-8].
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Overmolded epoxy Wire bonds

Die attach W,
Solder balls
(37Pb/63Sn)

BT substraté

Fig. 1.1 The electrical device Chip Scale Package

Materials used in 787 body

Fiberglass M Carbon laminate composite :  Total materials used
M Aluminum W Carbon sandwich composite : By weight
—— Aluminum/steel/titanium = Other
Steel 5% Composites

10% 50%

15%

Aluminum
20%

By comparison, the 777 uses 12 percent
composites and 50 percent aluminum.

Fig. 1.2 Application of composite in Boeing 787 air plane

However, a mismatch of different materials properties may cause stress
singularity at the edge of the interface between different materials, which leads to
failure of bonding part in structures. As can be seen from Fig. 1.1, quite a lot
interfaces exist inside the CSP assemblies. Stress concentration happens along the
interfaces due to the discontinuous of material property and geometric configuration.
And cyclic pressure and temperature as well as humidity will increase the speed of

delamination. Therefore, there is an increasing concern that the CSP assemblies may
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not meet the mechanical and the thermal cycling reliability requirements. In Fig. 1.3,
the cross-section image reveals delamination after the 3x JEDEC 260° C reflow test.
Delamination initiates at the interface between the underfill and the flux residue, and

then propagated along the solder mask [9].

2% 48 SE1

Fig. 1.3 Debonding from the end of adhesive joint of Chip Scale Package [9]

Joint Stresses

—=
i)

A

Cleavage Tensile

Peel

Fig. 1.4 Several forms of composite material interface failure

Fig. 1.4 illustrates several forms of composite material interface failure. The
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reliability evaluations based on fracture mechanics on the interface problems
composites win quite a lot of attentions. The strength analysis and the failure criteria

of bonded structures are becoming more and more important.

1.2 Studies in history

For elastic fracture mechanics concepts on the debonding strength evaluation
between dissimilar materials, Williams [10] was the first to determine the
characteristic oscillating stress singularity at the crack tip in the elastic interfacial
crack problem. Then, elastic solutions around the interface crack tip to specific
problems were discussed by Erdogan [11, 12], England [13], and Rice and Sih [14].
Bogy [15] revealed that the stresses at the free end of interface go to infinity (stress
singularity) in elastic bi-material planes. This explained why the failures of the
bonded structures mostly initiate from the interface end in the engineering.

From the view of linear elastic theory, the stress singularity occurring at the end
of interface is an important feature for the bi-material composites. The intersection
point of the free boundary and interface is the singular point of elastic stress, which is
also the starting point of interface crack. So far, many studies have been done to
evaluate this kind of singularity. For two-dimensional models of dissimilar materials
structure, the characteristic equation, which controls the order of singularity, was
derived [15-27]. Especially, Dunders et al. proposed two elastic mismatch parameters
a, f which can be used to express the singularity of a material combination [21, 22].

The Dunders’ parameters a, S are defined as the following equation.

Mechanical Engineering Dept. 4 Kyushu Institute of Technology
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o= G(x, +1) -G, (x +1)
G, (x, +D)+G,(x, +1)

_ G (x, —1) -G, (x; —1)
Gk, + 1)+ G, (x, +1)

B

3—v

J

plane stress
K = 1+vj( ) (j=12)

3-4v, (plane stmin)

Here, G; and v; denote shear modulus and Poisson’s ratio for material j in the
bonded structure, respectively. The SIFs for the aforementioned problem in plane
strain or plane stress are only determined by these problems. Thus these parameters are
very important for the later research of biomaterial problems. Bogy et al. made great
efforts on the research of singular index A [15-20], which is the root of the following

equation.

2,7[)

.o 2 2 2 2| .27 2 2 2 2 Sil’lz(
[sm (5/1)—/1 } B +24 [sm (5/1)—/1 :|a,8+/1 I:l —1]0( +T

=0

To understand the existence of singularity at the end of interface or the intensity
of singularity is very important for the engineering design. However, there are still
confusions about the singular stress field around the interface end [28, 29], strength
evaluation method and the evaluation parameters have not been established.
Particularly, the present research usually limited with plane problem, the
axi-symmetrical problems and three-dimensional problems are also not so clear. And

there are only few researches on strength evaluation for these cases.
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(a) Bonded plate (b) Plate butt joint
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Fig. 1.5 Several types of bonded structure

Recently, some researchers proposed the method for accurately calculating the
intensity of the singular stress field for the butt joints (Fig. 1.5(b)) and the single lap
joints [39, 40], and reported that the debonding strengths of the adhesive joints can be
expressed with K, = K, [39, 41, 42], where K, is the intensity of singular stress field,
Ko 1s the critical value of the K,. Because the K is suitable for evaluating the adhesive
strength of the bonded structure, it is expected that it becomes possible to calculate the
K, of the various bonded structures easily. Moreover, the intensity of singular stress
field (ISSF) was discussed for axi-symmetrical bonded structures, bonded cylinder (Fig.

1.5(c)) and pipe (Fig. 1.5(d)) under arbitrary material combination [43].
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1.3 Research purposes

The bonded plate (Fig. 1.5 (a)) is actually a special plate butt joint (Fig. 1.5(b))
with very large adhesive thickness #/W>1. Similarly, the bonded cylinder (Fig. 1.5 (¢))
can be regarded as a special cylindrical butt joint (Fig. 1.6(a)) with very large adhesive
thickness #/W>1. Previous studies have indicated that the normalized ISSF decreases
with decreasing the adhesive thickness under tension [44] and under bending [40, 45].
For large adhesive thickness /4, the normalized ISSF becomes constant, and therefore
can be estimated easily for any material combination. However, for small adhesive
thickness 4, which is necessary for evaluating normal adhesive layers, the normalized

ISSF decreases with decreasing /# and does not become constant.

=~ 1 Adherent
4 L E;, v

<1 B ——  atatadel
7 [Fpnp— -
Y ol /\
El' v, Adhesive

1
: I E, v,
1
I
]

r - E-, vo 1 Adherent
L pem— ¥ = = Epvy
Bansaxsll I
W A
- - i* iv
(a) Cylindrical butt joint (b) Three-dimensional butt joint

Fig. 1.6 Cylindrical and three-dimensional butt joint

Two-dimensional plate butt joint (Fig. 1.5(b)) is the simplification of

three-dimensional butt joint (Fig. 1.6(b)). Two-dimensional and three-dimensional
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butt joints are not completely same. So far, many studies on two-dimensional joints
have been carried out theoretically and experimentally, however, the stress
distribution of three-dimensional joint is not so clear as that of two-dimensional joint.

In this research, the ISSF variations are clarified over the entire adhesive
thickness range for plate and cylindrical butt joints. An effective mesh-independent
technique is applied to obtaining the ISSFs under arbitrary material combinations. The
result of cylindrical butt joint are compared with that of plate butt joint and the
difference is elaborated. The adhesive strength of three-dimensional butt joint is
studied in terms of the intensity of singular stress on the interface outer edge. The
relation between two-dimensional and three-dimensional butt joints are discussed.
The limitation of two-dimensional model is explained. In reality, no corner can be
perfectly sharp, a manufactured sharp corner will always present a small fillet radius.
Therefore, a fillet is considered instead of the vertex. The ISSF distributions on the

fillet arc are investigated and the effect of fillet radius on the ISSF will be discussed.

1.4 Overview of chapters

Adhesive joints are widely used in numerous industrial sectors, such as
automobile, shipbuilding and aeronautics. However, as is known that there is stress
singularity at the end of interface for different materials, which may result in the
failure of the joint. The intensity of singular stress field (ISSF) has already been
discussed for bonded plate under arbitrary material combination, while few studies are
available for the ISSF of butt joints in axi-symmetrical and three-dimensional
problems, and no results with varying material combination. Thus this research

concentrated on the analysis of ISSFs of axi-symmetrical and three-dimensional butt
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joint problems.

FEM is not suitable for the solution of bi-material problems due to the mesh
dependence of singular stress near the end of interface. However FEM is still useful in
the analysis of singular stress problems since FEM error can be eliminated in
proportional method proposed by Nisitani [46]. This method can accurately obtain the
ISSFs of bonded structure as long as the solution of reference problem is accurate
enough. The reference problem has already been analytically solved by body force
method [47]. This research will extend this method to the axi-symmetrical and
three-dimensional butt joint problems.

This thesis is composed of total 5 chapters and organized as follows.

Chapter 1 gives an introduction of composites and bonded structures applied to
aviation industry, microelectronic packaging, and steel process equipment. With the
extensive application of the technology, structural failure problems are emerging,
which requires further study. Then, the issues of the research on singularity in the
bonded structures are reviewed, and it is found that there are only few papers focused
on the ISSF for axi-symmetrical and three-dimensional butt joint problems. Then, the
research purpose of this thesis is introduced, focusing on the analysis of ISSF for
axi-symmetrical and three-dimensional butt joints.

In Chapter 2, the ISSF variations are clarified over the entire adhesive thickness
range for plate butt joint. An effective mesh-independent technique is applied to
obtaining the ISSFs under arbitrary material combinations. The bonded plate, which
has been solved by the body force method, is used as the reference solution to
eliminate FEM error.

In Chapter 3, the ISSF variations are clarified over the entire adhesive thickness

range for cylindrical butt joint. The results are calculated by changing the material

Mechanical Engineering Dept. 9 Kyushu Institute of Technology



Chapter 1

combination systematically under the space of Dundurs’ parameters. The result of
cylindrical butt joint is compared with that of plate butt joint and the difference is
elaborated. The non-singular stresses caused by the circumferential strain are
contained in the FEM stresses at the interface end. The accurate method is used for
calculating the ISSF from the ratio of the stress obtained by subtracting the
non-singular stress to the stress of the plate butt joint adopted as the reference solution.
The ISSF of axi-symmetrical problem cannot be governed by the Dunders’
parameters, therefore, the maximum and minimum values of the ISSFs are considered
and shown in tables and charts in the space of Dundurs’ parameters.

In Chapter 4, the adhesive strength of three-dimensional butt joint is studied in
terms of the intensity of singular stress on the interface outer edge. The interface
stress distributions of three-dimensional butt joint are obtained by using different
mesh sizes. It is found that the singularity occurs on the interface outer edges. The
stress distributions on the interface outer edge of three-dimensional butt joint are
investigated by using the ratios of singular stresses. The adhesive strength on the
interface outer edge can be evaluated by the constant critical ISSF as Ki? =const. The
ISSF at interface vertex cannot yet be obtained, fillet is considered instead of the
vertex. The ISSF distributions on the fillet arc were investigated. The effect of fillet
radius on the ISSF was discussed. When the fillet radius »/W>0.0005, the adhesive
strength can be evaluated by using the ISSF at the middle point of the interface outer
edge.

In Chapter 5, main conclusions of this study are summarized for axi-symmetrical

and three-dimensional butt joints.
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Chapter 2 Analysis on intensity of singular stress for plate butt joint

in comparison with bonded plate

2.1 Introduction

Adhesive joints are widely used in numerous industrial sectors, such as
automobile, shipbuilding and aeronautics [1-3]. Compared with the other traditional
joints, adhesive joints have advantages of light weight, low cost and easy to process.
However, different material properties cause singular stress at the interface end, which
may lead to debonding failure in structures [4-12]. The bonded strength can be
expressed in terms of the intensity of the singular stress field (ISSF). The ISSF K, and
the normalized ISSF F, can be determined from the interface stress as shown in Eq.

(2.1) [13, 14] by using the local polar coordinate (7, 0) indicated in Fig. 2.1 (a), (b).

. 1-4 Ko'
KU:£IE)%|iF XO'H(}")|6%j|, FO_:W (21)

Fig. 2.2(a) shows the adhesive joint strength for plate butt joint expressed as the
critical remote tensile stress o, [15]. It is known that the debonding stress increases
with decreasing the adhesive thickness [15-19]. In Ref. [19], the effect of joint

component mechanical properties and adhesive layer thickness on stress concentration
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was discussed for a bonded cylindrical specimen. In Ref. [7-9] the ISSF is considered
under arbitrary material combinations for #/W=0.1 and 0.001. Previous studies have
indicated that the normalized ISSF decreases with decreasing the adhesive thickness
as shown in Fig. 2.2(b) under tension [7] and under bending [8, 9]. From the critical
remote tensile stress shown in Fig. 2.2(a), (b), the critical ISSF can be calculated
when the debonding occurs. As shown in Fig. 2.3, the debonding strength can be

expressed as a constant value of ISSF [12, 20].

