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SUMMARY

In this study, element-quality-based stiffening (EQBS) was developed as a
method of maintaining mesh quality in the pseudoelastic mesh-moving
technique. The proposed EQBS technique increases the stiffness of the
element based on two element quality parameters, the element area and
shape; this differs from techniques used in previous studies. Importantly,
EQBS includes the previously proposed Jacobian-based stiffening (JBS)
and minimum height-based stiffening (MHBS) techniques as a specific case.
Therefore, it is quite general scenario of the selective stiffening of the mesh.
The proposed EQBS technique was applied to the mesh-moving of a
rectangular domain including a structure consisting of a square and a fin
that undergo large translations and rotations. The proposed EQBS
technique showed better performance than JBS on test problems with large
translations and rotations applied to the structure. This is because EQBS
considers the shear deformation of the element in addition to the tensile and
compressive deformations.

KEY WORDS: Pseudoelastic mesh-moving technique; Interface tracking
method; Fluid—structure interactions; Finite element method



1. INTRODUCTION

Fluid—structure interaction (FSI) analysis poses a great challenge in
scientific and engineering problems considering complex geometries, high
nonlinearity, and strong instabilities, including problems considering
structures  undergoing  large translations and  rotations L.
Interface-tracking methods, such as the arbitrary Lagrangian—Eulerian
(ALE) method ™ " and the deforming-spatial-domain/stabilized space—time
(DSD/SST) method ™!, are suitable for such FSI problems, for which
moving interfaces should be described accurately. Mesh updating is
required in these methods, and the mesh must be updated and deform to
follow the motion of the interface. Mesh updating methods can be roughly

classified into the mesh-moving and remeshing methods.

In the mesh-moving method, the nodes are moved according to the
motion of the interface while maintaining the connectivity of the nodes.
Therefore, the excessive motion of the interface may decrease the mesh
quality. In contrast, remeshing requires automatic mesh generation, which
is a very computationally expensive process. Furthermore, the projection of
the solution from the old mesh to the new one tends to introduce numerical
error. Therefore, it is reasonable to use mesh updating based on a
combination of the mesh-moving method and partial remeshing for the
excessive element distortion I'" which allows the mesh quality in the
mesh-moving technique to be maintained.

The mesh-moving techniques developed and implemented in previous
studies can be classified as follows
® Interpolated deformations " '”
® Laplacian approaches " '*!
® Discrete spring methods !

® Pscudoelastic analogy "1,
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In the pseudoelastic mesh-moving technique, the fluid mesh is modeled
as a pseudoelastic mesh, and finite element linear elastic analysis is
performed using the displacement on the moving boundary as the
elementary boundary condition. The resulting nodal displacement is used to



move the corresponding node. This type of method has been gaining
popularity because of the generality of the finite element method. Therefore,
the pseudoelastic mesh-moving technique was used in this study.

In the pseudoelastic mesh-moving technique, the selective stiffening of
the mesh is used to maintain the mesh quality. One of the pioneer works on
the selective stiffening of the mesh was the development of Jacobian-based
stiffening (JBS)""), in which the stiffness of the element increases as its
area decreases. More recently, minimum height-based stiffening (MHBS)
¥ has been proposed. In this method, the stiffness of the element increases
as its minimum height decreases.

As seen in the effort of these studies, the pseudoelastic mesh-moving
technique always requires the selective stiffening that can give the higher
mesh quality. Therefore, the purpose of this study is to develop a new
stiffening method to give the higher mesh quality.

In this paper, element-quality-based stiffening (EQBS) is proposed. In
the proposed EQBS technique, the stiffness of the element increases based
on both the area and aspect ratio of the element. Importantly, the proposed
EQBS technique includes JBS and MHRBS as specific cases. Therefore, it is
quite general scenario of the selective stiffening of the mesh.

JBS evaluates only the area of each element. On the contrary, the
proposed EQBS uses the weighted evaluation for both the area and the
aspect ratio of each element. From the viewpoint of EQBS, MHBS can be