[ 11

Adherent

v 1

h _|_ Adhesive

Adherent

W
L
(a) Plate butt joint (b) Semi-infinite butt joint

Fig. 2.1 Adhesive butt joints (Fig. 2.1(b) is equivalent to Fig. 2.1(a) when A/W<0.01
in Fig. 2.1(a))
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From the above discussion, it is seen that the solution for ISSF shown in Fig.

2.2(b) i1s quite useful for evaluating the adhesive strength. For large adhesive
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thickness /4, the normalized ISSF F, becomes constant as shown in Fig. 2.2(b), and
therefore can be estimated easily for any material combination (see Appendix A [14]).
However, for small adhesive thickness /, which is necessary for evaluating normal
adhesive layers, the normalized ISSF F,; decreases with decreasing /# and does not
become constant. In this study, therefore, the ISSF vs. & relation will be clarified
mainly focusing on the small adhesive thickness. The aim of this research is to
provide the solutions of ISSFs for evaluating the adhesive joint strength. In this study,
arbitrary material combinations will be considered for the future use of adhesive joint

in wide engineering fields.

2.2 Mesh-independent technique to evaluate the ISSF of plate butt joint

In this section, a mesh-independent technique will be explained for the readers to
understand how to obtain accurate ISSFs although similar methods have been used in
[9, 12, 20]. Considering a plate butt joint as shown in Fig. 2.1(a) is considered, when

the adhesive thickness / is significantly less than the adhesive width W (h/W—0), the

solution may be regarded as a semi-infinite plate butt joint as shown in Fig. 2.1(b). It
is known that the interface stress oy (ij=r7, 70, 60) at the edge can be expressed in the
form o;°<1/r'* when a(a-2f)>0. Notations o and S denote Dundurs’ parameters [21]

expressed by Poisson’s ratio v and shear modulus G, and notation A denotes the
singular index at the interface expressed as the root of the following equations [22,

23].

/17r)

2 122
[sinz(ZZ)—lz} B+ 227 [sinz(;rﬂ)—lz}aﬂ + 22 A%1]a’ +% =0 (2.2)
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_Gi(x,-D)=G,(x—1)

a_Gl(K2+1)—G2(Kl+1) _
G,(x, +D)+G,(x, +1)

Gk, + 1)+ G, (x, +1) P

(2.3)

3—vy

J

plane stress
K = 1+vj( ) (j=12) 24

3-4v, (plane Strain)

The singular index 4 for different material combinations are shown in Table 2.1.

The ISSF K, at the adhesive dissimilar joint end is defined from the real interface

real

stress o."“ as shown in Eq. (2.5).
1 1-4 __real . -4 __FEM
ISSF K, =lim| r'“ol (r) |, but ISSF K, #lim[ o™ (r)] (2.5)

The ISSF cannot be easily determined by FEM since real interface singular stress

real

o is different from the FEM stress af EM " which is largely depending on the

z

mesh size. In the previous papers [8, 9, 12], therefore, the FEM stress ratio

o™/ Giﬁi@.)was considered by using a reference problem which has been solved

very accurately in the previous study. It should be noted that the FEM stress ratio of
the unknown and reference problems is independent of the mesh size if the same FEM
mesh is applied. This is because the FEM errors of two problems are nearly the same.
As the reference solution, a simply bonded plate can be used since the ISSF has been
analysed very accurately by using the body force method [14] (see Appendix A).
Since the FEM stress ratio and the reference solution are very accurate, the new

results also can be obtained very accurately.
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Table 2.1 Singular index 4 for different material combinations

o | P=04|P5=03|p=02 =01 P=0 | B=0.1 | f=0.2 | /=03 | $=0.4
-1 | 0.8073 | 0.7205 | 0.6646 | 0.6247 | 0.5946

-0.95] 0.8536 | 0.7576 | 0.6975 | 0.6550 | 0.6232

-0.9 [ 0.9008 | 0.7941 | 0.7295 | 0.6845 | 0.6511

-0.8 | 1.0000 | 0.8655 | 0.7916 | 0.7415 | 0.7048

-0.7 | 1.1174 | 0.9348 | 0.8510 | 0.7961 | 0.7564

-0.6 1.0000 | 0.9071 | 0.8480 | 0.8060| 0.7746

-0.5 1.0558 | 0.9580 [ 0.8966 | 0.8532] 0.8210

-0.4 1.0913 | 1.0000 | 0.9403 | 0.8974| 0.8655

-0.3 1.0964 | 1.0276 | 0.9761 | 0.9371| 0.9075

-0.2 1.0756 | 1.0360 | 1.0000 | 0.9699| 0.9457| 0.9269

-0.1 1.0251 | 1.0083 | 0.9921 0.9777] 0.9659
0 1.0000 | 1.0000 | 1.0000| 1.0000| 1.0000

0.1 0.9269 | 0.9777 | 0.9921| 1.0083 | 1.0251

0.2 0.9659 | 0.9457 1 0.9699| 1.0000| 1.0360| 1.0756

0.3 0.9075 | 0.9371| 0.9761| 1.0276| 1.0964

0.4 0.8655 | 0.8974| 0.9403| 1.0000| 1.0913

0.5 0.8210 [ 0.8532] 0.8966| 0.9580| 1.0558

0.6 0.7746 | 0.8060| 0.8480] 0.9071| 1.0000

0.7 0.7564| 0.7961| 0.8510| 0.9348| 1.1174
0.8 0.7048| 0.7415] 0.7916| 0.8655| 1.0000
0.9 0.6511| 0.6845| 0.7295| 0.7941] 0.9008

0.95 0.6232| 0.6550| 0.6975| 0.7576| 0.8536
1 0.5946| 0.6247| 0.6646| 0.7205| 0.8073

Red: A<1; Black: A=1; Green: 1>1
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In this study, the ISSF of a simply bonded plate will be used as the reference

problem, as is shown in Eq. (2.6).

K F—0 -4 real = {11;1;)1 FEM
o (Ref) V' O urer) O ref)

L - hmm GZFEM (2.6)

Here, the subscript (Ref.) denotes the ISSF or the stress for reference problem.

The finite element analysis is carried out for the butt joints by using the
commercial software ANSYS 16.2. Fig. 2.4(a), (b) show the FEM mesh for the butt
joint when 4/W=0.001 and the bonded plate (#/W=1). Because of symmetry, quarter
models are considered for analysis. The finite-element mesh consists of
two-dimensional four-node element named PLANE42 and finer subdivisions are used
around the interface end. As shown in Fig. 2.4(b), the same mesh division pattern is
used to eliminate FEM error. The total number of elements will be larger if the
adhesive layer is thin, even though each case has same mesh division at the interface
end. In this work, the total number of elements is 196794 when 4/W=0.001, and 5120
when 4/W=1. Table 2.2 shows an example of stress ratio for the butt joint over the
bonded plate by using the mesh in Fig. 2.4 with different minimum mesh sizes enix. In
Table 2.2 it should be noted that o7/ =gmai2 =~ pratl —pmai2 =yt gnatlygnai2,
a;"“” ;éa;"‘”z at the interface. Here JZ"”] denotes the stress for material 1 and UZWZ

denotes the stress for material 2.
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=1

Interface

g

6
(a) FEM model

(A

— —8) : Le,,

227N

(b) Detail around the interface end

Fig. 2.4 FEM mesh for the plate butt joint (2/W=0.001) and bonded plate (2/W=1)

As shown in Table 2.2, all the stress components ratios o;//c;"E"

are continuous
across the interface and coincide with each other. The results are independent of the

element size when the mesh independent technique is employed by using the same

FEM mesh pattern.
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Table 2.2 Mesh-independent FEM stress ratio 6/ pga /0156 7em When
E1=1000,v1=0.23, E>=105.06,v2,=0.32,h/W=0.001

O-JICJO,FEM/ UfoE,gEM O-ZPO,FEM/ UzRoE,IfEM U;%,FEM/ Uf(fEEM ng,FEM / T;}sz,EEM

Material Mat.1 Mat.2 Mat.1 Mat.2 Mat.1 Mat.2 Mat.1 Mat.2
emin =2.571 0.3604 0.3603 0.3604 0.3604 0.3604 0.3603
Cmin =2.571% 0.3604 0.3604 0.3604 0.3604 0.3604 0.3603

2.3 Effect of adhesive thickness on the ISSF for plate butt joint

In the previous papers [7-9, 20] for the plate butt joint as shown in Fig. 2.1(a),

the normalized ISSF Ff was defined in Eq. (2.7).

Fr =K' /oW (2.7)

In Eq. (2.7), the ISSF K? is normalized in terms of the remote tensile stress o
and the plate width W. The ISSF is controlled by the width . Namely, if W becomes
larger, the ISSF becomes larger.

However, if the adhesive thickness /4 is small, the width W does not affect the
ISSF K% anymore. Considering a small adhesive thickness butt joint as shown in Fig.
2.1(b), the butt joint has two singular points at the two interface ends. If 4 becomes

smaller, the interaction between two interface ends becomes larger. Therefore, the
ISSF is controlled by /4 instead of W, the ISSF K should be normalized by 4 instead

of W. In other words, for small 4, the butt joint in Fig. 2.1(a) can be regarded in a

Kyushu Institute of Technology
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semi-infinite plate as shown in Fig. 2.1(b). In this case, the ISSF K’ in Fig. 2.1(b)
should be normalized in terms of the remote tensile stress ¢ and the adhesive

thickness 4 as shown in Eq. (2.8).

F" =K' /ch™ (2.8)

Table 2.3 FF and EF /FF|nw— of butt joint with varying adhesive thickness

FUP
W @h) (0.3,0) (0.4,-0.1) (04,00 (0.4,0.1) (0.5,-0.1) (0.5,0)
0.001 0.416 0.152 0.275 0.490 0.095 0.173
0.002 0.435 0.167 0.295 0.511 0.107 0.191
0.005 0.462 0.188 0.324 0.540 0.126 0.219
0.01 0.484 0.208 0.349 0.563 0.144 0.244
0.05 0.545 0.267 0.421 0.627 0.199 0.316
0.1 0.582 0.306 0.464 0.662 0.236 0.361
0.5 0.745 0.538 0.659 0.787 0.473 0.573
1 0.794 0.612 0.716 0.821 0.548 0.633
10 0.796 0.615 0.718 0.822 0.551 0.635
—00 0.796 0.615 0.718 0.822 0.551 0.635
FUP/Faplh/W—m

W @h) (0.3,0) (0.4,-0.1) (04,00 (0.4,0.1) (0.5,-0.1) (0.5,0)
0.001 0.523 0.247 0.383 0.596 0.172 0.272
0.002 0.546 0.272 0.411 0.622 0.194 0.301
0.005 0.580 0.306 0.451 0.657 0.229 0.345
0.01 0.608 0.338 0.486 0.685 0.261 0.384
0.05 0.685 0.434 0.586 0.763 0.361 0.498
0.1 0.731 0.498 0.646 0.805 0.428 0.569
0.5 0.936 0.875 0.918 0.957 0.858 0.902
1 0.997 0.995 0.997 0.999 0.995 0.997
10 1.000 1.000 1.000 1.000 1.000 1.000
—00 1.000 1.000 1.000 1.000 1.000 1.000

Table 2.3 shows F” values and normalized values of F©/FT|iw—w and Fig. 2.5
shows Ff; vs. h/W relation for several material combinations. As shown in Table 2.3

and Fig. 2.5, when #/W=>1, the normalized ISSFs Ff are always the same. This is due

Mechanical Engineering Dept. 25 Kyushu Institute of Technology



Chapter 2

to Saint’-Venant’s Principle stating that the effects of two different but statically
equivalent loads are the same at sufficiently large distances from load, that is, #~/W>1.

As shown in Table 2.3, the normalized ISSF F” has the same value in the range

h/W=1 since the thickness effect can be negligible.

Table 2.4 EP* and EP*/FF*|nw—o of butt joint with varying adhesive thickness

EP*
iy @H | 030) (04-0.1) (040) (040.1) (0.5-0.1) (0.50)
=0 0643 0384 0558 0740 0326  0.476
0.001 0643 0384 0558 0740 0326  0.476
0.002 0643 0384 0558 0740 0326  0.476
0.005 0644 0384 0558 0740 0327 0477
0.01 0646 0386 0560 0742 0328  0.479
0.05 0658 0399 0572 0750 0340  0.491
0.1 0672 0417 058 0759 0357  0.507
0.5 0778 0590  0.707  0.821 0.536  0.634
1 0794 0612 0716  0.821 0.548  0.633
10 0689 0451 0567 0716 0365  0.453

EX* JEP*|w—o

@B | (03,00 (04-0.1) (040) (040.1) (0.5-0.1) (0.50)

W
—0 1.000 1.000 1.000 1.000 1.000 1.000
0.001 1.000 1.000 1.000 1.000 1.000 1.000
0.002 1.000 1.000 1.000 1.000 1.000 1.000
0.005 1.002 1.000 1.000 1.000 1.003 1.002
0.01 1.005 1.005 1.004 1.003 1.006 1.006
0.05 1.023 1.039 1.025 1.014 1.043 1.032
0.1 1.045 1.086 1.054 1.026 1.095 1.065
0.5 1.210 1.536 1.267 1.109 1.644 1.332
1 1.235 1.594 1.283 1.109 1.681 1.330
10 1.072 1.174 1.016 0.968 1.120 0.952

Table 2.4 shows Ff* values and Fig. 2.6 shows Ff,)* vs. h/W relation. It is seen

that when the adhesive thickness is small, the Ff;* value becomes constant. The plate
butt joint in Fig. 2.1(a) can be regarded in a semi-infinite plate as shown in Fig. 2.1(b)

when the relative adhesive thickness #/#/<0.01. From Fig. 2.5 and Fig. 2.6, it is found

that Ff*ZI{f;/ahl"1 is more suitable for small /# cases. As shown in Table 2.4, the
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normalized ISSF FL" has almost the same value in the range A/W<0.01 within 0.6%
deviation and in the range A/W<0.1 within 10% deviation since the width effect is

small.

1.0 @ =04,8 =01 \
0.8
~ a=05pF=0 & |~
g 06 - ot
n;; el
o
r 04 9
e 04 o
s
0.2 = &
8—;-—-—- i
oo IPWIO_
0.0 | [ W 1 Lol | Lol | Ll Lill
0.001 0.01 0.1 1 10 100
h/w
Fig. 2.5. EF is constant when h/W>1.0
1.0
3,8 =0
o a=04,F =0.1
S N -
m;‘e 0.6 g8
T "'G-.\ )
Ao
2%
0.4
=-0.1
02 r h"‘l)
[ \m/
OO Lo Lol Lo L \\HHHO-\ L
) 0.001 0.01 0.1 1 10 100

h/wW

Fig. 2.6. EF* is constant when 4/W<0.01

Mechanical Engineering Dept. 27 Kyushu Institute of Technology



Chapter 2
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Fig. 2.7 Normalized ISSF FF* of a semi-infinite butt joint in Fig. 2.1(b) (//W<0.01)

Table 2.5 Normalized ISSF Ff* = KZ/oh'~* of a semi-infinite butt joint in Fig,

2.1(b)

=04 p=-03 p=02 p=0.1 p=0  p=0.1 =02  p=03 p=0.4
a=-1 1.134 1209 1315 1404  1.498
a=-0.9 |[1.066 1.148 1252 1347  1.424
a=-08 | 1000 1.082 1.191 1289  1.352
a=-0.7 0904 1032 1134 1223  1.288
a=-0.6 1.000 1075  1.156 1227 1.420
a=-0.5 0946  1.028 1119  1.185 1360
a=-0.4 0901  1.000 1.092 1166 1320
a=-0.3 0.812 0940  1.057  1.142 1.280
a=-0.2 0.680  0.837  1.000 1.113 1250 1.500
a=-0.1 0710 0916  1.061 1230 1.460
a=0 0.585  0.799  1.000 1.195 1.430
a=0.1 0460  0.654 0873 1.124 1.380
a=0.2 0353 0550  0.758 1.000 1314 1918
a=0.3 0456  0.643 0858 1.181  1.769
a=0.4 0384 0558 0.740 1.000  1.572
a=0.5 0326 0476 0.630 0.813  1.293
a=0.6 0257 0405 0.546 0.686  1.000
a=0.7 0.340 0470 0.588  0.794 1.730
a=0.8 0290 0403 0506  0.634 1.000
a=0.9 0223 0333 0430 0543 0.746
a=1 0.169 0.265 0.358  0.456 0.495
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Table 2.5 and Fig. 2.7 show the normalized ISSFs F.  under arbitrary material
combinations when A/W<0.01. Since the solution for bonded plate (A/W>1) is
indicated in Appendix A, the accurate results can be obtained by the interpolation in

the range for 0.01<4/W<1.0 under arbitrary material combination.

2.4 Experimental evaluation of debonding strength of plate butt join

In this chapter, the adhesively bonded specimens used by Suzuki [15] in Fig.
2.2(a) are analyzed where the adherents S35C are bonded with adhesive epoxy resin.
The elastic parameters of the adherent and adhesives are tabulated in Table 2.6. The
experimental strength value o. is the maximum value of the average axial stress o7
obtained by dividing the tensile load by the area of the specimen cross section normal
to the load. The load—strain relations are all linear up to the breaking point, which
shows that brittle fracture occurred [15]. The fracture was initiated near the adherent
surface of either one of the corners of the adhesion plane [15].

Fig. 2.8 shows the experimental tensile adhesive strength with different adhesive

thicknesses. The bond strength increases gradually with decreasing adhesive thickness.
Fig. 2.9 shows the ISSFs FL=KZ/o®W'™) and F.'=K/02h'”) for the
experimental specimens. In Fig. 2.9 F? and Fg* increase with increasing the
adhesive thickness. However, Ff " is almost constant when # is small. It is seen that
FE* can be used conveniently to evaluate the adhesive strength. Fig. 2.10 shows the
critical ISSF at or=0,., K,.= 5 |0§0:0C . The K,. values are almost constant

independent of the adhesive thickness. It can be confirmed that the ISSF can be used

for evaluating the debonding strength.

Mechanical Engineering Dept. 29 Kyushu Institute of Technology



Chapter 2

Table 2.6 Material properties of experimental specimens

Young's modulus  Poisson's

Combination . a A
E [GPa] ratio v p
A Adherent Medium carbon steel S35C 210 0.30 0.969 0.199 0.685
Adhesive Epoxy resin A 3.14 0.37
B Adherent Medium carbon steel S35C 210 0.30 0.978 0.188 0.674
Adhesive Epoxy resin B 2.16 0.38
100 [ 100
éf O Experimental result g‘f O Experimental result
E. 30 | @ Average value for h = constant E 80 - 8 @ Average value for h = constant -
bh F - b‘.f O -
v w
2 60 f 8 o 1 2 60 f 1
wm w
=I\] on
g £
T 40 — T 40| —
o (=)
3 g
o 20t ] o 20°r ]
‘g [ Medium carbon steel S35C ~—— ‘g [ Medium carbon steel S35C S~ ]
[ Epoxy resin A 7 [ E inB ]
5o LEooreimnA 5 [EpowresmB 0
0.001 0.01 0.1 1 0.001 0.01 0.1 1
W h/W
Fig. 2.8 Experimental remote debonding stress o, of plate butt joint
Medium carbon steel S35C Medium carbon steel S35C
Epoxy resin A Epoxy resin B
045 ¢ 045
04 S — 0.4 .~ e e e
. 0.35 g Fo{’* — Kg/o. hl—); . 0.35 % F{)}_J* — Koli’/o. hl—ﬂ.
Q..b 03 ¢ 1 D-..b 03 F
; Tt :
oF 025 ° oF 025 |
a, L ] a, o
o 02 , , s Lo 02 . , s
015 - FEP=KE/owW ] 015 EY=K; /oW
01 ] 0.1 F
0.05 : 0.05
0 : 0
0.001 0.01 0.1 0.001 0.01 0.1
h/W h/W

Fig. 2.9 ISSF of experimental specimen

Mechanical Engineering Dept. 30 Kyushu Institute of Technology



Chapter 2
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h/W h/W

Fig. 2.10 Critical ISSF of experimental specimen

2.5 Conclusion

In this chapter, the ISSF variations were clarified over the entire adhesive
thickness range for plate butt joint. An effective mesh-independent technique was
applied to obtaining the ISSFs under arbitrary material combinations. The bonded
plate, which has been solved by the body force method, was used as the reference

solution to eliminate FEM error.
For the plate butt joints, the ISSF Ff,)*:Kf/ah]'}‘ normalized by adhesive

thickness 4 becomes constant with decreasing adhesive thickness when 4/W<0.01. In

this case, the adhesive joint can be regarded in a semi-infinite plate. If the adhesive
layer is thin, F© " is more suitable because the variation is smaller than the variation
of Ff= {:/UW]"1 . To improve the interface strength, thin adhesive layers are desirable.

For a certain value f, it is found that Ff* decreases with increasing a. Since the
solution for case of #~/W>1.0 was shown in the Appendix A, the accurate results can be

obtained by the interpolation also in the range of 0.01<A/W<1.0.
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Chapter 3 Analysis on intensity of singular stress for cylindrical butt

joint in comparison with plate butt joint

3.1 Introduction

The intensity of singular stress for plate butt joint (Fig. 3.1(a)) under arbitrary
material combinations has been investigated in Chapter 2. Thus in this chapter, the
intensity of singular stress for the axi-symmetrical problem, cylindrical butt joint (Fig.

3.1(b)), will be considered as well in comparison with plate butt joint (Fig. 3.1(a)).

T I | I T l ’
Adherent :
Adherent
r z
7 1 aF
= .|
h_[ Adhesive h ']‘: ;@;
Adherent
W Adherent
"‘--._________,_.-’

oL

(a) Plate butt joint (b) Cylinder butt joint

Fig. 3.1 Plate and cylindrical butt joints
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In this chapter, the intensity of singular stress on the interface outer edge
(interface end) of cylindrical butt joint will be investigated, the difference between

cylindrical butt joint and plate butt joint will be discussed.

3.2 Mesh-independent technique to evaluate the ISSF of cylindrical butt joint

In this section, the mesh-independent technique will be explained for the readers
to understand how to obtain accurate ISSFs for cylindrical butt joints although the
similar method was used to analyze bonded cylinder and bonded pipe in Ref [1]. The
ISSF of a semi-infinite butt joint XY has been analyzed in the previous chapter. To
obtain the ISSF of cylindrical butt joint KS, K. can be used as the reference solution.
Table 3.1 shows an example of stress ratio for the cylindrical butt joint in Fig. 3.1(b)
over the plate butt joint in Fig. 3.1(a). Different from Table 2.2, the ratios of stress
components are not always consistent with each other even though the same FE mesh
is applied. It should be noted that the value of ago, FEM/O';)O’ rep 18 quite different from
the other stress ratios. Therefore, we have to consider the mesh-independent technique

for axial-symmetric problems in some special aspects.

Table 3.1 Ratio of 650 rga /010 pem (£1=1000,v1=0.23,
E>=105.06,v2=0.32,h/W=0.001)

Urco,FEM/ Uafo,FEM Uzco,FEM/ O-ZPO,FEM UGCO,FEM/ U;O,FEM Trcz,FEM / TJICJZ,FEM
Material Mat. 1 Mat. 2 Mat. 1 Mat. 2 Mat. 1 Mat. 2 Mat. 1 Mat. 2
emin =2.5 0.9937 0.9937 0.9955 0.5679 0.9745 0.9937
emin =2.5"% 0.9937 0.9937 0.9949 0.7187 0.9813 0.9937

The difference between Table 2.2 and Table 3.1 can be explained in the

following way. For the plane strain problem as shown in Fig. 3.1(a), the strain in the y
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direction is zero. While for the axi-symmetrical problem as shown in Fig. 3.1(b), the
strain in the @ direction on the outer cylinder surface is expressed as eg=u,/(W/2)
[2], which can lead to non-zero stresses [1, 3]. Then the stress of the unknown

problem shown in Fig. 3.1(b) should be expressed as:

C C

C o; ~C AC ~C ([ - C Ty ~C ~C ~C
o. = J +0. =0, +0. (]:]"’Z’Q)’ Trz:Rl—ﬂ,+TrZ:TrZ+TVZ' (3.1)

where R is the local distance from the axisymmetrical interface end.

C

In Eq. (3.1), the first terms 6; and 6% denote singular stress and the second

terms &

77 and < denote non-singular stress [3-5] as

- matl ~ matl - matl - \matl .
(O',Co) ,(GZCO) ,(O'gco) ,(Trf) in material 1;

mat2 mat2 mat2 mat2
~ ~C ~C ~C . .
(afo) , (azo) , (050) , (T ) in material 2.

rz

These eight stress components should satisfy the boundary conditions for bonded
interface and free edge of the outer surface as well as the compatibility condition. As

a result, they are reduced to the following equations.

(65)™ =(65)™ =(z)™ =(5)™ =0 (3.2)
(65)™ =(65)™" =65 (3.3)
(a5)™ = (5™ =45 (3.4)
(&0)™ =(&5)™ =& (3.5)

By substituting Egs. (3.2), (3.3) into Eq. (3.4), we have
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(ggc0 )matl _(ggco )matZ _ EL|:(6_§O )matl _Vl (6‘26(; )mat1:| —EL|:(O~'9CO )mat2 _VZ (6‘26(; )mat2:| _ O .
2

i ﬁ 5-C — (g‘gco )matl _ (g‘gco )mat2 (3 6)
E .

Similarly, for Eq. (3.5), we have

(érco )matl —(Erco )matZ _ EL|:(O~'§) )matl v, (5‘ZC0 )matl:| —EL|:(O~'HCO )matZ v, (&ZCO )mat2j| _0.
1 2

Substitute Eq. (3.6) into the above equation, we have

(65)" 14w, B

— = . 3.7
( 5 ) ? 1+v, E,
From Eq. (3.6) and Eq. (3.7) we can obtain
~C matl V. 1 V.
(0-90) - _ 1 2 ’ (3 8)
— — . .
O-ZO Vl V2
I+v,

And
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. . (3.9)

For axis symmetric problem under cylindrical coordinate system, there is

g, = (3.10)

Recall Eq. (3.4) we can obtain:

~C matl _(=~C mat2 _~C _ ur
(5«90) _(590) =&g = &g =

Thus

e (3.11)

Substituting Eq. (3.11) into Egs. (3.8), (3.9) gives
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e B (I+v,)(VE,—-v,E)E,  u

(50) _(1+V1)V1E2—(1+V2)V2E1 W /2) (3-12)

(&C )mat2 _ (1+V1)(V1E2 _VZEI)EZ ur’C;) (313)
00 (1+V1)V1E2—(1+V2)V2E1 Ww/2)

And recall Eq. (3.2)

(5_}5) )matl _ (5—5) )matZ _ (z'-'rf )matl _ (fs )matZ _ O (3'14)

The validity of Egs. (3.11)-(3.14) to express non-singular stress components will
be discussed in Tables 3.2, 3.3, 3.4. By using the material combination shown in
Table 3.1, Table 3.2 shows the radial displacement at the interface end, urco, and the
non-singular stresses which are obtained from Eqgs. (3.11), (3.12), (3.13) and (3.14).
Here, displacement uS, is independent of the element size. Table 3.3 shows the
singular stresses by subtracting the non-singular stresses in Table 3.2 from the stresses
at the interface end. Table 4.4 shows the ratios of the singular stresses at the interface
end of cylindrical butt joint to those of plate butt joint. It is found that the ratio 0.9937
is independent of the element size emin. Since the ratios of singular stress components
are consistent with each other, the validity of Eqgs. (3.11)-(3.14) is confirmed. From

the comparison between Table 3.1 and Table 3.4, it is seen that a,Co, rey and rrcz) FEM
do not have the non-singular stresses because Fnco, FEM = r‘,czo, rem = 0. The correct ISSF

ratio can be calculated from a,co’ reyy and 7€

rem €asily since the subtraction process

1S not necessary.
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Table 3.2 Non-singular stresses of cylindrical butt joint

~C ~C ~C ~C
e . 07r0,FEM 020,FEM 060,FEM Trz0,FEM uC
™| Mat.l Mat.2 | Mat.l Mat2 | Mat.l Mat2 | Mat.l Mat.2 r0
2.5715 1 0.0000 0.0000 0.0065 -0.2616  -0.0255 0.0000 -0.00013153
2.5 1 0.0000 0.0000 0.0065 -0.2616 -0.0255 0.0000 -0.00013154

Table 3.3 Singular stresses of cylindrical butt joint

c _~C c _~C c _~C c _~C
0r0,FEM ~— Or0,FEM 020,FEM ~— Oz0,FEM O90,FEM ~ 000,FEM Trz0,FEM ~ Trz0,FEM
Mat.1 Mat.2 Mat.1 Mat.2

€min

Mat.1 Mat.2 Mat.1 Mat.2
2.515 -1.5377 0.9911 4.1917 0.6104 1.3238 0.2144
2.518 -2.3816 1.5356 6.4919 0.9454 2.0503 0.3323

Table 3.4 The ratios of singular stresses at the interface end of the cylindrical butt
joint and the plate butt joint

Urco,FEM _5rco,FEM O-ZCO,FEM - 5zco,FEM O-BCO,FEM - ON-BCO,FEM Trczo,FEM - frCZO,FEM
€min G;O,FEM O-ZPO,FEM U;O,FEM ch)zo,FEM
Mat.1 Mat.2 Mat.1 Mat.2 Mat.1 Mat.2 Mat.1 Mat.2
2.515 | 0.9937 0.9937 0.9937 0.9937 0.9937 0.9937
2.51810.9937 0.9937 0.9937 0.9937 0.9937 0.9937
41 Kyushu Institute of Technology
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3.3 Difference of singularity between cylindrical butt joint and plate butt joint

For plane stress and plane strain problems, Dundurs’ parameters (a, f) fully
control the solution and results. Under fixed (a, f), therefore, the ISSFs are always the
same for plane problems. However, since the cylindrical butt joint is axi-symmetrical,

(a, p) cannot totally control the ISSFs.
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o
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Fig. 3.2 (a) v,, (b) EJ/E,, (c) KE/KE and 0% pem/0%0rem values depending on v,
under fixed (a, f) = (0.8, 0.3)
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Fig. 3.2 shows an example when (a, £) = (0.8, 0.3). Fig. 3.2(a) and Fig. 3.2(b)
show the possible material combinations under (a, £) = (0.8, 0.3). Here, v2 and E»/E;
are calculated with varying vi from 0 to 0.5. It can be seen that v changes from 0.183
to 0.250, and E»/E1 changes from 0.107 to 0.139. Fig. 3.2(c) shows
K K= [0% riv —850.rm0] [ 050 prs a0 05 g/ 0% pay caleulated with varying vi
from 0 to 0.5. It is seen that Kg/Kg changes from 0.998 to 1.081, and
aZCO, v/ 050, rey changes from 0.998 to 1.032. Different from plane problems, K¢ /Kf
and O'ZC(‘)) v/ 0’50’ rEy are not constants under fixed (a, f). Therefore, in this study the

maximum and minimum values will be focused to evaluate the strength of cylindrical

butt joint.

3.4 Effect of adhesive thickness on the ISSF for cylindrical butt joint

For several material combinations, Table 3.5 shows normalized ISSF F<

defined in Eq. (3.15). And Fig. 3.3 shows Ff vs. h/W relation.

FC=KE/oW'™*. (3.15)

As shown in Fig. 3.3 when adhesive thickness /4 is large, the normalized ISSF

F¢ always becomes constant. In Table 3.5, the normalized ISSF FS has the same

value in the range 4/W>1 since the thickness effect can be negligible.
Table 3.6 shows normalized ISSF FS  values defined in Eq. (3.16). And Fig.3.4

shows Ff " vs. h/W relation.

FC"=KS/oh", (3.16)
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Table 3.5 Ef and Ef/Ef|nw—wof cylindrical butt joint by varying adhesive

thickness
15
at E=1000 E=1000 E1=1000 E1=1000
v1=0.23 v1=0.23 v1=0.23 v1=0.23
E>=535.963 E»=339.392 E»=413.754 E>=312.891

W v=0.239 v=0.189 v=0.293 v=0.333
0.001 0.722 0.623 0.478 0.302
0.002 0.734 0.642 0.498 0.324
0.005 0.750 0.667 0.526 0.357
0.01 0.763 0.688 0.549 0.384
0.05 0.798 0.743 0.610 0.459
0.1 0.819 0.774 0.645 0.504
0.5 0.890 0.860 0.762 0.650
1 0.901 0.871 0.779 0.669
10 0.901 0.871 0.779 0.669
—00 0.901 0.871 0.779 0.669

Fac/Fac|h/W—>°0

at E1=1000 E1=1000 E1=1000 E1=1000

v1=0.23 v1=0.23 v1=0.23 v1=0.23
E>=535.963 FE»=339.392 E»=413.754 E>=312.891

W v=0.239 v=0.189 v=0.293 v=0.333
0.001 0.801 0.715 0.614 0.451
0.002 0.815 0.737 0.639 0.484
0.005 0.832 0.766 0.675 0.534
0.01 0.847 0.790 0.705 0.574
0.05 0.886 0.853 0.783 0.686
0.1 0.909 0.889 0.828 0.753
0.5 0.988 0.987 0.978 0.972
1 1.000 1.000 1.000 1.000
10 1.000 1.000 1.000 1.000
—00 1.000 1.000 1.000 1.000
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Table 3.6 E£* and ECS*/ ES*|uw—o of cylindrical butt joint with varying adhesive

thickness
15

at E1=1000 E1=1000 E1=1000 E1=1000

v1=0.23 v1=0.23 v1=0.23 v1=0.23
E>=535.963 E»=339.392 E»=413.754 E>»=312.891

W v=0.239 v=0.189 v=0.293 v=0.333
—0 0.851 0.833 0.722 0.616
0.001 0.851 0.833 0.722 0.616
0.002 0.851 0.833 0.722 0.616
0.005 0.851 0.834 0.722 0.617
0.01 0.852 0.835 0.723 0.618
0.05 0.857 0.843 0.729 0.626
0.1 0.866 0.852 0.741 0.639
0.5 0.905 0.886 0.794 0.699
1 0.901 0.871 0.779 0.669
10 0.853 0.790 0.678 0.527

FO'C*/ FO'C* |0

at E1=1000 E1=1000 E1=1000 E1=1000

v1=0.23 v1=0.23 v1=0.23 v1=0.23
E>=535.963 FE»=339.392 E»=413.754 E>=312.891

W v=0.239 v=0.189 v=0.293 v=0.333
—0 1.000 1.000 1.000 1.000
0.001 1.000 1.000 1.000 1.000
0.002 1.000 1.000 1.000 1.000
0.005 1.000 1.001 1.000 1.002
0.01 1.001 1.002 1.001 1.003
0.05 1.007 1.012 1.010 1.016
0.1 1.018 1.023 1.026 1.037
0.5 1.063 1.064 1.100 1.135
1 1.059 1.046 1.079 1.086
10 1.002 0.948 0.939 0.856
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Fig. 3.3 Ef is constant when 4/W>1.0
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It is seen that when the adhesive thickness is small, the Fg* value always

becomes constant. From Fig. 3.3 and Fig. 3.4, it is found that Ff*=Kg/ahM is

suitable for evaluating the adhesive strength when adhesive layer is thin. As shown in

Table 3.6, the normalized ISSF FS" has almost the same value in the range A/W<0.01
within 0.3% deviation and in the range #/W<0.1 within 4% deviation since the width

effect is small.

3.5 Discussion of suitable prediction for debonding strength

Fig. 3.5 and Fig. 3.6 show the maximum values of K¢ /Kf; and the
UzCo,FEM/Ofo,FEM by varying o from -0.2 to 1.0 when f = 0.2 and £ = 0.3. Those values
were calculated in a similar way as shown in Fig. 3.2. For the bad pair aﬂx-Zﬂ )>0,
the solid line indicates the ISSF ratio Kf /Kg and the broken line indicates the stress
ratio O'ZC('), v/ (750) rEM- For aﬂx-2ﬁ ]>0, the singular stress appears at the interface end,
and therefore Kg /Kg may be useful for evaluating the debonding strength. For the
good pair aﬂx-Zﬁ )<0, the solid line indicates the stress ratio (afo’ v/ 0";0) FEM)

max'

In this case, the singular stress does not appear at the interface end.

It 1s found that the ISSF ratio (Kf)max /Kf: —o0 as a—2f. However, it should

be noted that the singular stress field disappears since the singular index 1 —/ as

a—2p. Therefore, the stress ratio (O'Z%’ v/ afo, FEM)max may be useful than the ISSF

ratio K< /Kf; around a=2p.
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3.6 Analysis results for cylindrical butt joint under arbitrary material

combinations

As is discussed in the previous sector, different regions will use different values to
evaluate the debonding strength. In this research, both K / K® and O'an v/ afoy FEM
will be considered, both in maximum and minimum values. Fig. 3.7 and Fig. 3.8 and
Tables 3.7 and 3.8 show the maximum and minimum values of Kg / K and
0%, rer/ 0%, pey calculated by varying (o, f). As mentioned above, K- /K, is used

for predicting the debonding strength for bad pairs a(a-2f4)>0, this is because the

stress singularity occurs at the interface end when a(a-2£)>0. On the other hand,
O'ZCQ ren/ 0%, pey may be used for predicting the debonding strength for good pairs
a(a-2f)<0. However, when a=2f, it is not known whether KUC /Kf; or
O'ZC(‘)) v/ 0’50' rEy 18 suitable for predicting the strength because (Kg )max / K? goes to
infinity when a—2f. Fig. 3.7 and Fig. 3.8 and Tables 3.7 and 3.8 are useful when
h/W<0.01. Since the solution for the case ~/W=1.0 was shown in the Appendix B, the
accurate results can be obtained by the interpolation also in the range for
0.01<h/W<1.0.

Fig. 3.9 shows the Dundurs’ parameters for the several engineering materials [6].

Although (Kg)max /Kf: in Fig. 3.7 goes to infinity around the equal pair condition,
(Kg)max/Kf; is less than 1.5 for most of the bad pair region aﬂx—Zk,B ]20,

k=1.0-0.61(5°-0.25) as indicated in Fig. 3.9.
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Table 3.7 Maximum and minimum values of KS/KEP when h/W <0.01

u P -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
1 1.220 | 1.102 | 0.951 | 0.696 | 0.615
0.977 | 0945 | 0.838 | 0.697 | 0.636
0.9 1.294 | 1.141 | 0991 | 0.738 | 0.652
] 0.986 | 0.949 | 0.845 | 0.703 | 0.646
0.8 1.187 | 1.044 | 0.819 | 0.720
] 0.956 | 0.855 | 0.722 | 0.670
0.7 1.260 | 1.121 | 0.906 | 0.779
) 0.978 | 0.875 | 0.748 | 0.709
0.6 1.258 | 0.988 | 0.829 | 0.650
] 0.889 | 0.771 | 0.737 | 0.684
05 1.364 | 1.043 | 0.887 | 0.687
) 0.902 | 0.791 | 0.758 | 0.704
0.4 1.108 | 0.919 | 0.708
) 0.811 | 0.776 | 0.721
03 1.153 | 0.938 | 0.736
' 0.834 | 0.796 | 0.736
02 0.952 | 0.779 | 0.688
) 0.825 | 0.749 | 0.658
0.1 0.962 | 0.795 | 0.698
' 0.861 | 0.763 | 0.683
0 0.987 | 0.989 0.803 | 0.710
0.961 | 0.895 0.775 | 0.698
0.1 0.987 | 0.990 | 0.991
) 0.972 | 0914 | 0.924
0.2 0.987 | 0991 | 0.992
) 0.981 | 0.938 | 0.942
0.3 0.992 | 0993 | 1.153
) 0.951 | 0954 | 0.971
0.4 0.992 | 0994 | 1.052
' 0.960 | 0.965 | 0.972
0.5 0.993 | 0994 | 1.022 | 1.228
) 0.966 | 0973 | 0.977 | 0.988
0.6 0.994 | 0995 | 1.010 | 1.108
' 0.970 | 0980 | 0.982 | 0.987
0.7 0.994 | 1.003 | 1.056 | 1.205
' 0.985 | 0.986 | 0.989 | 0.994
0.8 0.995 | 1.000 | 1.029 | 1.079
) 0.987 | 0.990 | 0.992 | 0.995
0.9 0.996 | 1.000 | 1.008 | 1.018 | 1.091
) 0.989 | 0.995 | 0.996 | 0.997 | 0.999
1 0.996 | 0.996 | 0.997 | 0.998 | 1.000
0.991 | 0996 | 0.997 | 0.998 | 1.000

Upper: maximum value, lower: minimum value
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Table 3.8 Maximum and minimum values of 05 pgy /050 pey When 7/W <0.01

u P -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
1 1.001 | 0.966 | 0.922 | 0.856 | 0.815
1.001 | 0.966 | 0.922 | 0.856 | 0.815
0.9 1.032 | 0.988 | 0.937 | 0.879 | 0.832
] 1.016 | 0.974 | 0.931 | 0.874 | 0.830
0.8 1.085 | 1.011 | 0.968 | 0.896 | 0.844
] 1.035 | 0.983 | 0.942 | 0.891 | 0.841
0.7 1.136 | 1.052 | 0996 | 0.934 | 0.861
) 1.047 | 0.993 | 0956 | 0911 | 0.853
0.6 1.103 | 1.037 | 0.992 | 0.890 | 0.826
] 1.001 | 0.969 | 0.925 | 0.864 | 0.826
05 1.131 | 1.075 | 1.025 | 0.921 | 0.831
) 1.013 | 0987 | 0.947 | 0.876 | 0.831
0.4 1.143 | 1.095 | 1.044 | 0.952 | 0.846
) 1.021 | 1.000 | 0.963 | 0.889 | 0.846
03 1.134 | 1.101 | 1.044 | 0.973 | 0.866
' 1.024 | 1.004 | 0.982 | 0.909 | 0.866
02 1.121 | 1.087 | 1.043 | 0.987 | 0.901 | 0.861
) 1.024 | 1.006 | 1.000 | 0.949 | 0.901 | 0.861
0.1 1.065 | 1.039 | 0.995 | 0.939 | 0.879
' 1.005 | 1.001 | 0.983 | 0.929 | 0.879
0 1.045 | 1.032 | 1.000 | 0.966 | 0.924
1.003 | 1.001 | 1.000 | 0.965 | 0.924
0.1 1.029 | 1.020 | 1.004 | 0.992 | 0.971
) 1.003 | 1.000 | 1.000 | 0.986 | 0.971
0.2 1.003 | 1.003 | 1.002 | 1.000 | 1.003 | 1.082
) 1.003 | 0.998 | 0.999 | 0.998 | 0.989 | 1.010
0.3 1.000 | 0.999 | 1.004 | 1.021 | 1.082
) 0.996 | 0997 | 0.999 | 0.996 | 1.009
0.4 0.996 | 0997 | 1.006 | 1.027 | 1.082
' 0.995 | 0994 | 0.996 | 0.997 | 1.008
0.5 0.996 | 0996 | 1.005 | 1.026 | 1.073
) 0.994 | 0992 | 0.994 | 0.998 | 1.006
0.6 0.995 | 0996 | 1.004 | 1.020 | 1.063
' 0.993 | 0991 | 0.992 | 0.996 | 1.000
0.7 0.995 | 1.001 | 1.013 | 1.042 | 1.085
] 0.991 | 0992 | 0.994 | 0.998 | 1.001
0.8 0.995 | 1.000 | 1.006 | 1.024 | 1.054
) 0.991 | 0993 | 0995 | 0.997 | 1.000
0.9 0.995 | 1.000 | 1.003 | 1.010 | 1.025
] 0.991 | 0996 | 0.997 | 0.998 | 1.000
1 0.996 | 0.996 | 0.997 | 0.998 | 1.000
0.991 | 0996 | 0.997 | 0.998 | 1.000

Upper: maximum value, lower: minimum value
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Fig. 3.9 Dundurs’ parameters for the several engineering materials

Fig. 3.9 also shows that almost all (@, f) of engineering materials are
distributed in 0</8/<0.3 [1], therefore, the stress ratio 0%, pgy/0% Fey can be
discussed in this range. It should be noted that the stress ratio (o-zco, v/ 050, FEM)max is

always finite in this range. Comparing Fig. 3.7 with Fig. 3.8, it is found that the value

of 0% ppu/0% pev  varies  depending on  (a, ) but the value of
(O'ZC('), v/ 0’50’ FEM)max is in the small range for most of good pairs in «a [05-2,8 )<0

and 0</B/<0.3 . Also, the difference between (0% prui/0% ren) and

max

(O'ZCQ rem/ afo, FEM)min is small in this region. The value range and the maximum and

minimum value difference can be expressed in Eq. (3.16).
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ZO FEA/:) /20 FEZ\/;)
C
0 FE 0 FE
0.9715/620’ FEZ/ <1.143, 2 ,
Oy, FE . 00, FEZ;[) / 20, FEA;) (3.16)
y() FE 0 FE
when 0</8/<0.3 and o (a-28)<0

The difference between (0% pri/0%, FEM) and (05, ppat/ 00, penr) s

min

less than 10% in Eq. (3.16), and therefore, Dundurs' parameters can almost control the

results and be used for axi-symmetrical bonded structures.

Since (KS )max /K% goes to infinity when a— 2§, it is not clear whether K& /K7

or o5 20, rim/ O >0, FEm 18 suitable for predicting the strength at present.

3.7 Experimental evaluation of debonding strength of cylindrical butt joint
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A
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Fig. 3.10 Schematic illustration of cylindrical butt joint
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The debonding strength of the cylindrical butt joints was studied experimentally
by several researchers [7]. Fig. 3.10 shows the schematic illustration of the specimens.
In this experiment of Naito et al [7], the adherent is aluminum alloy 5052-H34
(Young’s modulus E; = 69.6GPa, Poisson's ratio vi = 0.33) and the adhesive is
polyimide (E>= 3.77GPa, v> = 0.342). Table 3.9 shows Dundurs' parameters (a, ) and
singular index A. The length of the adherent / is 38.1 mm and the adhesive thickness ¢

1s varied from 0.2mm to 0.6mm.

Table 3.9 Dundurs' parameters (a, [) and order of singular index A of cylindrical

butt joint (aluminum/polyimide)

Adherend Adhesive Dundurs Singular
Materials parameter index
E 1 v E 2 v o ﬁ A
[GPa] L [GPa] 2

Aluminum/Polyimide ~ 69.9 0.33 3.77  0.342 0.8963 0.2145 0.7398

Fig. 3.11 shows the tensile strength o, which increases with increasing the
adhesive thickness. In the experiment, the fracture was initiated at the axisymmetric

interface end between the adhesive and the adherent. Fig. 3.12 shows the
dimensionless of ISSFs for the cylindrical butt joint specimens Ff ZKS/(JEO WH) and

Ff*ZKJC/(ath). In Fig. 3.12 Ff and Ff* increase with increasing the adhesive

thickness. However, FC* is almost constant when % is small. FE* can be used

conveniently to evaluate the adhesive strength for small / cases. Fig. 3.13 shows the

critical ISSF at 0° = 0., K;. = K¢ loo=g,. The Kgc values are almost constant
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independent of the adhesive thickness. It can be confirmed that the ISSF can be used

for evaluating the debonding strength.
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Fig. 3.11 Experimental remote debonding stress o, of cylindrical butt joint
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Fig. 3.12 ISSF of experimental cylindrical butt joint specimen
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Fig. 3.13 Critical ISSF of experimental cylindrical butt joint specimen

3.8 Conclusion

In this chapter, the ISSF variations were clarified over the entire adhesive
thickness range for cylindrical butt joint. The results were calculated by changing the
material combination systematically under (a, ) space. The result of cylindrical butt
joint has been compared with that of plate butt joint and the difference was elaborated.
After that, the maximum and minimum values of K / K? and O'ZC(')’ v/ 0'50’ FEM are
shown in tables and charts in the space of Dundurs’ parameters.

For the cylindrical butt joint, the circumferential strain at the interface end, &5,
is not influenced by the stress singularity because ¢ is obtained from the radial

displacement 5, and the cylinder radius. It was found that the non-singular stresses

caused by the £, are contained in the FEM stresses at the interface end. The accurate
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method was used for calculating the ISSF from the ratio of the stress obtained by
subtracting the non-singular stress to the stress of the plate butt joint adopted as the
reference solution. The stress-free boundary condition causes the non-singular stresses
5,%, FEM = ‘L:g(), rem = 0. The ISSF can be calculated easily without subtraction process
of the non-singular stresses when the radial stress a,,Co, rEy OF the shear stress T,g’ FEM
is used.

For a certain material combination, the ISSF F¢ " normalized by adhesive
thickness /4 becomes constant with decreasing adhesive thickness when A/W<0.01.
Thin adhesive layer can be used to improve the interface strength of the cylindrical
butt joint. Since the ISSFs of the cylindrical butt joint cannot be totally dominated by
the Dundurs’ parameter a and S, the maximum and minimum values of the K& /Kg
and O'ZC(‘)) v/ 0’50' rey Were shown in the charts and tables for various (a, f). The
value K¢ /Kf: may be useful for predicting the debonding strength under the bad
pairs a(a-2£)>0. On the other side, the azca v/ 0'50’ rEm May be more important for
predicting the debonding strength under the good pairs a(a-2f)<0. Since the solution
for #//W=1.0 was shown in the Appendix B, the accurate results can be obtained by the
interpolation also in the range for 0.01<A/W<1.0.

(Kg)max/Kf; is less than 1.5 for most of the bad pair region. The difference

c c :
between (0% ppu/ b, FEM)maX and (65 peai/oh) FEM)min is less than 10%.

Dundurs' parameters a and £ can almost control the results and be used for

axi-symmetrical bonded structures.
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Chapter 4

Chapter 4 Analysis on intensity of singular stress on the interface

outer edge of three-dimensional butt joint

4.1 Introduction

So far, many studies on two-dimensional joints have been carried out
theoretically and experimentally. In Chapter 2 and 3, the ISSF of butt joint was
studied by using two-dimensional butt joint model, the ISSF variations were clarified
over the entire adhesive thickness range for plate and cylindrical butt joints, and we
found that the debonding strength can be expressed as a constant value of critical ISSF.
However, the stress distribution of three-dimensional joint is not so clear as that of
two-dimensional joint.

Suzuki [1] discussed the experimental adhesive strength when S35CJIS medium
carbon steel plates are bonded by epoxy resin. Suzuki’s experimental specimens were
analyzed by using two-dimensional butt joint model in Chapter 2. Furthermore
Akisanya and Meng [2] discussed the experimental adhesive strength for the butt
joints with rectangular cross section. In this chapter, the adhesively bonded specimens
used by Suzuki and Akisanya [1, 2] will be analyzed by using three-dimensional butt
joint model to study the intensity of the singular stress field on the interface outer

edge of three-dimensional butt joint.
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4.2 Stress distribution on the interface outer edge

Fig. 4.1 shows the three-dimensional butt joint model. Because of the symmetry,
the three-dimensional butt joint in Fig. 4.1(a) can be simplified into a one-eighth
model as is shown in Fig. 4.1(b). The symmetry planes are x-z plane, y-z plane, and
plane z=-0.54. The symmetry planes are fixed in the normal direction. In the
calculation, the width W=1 and the stress applying to the z direction o=1. Fig. 4.1(c)
shows the two-dimensional plane strain butt joint model. The mesh details are shown
in Fig. 4.2. Submodeling for the interface outer edge is used to reduce the number of
elements. The finely meshed submodel in Fig. 4.2(a) is a small part near the interface
outer edge. Displacements calculated on the cut boundary of the coarse model in Fig.

5(b) are specified as boundary conditions for the submodel.
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(a) Three-dimensional (b) One-eighth model for (c) Two-dimensional butt
butt joint three-dimensional butt joint joint model

Fig. 4.1 Three-dimensional and two-dimensional butt joint models
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Fig. 4.3 shows an example of the interface stress distributions in
three-dimensional butt joint when 4/W=0.1 with different mesh sizes. Here, one of the
adhesively bonded specimens used by Suzuki [1] is considered where the adherent
S35C is bonded with adhesive epoxy resin. The elastic properties of the materials are
Young’s modulus £=210GPa and Poisson’s ratio v=0.3 for S35C, and £=3.14GPa and
v=0.37 for epoxy resin. From Fig. 4.3, in the interior area of the interface where 0<x,

»<0.45, the same values of stress | o.-1 | <0.002 are obtained by using different

mesh sizes. However, the values of stress near the interface outer edges are quite
different when different meshes are applied. The stress decreases at first and then
increases rapidly close to the interface outer edges. The singularity occurs on the
interface outer edges. Therefore, the stress distribution on the outer edge of interface

in the three-dimensional joint will be focused on in this study.

Interface outer edge

(b) Coarsely meshed model

Interface outer edge

Fig. 4.2 Mesh details

In the one-eighth model in Fig. 4.1(b), there are two interface outer edges, one is
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parallel to the x axis and another is perpendicular to the y axis. Considering one of
two edges is enough because of the symmetry. We choose the edge which is parallel
to the y axis to study. For convenience, the y coordinate value is used to describe the
position on the edge, y=0.5 means the point at the end of the edge, the interface vertex.
Table 4.1 shows the stress distributions obtained by FEM on the interface outer edge

in three-dimensional butt joint when #/W=0.01 and A/W>1. It can be seen from Table

4.1 that the stresses ailz’/f,gg o; and ai%@f vary depending on the finite element

. . 3D,FEM 3DFEM . . :
mesh size but the ratio of the stress O, 1w=0.01/ Oz jyw=1 18 independent of the mesh

. . 3D,FEM 3D,FEM
size. Furthermore, the ratio of the stress O, hw=0.011 Oz =1 tends to be a constant

away from the interface vertex (when y<0.447).
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Fig. 4.3 Interface stress distribution of three-dimensional butt joint (£,=210GPa,
v,=0.3, E,=3.14GPa, v,=0.37)
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Table 4.1 Stress distributions for three-dimensional joint under tension obtained by
different mesh sizes when 4/W=0.01 and h/W>1

(E1=210GPa, v1=0.3, E»=3.14GPa, v»=0.37)

! 1' ip

L

' i

i

| ¥

|

i

I ll

Lt

g
!

KN

| W
W

Lt

' it
I l'

Smallest mesh size emin=1/3200 around the edge Smallest mesh size emin=1/12800 around the edge
3D,FEM 3D,FEM
y o 3DFEM o 3DFEM O2,h/W=0.01 g 3D FEM o 3DFEM Oz,n/W=0.01
z,h/W=0.01 z,h/Wz1 3D,FEM z,h/W=0.01 z,h/W=21 3D,FEM
z,h/W=1 z,h/W=1
0 3.282 13.006 0.252 4.941 19.540 0.253
0.053 3.282 12.991 0.253 4.939 19.513 0.253
0.105 3.283 12.978 0.253 4.939 19.498 0.253
0.158 3.284 12.956 0.253 4.941 19.471 0.254
0.211 3.285 12.931 0.254 4.942 19.418 0.255
0.263 3.287 12.908 0.255 4.945 19.390 0.255
0.316 3.290 12.900 0.255 4.950 19.382 0.255
0.368 3.294 12.944 0.254 4.957 19.444 0.255
0.421 3.303 13.129 0.252 4.970 19.718 0.252
0.447 3.311 13.374 0.248 4.982 20.082 0.248
0.474 3.302 13.933 0.237 4.968 20.931 0.237
0.5 4.483 31.002 0.145 7.538 52.086 0.145
Table 4.2 The ratios of stress components at y=0
Jp?,ﬁfmlifo.m O';,li)z'/Fmb;Zom 022}1;550.01
3D,FEM 3D,FEM 3D,FEM
Oy h/w=1 Oy h/w=1 02 n/w=1

Material Mat. 1 Mat. 2 Mat. 1 Mat. 2 Mat. 1 Mat. 2

emin—1/3200 0.253 0.253 0.138 0.252 0.252 0.252

emin=1/12800 0.253 0.253 0.196 0.253 0.253 0.253

Now we pick a point on the interface outer edge to investigate. Table 4.2 shows

the ratios of stress components at y=0. The ratio

3D, FEM

0y hw=0.01/ Oy,h/w=1

3D, FEM

is quite different
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from that of other stress components even though the same FE mesh is applied. This
is the nature of three-dimensional problem. As is mentioned in Chapter 3, for the
two-dimensional plain strain problem in Fig. 4.1(c), the strain of y direction is zero.
While for the three-dimensional problem as shown in Fig. 4.1(a) and Fig. 4.1(b), the
strain of y direction ¢, in the interface can lead to non-zero stresses [3], and then the

stress in the interface of three-dimensional problem is expressed as:

K"
o ~ A ~3D [ -
oy rl"; +6,"=6"+6" (j=xy.2) 4.1)

where r is the perpendicular distance from the outer edge of the interface.

3

In the outer edge of the interface, the first terms, &_/D, is called singular stress,

and the second term in Eq. (4.1), called non-singular stress, have the expressions as

~3p \matl ~3p \matl ~3p \matl .
(03 ) ,(03 ) ,(03 ) in material 1;

X y z

~ mat2 - mat2 - mat2 | .
(Jw) ,(aw) ,(0'230) in material 2.

X y

The non-singular stresses are obtained as follows [4],

~3p \matl ([ ~3D mat2 _ 3D (VI_VZ)EIEZ 49
(O-Z ) _(O-Z ) e (I+ v, )V,E, —(1+v, )V, E, & “2)

(&30 )matl _ (1+V2)(V1E2 —1/2E1)E1 | (4.3)
Y (1+v)V,E,—(1+v,)v,E,
(6_3D)mat2 _ (1+V1)(V1E2 _VZEI)EZ e (44)
Y (I+v VE, —(1+v,)Vv,E, 7
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(&jD )matl _ (ON-ED )mat2 _ 0 (45)

Table 4.3 shows the ratios of singular stresses at y=0. It is found that the ratios
are independent of the element size enin. According to Eq. (4.5), the ratio of the
singular stress field can be calculated easily when o;2/FM is used. Now the

mesh-independent calculation method for three-dimensional joint is shown as follow,

3P O_SD,FEM _ ~3D
> = Bl =i (reference is 3D)
F, o,REF O.rer  ~Orer
(4.6)
F;D O_ZSD,FEM . ~23D ‘
20 = DB (reference is 2D)
o,REF 2,REF
Table 4.3 The ratios of singular stress components at y=0
3D,FEM ~3D 3D,FEM ~3D 3D,FEM ~3D
Oy nw=0.01 — Ox,n/w=0.01 | Oy n/w=0.01 — %y,n/w=0.01 | 9zn/w=0.01 ~ %2zh/w=0.01
3D,FEM ~3D 3D,FEM ~3D 3D,FEM ~3D
Ox w21 ~ Pxn/w=1 Oy hiw=1 ~ Pyn/wz1 O w1~ 9zh/w=1
Material Mat. 1 Mat. 2 Mat. 1 Mat. 2 Mat. 1 Mat. 2
emin=1/3200 0.253 0.253 0.251 0.253 0.252 0.252
emin=1/12800 0.253 0.253 0.252 0.253 0.253 0.253

To obtain the ISSF of three-dimensional joint by using the singular stress ratio, a
reference solution to be used in the denominator is necessary as is shown in Eq. (4.6).

In Table 4.3, the three-dimensional butt joint when A/W>1 is the reference.

Unfortunately, the ISSF of three-dimensional butt joint when A/W>1, Fﬁﬁ/wz,, 1s not

clear so far, the ISSF when A/W=0.01, Fg,?l/W:o.m, cannot be obtained although the

0,

singular stress ratios can be gotten. The ISSF Fig W1 for bonded plate (see
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Appendix A), which was used as the reference in Chapter 2, is a good choice to be the
reference. However, if the reference problem in the denominator is a two-dimensional
plain strain problem without the strain of y direction, the ratios of stresses cannot be
accurate close to the interface vertex. Table 4.4 shows the ratios of singular stresses

when bonded plate 1is the reference. The ratio of singular stress

3D,FEM 3D 2D.FEM . - .
(a.), /W:()_O]-az,h/W:()_O,)/ch'h/WZ, is independent of the mesh size in the range of

Z,

0<y<0.4995 on the interface outer edge. In the range of 0.4995<y<0.5, the values of
singular stress ratio are higher if smaller mesh is applied, which means that the ISSF
value continues to increase as the refinement of mesh. ISSF becomes singular and

goes to infinity near the vertex if the reference is two-dimensional.
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Table 4.4 The ratios of singular stresses when bonded plate is the reference

023,2'/1;]5140.01 — 85 h/w=001
y Uzz,ﬁ'/Fm]}:le
e =1/3200 e =1/12800

0 0.219 0.219
0.1053 0.220 0.219
0.2105 0.220 0.219
0.3158 0.220 0.219
04211 0.221 0.220
0.4474 0.221 0.221
0.4900 0.202 0.202
0.4950 0.181 0.181
0.4980 0.169 0.169
0.4985 0.170 0.170
0.4990 0.172 0.173
0.4992 0.175 0.175
0.4995 0.179 0.180
0.4996 0.177 0.183
0.4997 0.177 0.188
0.4998 0.193 0.194
0.4999 0.210 0.198
0.5 0.226 0.252
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4.3 ISSF distribution and critical ISSF of three-dimensional butt joint

In this section, the adhesively bonded specimens used by Suzuki [1] are analyzed
where the adherents S35C are bonded with adhesive epoxy resin. Suzuki’s
experimental specimens were analyzed by using two-dimensional butt joint model in
Chapter 2. The elastic parameters of the adherent and adhesives are tabulated in Table
2.6. The experimental strength value o, is the maximum value of average axial stress
obtained by dividing the tensile load by the area of the specimen cross section normal

to the load. Fig. 2.8 shows the experimental tensile adhesive strength with different

adhesive thicknesses.
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<t EpoxyresinA
0.4
0.35
03 h{W=0.394
8 h/W=0.157
"6 025 W/ W=0.157
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Fig. 4.4 ISSF distribution on the interface outer edge of three-dimensional butt joint
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Fig. 4.5 ISSF distribution near the interface vertex

The ISSF distribution on the interface outer edge is obtained by using singular
stress ratio according to Eq. (4.6) and shown in Fig. 4.4. The ISSF Fﬁﬁ/Wz, for
bonded plate (see Appendix A), which has been analyzed accurately by using the
body force method in previous research, is used as the reference. The references

Fle/Wzl are 0.406 and 0.405 for material combination A and B. From Fig. 4.4 it can

o,
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be seen that FﬁD decreases with decreasing the adhesive thickness. The values of

F3P are not accurate near the interface vertex because the reference is

two-dimensional, as is explained in Table 4.4. The ISSF details near the interface

vertex (0.497<y<0.5) are shown in Fig. 4.5. In the range of 0.4995<y<0.5, ISSFs,

which are denoted by dot lines, cannot be calculated, they go to infinity because of the

singularity.
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Fig. 4.6 Critical ISSF distribution on the interface outer edge of three-dimensional

butt joint
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Fig. 4.7 Critical ISSF distribution near the interface vertex

The critical ISSF is expressed as Ki(?:FﬁDaWé;f,, Weyp is the width of the

experimental specimen. Fig. 4.6 shows the distributions of critical ISSF K32 on the
interface outer edge of three-dimensional butt joint, and Fig. 4.7 shows the critical
ISSF details near the interface vertex (0.497<y<0.5). The critical ISSFs, which are
denoted by dot lines, cannot be calculated, they go to infinity because of the
singularity. In Fig. 4.6, the critical ISSF distribution curves are quite similar, So that
we pick a point on the interface outer edge to investigate to confirm the coincidence

of these curves. Fig. 4.8 shows the Ki? at the middle point of interface outer edge
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(»=0). In Fig. 4.8, the adhesive strength at the middle point of interface outer edge can

be evaluated by the constant critical ISSF as K>-=const. As is mentioned in Chapter

2, Suzuki’s experimental specimens were analyzed by using two-dimensional butt

joint model in previous study [5, 6]. Comparing with Fig. 2.3, K22 at y=0 coincides
with the K,. which is obtained by using two-dimensional butt joint model. Moreover,
it can be found from the previous results that the ISSF on the interface outer edge
have slight changes far away from the vertex, and go to infinity near the vertex.
Therefore, on the interface outer edge of three-dimensional butt joint, the ISSF at one

point can be obtained accurately by using two-dimensional butt joint model if this

point is far enough away from the interface vertex.
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4.4 ISSF distribution and critical ISSF of butt joint with rectangular cross

section

The adhesively bonded specimens used by Akisanya and Meng [2] are analyzed
in this section and the elastic parameters of the adherent and adhesives are tabulated
in Table 4.5. The one-eighth model is used for the analysis as is shown in Fig. 4.9(b).
For the butt joint with rectangular cross section, the long and short outer edge of the
interface should be discussed respectively. The y coordinate value is used to describe
the position on the long edge and the x coordinate value is used to describe the

position on the short edge. Both y=15mm and x=5mm mean the point at the interface

vertex.
Table 4.5 Material properties of adherent and adhesives
Combination Young's modulus E [GPa] Poisson'sratiov  « s A
C Adherent Aluminum 70 0.35 0.94 021 0.714
Adhesive Araldite 2.1 0.36
D Adherent Brass 90 0.34 0.86 0.15 0.745
Adhesive  Solder 6.4 0.39
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rectangular cross section

The ISSF and critical ISSF of butt joint with rectangular cross section are

obtained by using two-dimensional reference and shown in Fig. 4.10, Fig. 4.11 and

Fig. 4.12. In Fig. 4.10 and Fig. 4.11, the ISSF and critical ISSF on the interface outer

edge have slight changes far away from the vertex, and go to infinity near the vertex.

From Fig. 4.12, it is seen that the critical ISSF is almost constant independent of the

adhesive thickness.
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Fig. 4.12 Critical ISSF at x=0 and y=0

4.5 ISSF distribution of fillet corner

In previous discussion, the ISSF distribution on the interface outer edge of
three-dimensional butt joint was calculated by using two-dimensional reference.
However, the ISSF becomes singular and goes to infinity near the vertex if the
reference is two-dimensional. In reality, no corner can be perfectly sharp, a

manufactured sharp corner will always present a small fillet radius.
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Fig. 4.13 Fillet corner in the interface

Fig. 4.13 shows a three-dimensional butt joint with fillets instead of the interface
vertexes. The polar coordinate in the interface is used to describe the position on the
fillet as shown in Fig. 4.13, r is the fillet radius. For the examples in this section, the
elastic properties of the materials are Young’s modulus £=210GPa and Poisson’s
ratio v=0.3 for S35C, and E=3.14GPa and v=0.37 for epoxy resin, same as the
material combination A in Suzuki’s experiment [1]. The adhesive thickness A/W is
0.01. The bonded plate is still the reference solution.

Table 4.6 shows the singular stress ratios on the fillet with different mesh size,

r/W=0.0005 in this case. The non-singular stress on the fillet arc is calculated by
using the displacement u,, in the » direction, similarly to cylindrical butt joint. In

Table 4.6, the singular stress ratio is independent of the mesh size on the fillet,

therefore, the ratio can be used to calculate the ISSF for the fillet.
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Table 4.6 Singular stress ratios on the fillet

UZB,Q’/I:/EEO.M — Gphyw=001
0 2D, FEM
0 zZ,h /W21
emin=10*  e,in=5x107
0 0.193 0.193
5 0.200 0.201
10 0.207 0.207
15 0.211 0.212
20 0.216 0.216
25 0.220 0.220
30 0.222 0.223
35 0.225 0.225
40 0.227 0.226
45 0.229 0.228

Fig. 4.14 shows the ISSF distributions on the interface outer edge when »/W=0
(vertex), »/W=0.0005, »/W=0.001 and »/W=0.01. Four cases have almost the same
ISSF distribution on the interface outer edge, the effect of fillet on the ISSF
distribution of edge is very small. Fig. 4.15 shows the ISSF distributions near the fillet
and on the fillet arc. On the left side in Fig. 4.15, when »/W=0, the ISSF cannot be
obtain in the range of 0.4995<y<0.5; when r/W=0.0005, the fillet arc starts at
y=0.4995; when /W=0.001, the fillet arc starts at y=0.499; when »/W=0.01, the fillet
arc starts at y=0.49. The ISSF on the edge decreases near the start point of fillet arc.
On the right side in Fig. 4.15, when the fillet radius is small (»/W=0.0005 and
r/W=0.001), the ISSF on the fillet arc continues to increase from 6=0° (start point of
fillet arc) to 6=45°, and the ISSF is higher when fillet radius is smaller. The maximum
ISSF on the fillet arc appears at the point 6=45°. When the fillet radius is large
(/W=0.01), the ISSF on the fillet arc is a constant.

Furthermore, when »/W=0.0005, the ISSF at 6#=45° on the fillet arc is 0.089,

which is equal to the ISSF at y=0 on the edge. Therefore, when »/#>0.0005, the
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adhesive strength can be evaluated by using the ISSF at the middle point (y=0) of the

interface outer edge.
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Fig. 4.14 ISSF distribution on the edge of fillet case
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Fig. 4.15 ISSF distribution on the fillet arc
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4.6 Conclusion

In this chapter, the adhesive strength of three-dimensional butt joint was studied
in terms of the intensity of singular stress on the interface outer edge.

The interface stress distributions of three-dimensional butt joint were obtained by
using different mesh sizes. The values of stress are almost same in the interior area of
the interface, and quite different close to the interface outer edges. The mash size has
an effect only on the stress close to the interface outer edges. The singularity occurs
on the interface outer edges.

The stress distributions on the interface outer edge of three-dimensional butt
joint were investigated by using the ratios of singular stresses. The ISSF decreases
with the decreasing adhesive thickness 4. For a fixed adhesive thickness 4, the ISSF
and critical ISSF have a little change far away from the vertex. The ISSF and critical
ISSF become singular and go to infinity near the vertex if the reference is
two-dimensional. It was also found that the adhesive strength on the interface outer
edge can be evaluated by the constant critical ISSF as Kﬁ?zconst. The results at the
middle points of interface outer edges coincide with the results obtained by using
two-dimensional butt joint model in previous studies. On the interface outer edge of
three-dimensional butt joint, the ISSF at one point can be calculated accurately by
using two-dimensional butt joint model if this point is far enough away from the
interface vertex.

The ISSF at interface vertex cannot yet be obtained, fillet was considered instead
of the vertex. When the fillet radius »/#>0.0005, the adhesive strength can be

evaluated by using the ISSF at the middle point (y=0) of the interface outer edge.
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Chapter 5 Conclusion

Adhesive joints are widely used in numerous industrial sectors, such as
automobile, shipbuilding and aeronautics. However, as is known that there is stress
singularity at the end of interface for different materials, which may result in the
failure of the joint. The intensity of singular stress has already been discussed for
bonded plate under arbitrary material combination, while few studies are available for
the intensity of butt joints in axi-symmetrical and three-dimensional problems, and no
results with varying material combination. Thus this research concentrated on the
analysis of ISSFs (intensity of singular stress field) of axi-symmetrical and
three-dimensional butt joint problems, which may make a contribution on a general
understanding of the strength for the axi-symmetrical and three-dimensional problems.
This thesis is concluded as follows.

1. The ISSF variations were clarified over the entire adhesive thickness range for

plate butt joint. For the plate butt joint, the ISSF Fi= f/oh”“ normalized by
adhesive thickness /4 becomes constant with decreasing adhesive thickness when

h/W<0.01. In this case, the adhesive joint can be regarded in a semi-infinite plate. If
the adhesive layer is thin, Ff; * is more suitable because the variation is smaller than
the variation of F.=K’/cW'*. To improve the interface strength, thin adhesive layers
are desirable.

2. For a certain value f, it is found that F~ " decreases with increasing a. Since
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the solution for case of 4/W>1.0 was shown in the Appendix A, the accurate results
can be obtained by the interpolation also in the range of 0.01<A/W<1.0.

3. The ISSF variations were also clarified over the entire adhesive thickness
range for cylindrical butt joint. For the cylindrical butt joint, the circumferential strain
at the interface end, £, is not influenced by the stress singularity because &5, is
obtained from the radial displacement 1S, and the cylinder radius. It was found that
the non-singular stresses caused by the grco are contained in the FEM stresses at the
interface end. The accurate method was used for calculating the ISSF from the ratio of
the stress obtained by subtracting the non-singular stress to the stress of the plate butt
joint adopted as the reference solution. The stress-free boundary condition causes the
non-singular stresses 5?0, FEM = }Cza rem = 0. The ISSF can be calculated easily without
subtraction process of the non-singular stresses when the radial stress 02)) rEm O the

shear stress r,CZ, rEp 18 used.

4. For a certain material combination, the ISSF Ff " normalized by adhesive
thickness /4 becomes constant with decreasing adhesive thickness when A2/W<0.01.
Thin adhesive layer can be used to improve the interface strength of the cylindrical
butt joint. Since the ISSFs of the cylindrical butt joint cannot be totally dominated by
the Dundurs’ parameter a and S, the maximum and minimum values of the K& /Kf;
and JZC;), v/ 0’50’ rey were shown in the charts and tables for various (a, f). The
value KJC /Kf; may be useful for predicting the debonding strength under the bad
pairs a(a-2f)>0. On the other side, the O'Z%’ v/ afo, rEy May be more important for
predicting the debonding strength under the good pairs a(a-2f)<0. Since the solution
for //W>1.0 was shown in the Appendix B, the accurate results can be obtained by the

interpolation also in the range for 0.01<A/W<1.0.
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5. (Kg )max/K5 is less than 1.5 for most of the bad pair region. The difference

between (UZC;), FEM/ 050, FEM)

C .
. and (6%, Fem/ o, FEM)min is less than 10%.

Dundurs' parameters a and £ can almost control the results and be used for
axi-symmetrical bonded structures.

6. The interface stress distributions of three-dimensional butt joint were obtained
by using different mesh sizes. The values of stress are almost same in the interior area
of the interface, and quite different close to the interface outer edges. The mash size
has an effect only on the stress close to the interface outer edges. The singularity
occurs on the interface outer edges.

7. The stress distributions on the interface outer edge of three-dimensional butt
joint were investigated by using the ratios of singular stresses. The ISSF decreases
with the decreasing adhesive thickness 4. For a fixed adhesive thickness /4, the ISSF
and critical ISSF have a little change far away from the vertex. The ISSF and critical
ISSF become singular and go to infinity near the vertex if the reference is
two-dimensional. It was also found that the adhesive strength on the interface outer
edge can be evaluated by the constant critical ISSF as Kf,? =const.

8. The results at the middle points of interface outer edges coincide with the
results obtained by using two-dimensional butt joint model in previous studies. On the
interface outer edge of three-dimensional butt joint, the ISSF at one point can be
calculated accurately by using two-dimensional butt joint model if this point is far
enough away from the interface vertex.

9. The ISSF at interface vertex cannot yet be obtained, fillet is considered instead
of the vertex. When the fillet radius »/#>0.0005, the adhesive strength can be

evaluated by using the ISSF at the middle point (y=0) of the interface outer edge.
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Appendix A: ISSF for the bonded plate
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Fig. A1 ISSF for the bonded plate (A/W>1.0)

Fig. A1 shows the ISSF F; P for the bonded plate calculated by varying Dundurs’

parameter (a, ) [1]. The bonded plate in Fig.A1 can be regarded as a plate butt joint
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with a very thick adhesive layer 4/W>1.0. The Ff; values are obtained by the body
force method under the bad pair condition of a(a—Zﬂ }>0 [1] and obtained by FEM
under the good pair condition of a[a—Zﬂ )<0 [2-5]. Since the solution for thin
adhesive layer A/W<0.01 is indicated in Table 2.5 and Fig. 2.7 under aribitrary

material combination, the accurate results can be obtained by the interpolation also in

the range of 0.01<hA/W<1.0.

Table Al F© of bonded plate (h/#=>1.0)

B
-0.4 0.3 0.2 -0.1 0.0 0.1 0.2 0.3 0.4
-1.00 | 0540 | 0446 | 0395 | 0357 | 0332 - - - -
095 | 0.643 | 0491 | 0422 | 0381 | 0349 - - - -
090 | 0.726 | 0534 | 0456 | 0412 | 0381 - - - -
-0.80 | 1.000 | 0.636 | 0538 | 0487 | 0.450 - - - -
0.70 | 1.855 | 0.800 | 0.626 | 0.558 | 0.486 - - - -
-0.60 | 3291 | 1.000 | 0724 | 0638 | 0559 | 0.505 - - -
050 | — 1264 | 0842 | 0722 | 0.635 | 0.551 - - -
040 | — 1467 | 1.000 | 082 | 0718 | 0.615 - - -
030 | — 1.609 | 1.118 | 0913 | 0.796 | 0.697 - - -
020 — 1.690 | 1.153 | 1.000 | 0889 | 0.797 | 0.404 - -
010 | — - 1103 | 1.037 | 0955 | 0.890 | 0.767 - -
a | 0.00 - - 1.000 | 1.000 | 1.000 | 1.000 | 1.000 - -
0.10 - - 0.767 | 0.890 | 0955 | 1.037 | 1.103 - -
0.20 - - 0404 | 0.797 | 0889 | 1.000 | 1.153 | 1.690 -
0.30 - - - 0.697 | 0.796 | 0913 | 1.118 | 1.609 -
0.40 - - - 0.615 | 0718 | 0822 | 1.000 | 1.467 -
0.50 - - - 0.551 | 0.635 | 0722 | 0842 | 1.264 -
0.60 - - - 0.505 | 0559 | 0.638 | 0724 | 1.000 | 3.291
0.70 - - - - 0486 | 0558 | 0.626 | 0.800 | 1.855
0.80 - - - - 0450 | 0.487 | 0538 | 0.636 | 1.000
0.90 - - - - 0381 | 0412 | 0456 | 0.534 | 0.726
0.95 - - - - 0349 | 0381 {2-1%%\ 0491 | 0.643
1.00 - - - - 0332 | 0357 | 0395 | 0446 | 0.540
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Appendix B: ISSF for the bonded cylinder in comparison with the bonded plate

In the previous study [6], the ISSF of bonded cylinder was
compared with the ISSF of bonded plate wunder arbitrary material
combination. The bonded cylinder can be regarded as a cylindrical butt joint with a

very thick adhesive layer #/W>1.0. Fig. B1, Table B1 and B2 show the maximum
values and the minimum values of KS /KP and 00 FEM/O'P() rey calculated by
varying (a, f).

The solid lines indicate KS/K% under a(a-28)>0 and 6 pry/0by ey under
a(a 2B }<0 The dot lines indicate o7 FEM/O'PO rEy under a[a 2p )>0 The circle
marks indicate 6%, pzy/0% rea for a(a-28)=0.

All KS/K. values are distributed between (K& )max /K and (K5 )min /K.
(Kf)max/Kf; go to infinity when a—2f. The solid lines are very important for
predicting the debonding strength except for the bad pair condition near a=2f. There
are only 10% differences between (K5 )max /K% and (K& )min /K% except for the bad
pair condition near a=2p, KS 5/ K’ and o 00, FEM/ ok -0, FEM ©an be almost controlled by
(a, B). Since the solution for thin adhesive layer 4/W<0.01 is indicated in Table 3.7,

Table 3.8, Fig. 3.7 and Fig. 3.7 under aribitrary material combination, the accurate

results can be obtained by the interpolation also in the range of 0.01<A/W<1.0.

Mechanical Engineering Dept. 88 Kyushu Institute of Technology



Appendix

0%0.rem/ O%o pem (£00d pair)
K5/K? (bad pair)

""" Go.rem/ @50 pgm (bad pair)

equal pair

(a) Maximum values

aSo.rem/ Tho pem (g00d pair)
KS/KE (bad pair)

""" 050, rem/ oo pum (bad pair)

equal pair

- =00 F=00 4

(b) Minimum values
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Table B1 Maximum and minimum values of Kg / K” of bonded cylinder (2/W=>1.0)

B
-0.45 0.4 0.3 0.2 0.1 0.0 0.1 0.2 0.3 0.4 0.45
-1.0 | 0.995 | 0.981 | 0.937 | 0.898 | 0.866 | 0.839
09 1.146 | 0.996 | 0.935 | 0.892 | 0.859
: 0.992 | 0.944 | 0.899 | 0.863 | 0.834
08 1.089 | 0.977 | 0.919 | 0.879
0.957 | 0.906 | 0.865 | 0.832
07 1321 | 1.032 | 0.948 | 0.899
‘ 0.976 | 0.918 | 0.870 | 0.833
1.121 | 0.981 | 0.918
0.6 0.936 | 0.88 | 0.837 0.802
05 1346 | 1.022 | 0.937 | 0.827
‘ 0.962 | 0.895 | 0.843 | 0.804
04 1.084 | 0.955 | 0.845
: 0.916 | 0.854 | 0.808
03 1.234 | 0.972 | 0.856
0.944 | 0.87 | 0.814
0.986 | 0.861
02 0.885 | 0825 | 77
01 0.996 | 0.855 | 0.789
0.896 | 0.835 | 0.781
a 0.791 | 0.866 0.866 | 0.791
0.0 0.789 | 0.820 | 1090 | 0.820 | 0.789
o1 0.789 | 0.855 | 0.996
: 0.781 | 0.835 | 0.896
0.861 | 0.986
0.2 0.775 1 0825 | 0.885
03 0.856 | 0.972 | 1.234
‘ 0.814 | 0.870 | 0.944
04 0.845 | 0.955 | 1.084
: 0.808 | 0.854 | 0.916
05 0.827 | 0.937 | 1.022 | 1.346
0.804 | 0.843 | 0.895 | 0.962
0.918 | 0.981 | 1.121
0.6 0802} 5837 | 088 | 0.936
0.7 0.899 | 0.948 | 1.032 | 1.321
0.833 | 0.870 | 0.918 | 0.976
08 0.879 | 0.919 | 0.977 | 1.089
0.832 | 0.865 | 0.906 | 0.957
0.9 0.859 | 0.892 | 0.935 | 0.996 | 1.146
0.834 | 0.863 | 0.899 | 0.944 | 0.992
1 0.839 | 0.866 | 0.898 | 0.937 | 0.981 | 0.995

Upper: maximum value, lower: minimum value
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Table B2 Maximum and minimum values of O'ZCQ v/ 050, rey Of bonded cylinder
(h/W=1.0)

B

-045 | -04 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 0.4 0.45

-1.0 0.995 | 0.981 | 0.937 | 0.898 | 0.866 | 0.839

1.237 | 1.098 | 0.993 | 0.934 | 0.892 | 0.859
1.000 | 0.994 | 0.945 | 0.900 | 0.864 | 0.834
1.327 | 1.066 | 0.974 | 0.919 | 0.879
1.000 | 0.962 | 0.909 | 0.866 | 0.833
1.862 | 1.165 | 1.020 | 0.946 | 0.899

-0.8| 2.276

0.7 1.564 | 0.986 | 0.925 | 0.875 | 0.835
1299 | 1.071 | 0.975 | 0.918
0.6 370000 | 0951 | 0.890 | 0.843
05 1.447 | 1.127 | 1.000 | 0.937
‘ 1.134 | 0.983 | 0.914 | 0.857
04 1525 | 1.172 | 1.031 | 0.955
‘ 1.343 | 1.000 | 0.948 | 0.880
03 1.444 | 1.184 | 1.050 | 0.972
e 1.358 | 1.036 | 0.984 | 0.914
1.145 | 1.052 | 0.986
02 1.246 1.060 | 1.000 | 0.955
o1 1.065 | 1.032 | 0.996
: 1.022 | 1.000 | 0.989
0.978 | 0.997 0.997 | 0.978
a|00 0.948 | 0981 | 0% | 0981 | 0.948
o1 0.903 | 0.956 | 0.996 | 1.032 | 1.065

0.878 | 0.936 | 0.989 | 1.000 | 1.022
0.920 | 0.986 | 1.052 | 1.145
02 0844 0.896 | 0.955 | 1.000 | 1.060 1.246

0.889 | 0.972 | 1.050 | 1.184 | 1.444

03 0.850 | 0.914 | 0.984 | 1.036 | 1.358
04 0.863 | 0.955 | 1.031 | 1.172 | 1.525

) 0.826 | 0.880 | 0.948 | 1.000 | 1.343
0.5 0.838 | 0.937 | 1.000 | 1.127 | 1.447

0.812 | 0.857 | 0914 | 0.983 | 1.134
0918 | 0975 | 1.071 | 1.299
0.6 0.808 0.843 | 0.890 | 0.951 | 1.000 3117
0.899 | 0.946 | 1.020 | 1.165 | 1.862
0.835 | 0.875 | 0.925 | 0.986 | 1.564
0.879 | 0919 | 0974 | 1.066 | 1.327
08 0.833 | 0.866 | 0.909 | 0.962 | 1.000 2.276
0.859 | 0.892 | 0.934 | 0.993 | 1.098 | 1.237

0.834 | 0.864 | 0.900 | 0.945 | 0.994 | 1.000

0.7

0.9

1.0 0.839 | 0.866 | 0.898 | 0.937 | 0.981 | 0.995

Upper: maximum value, lower: minimum value
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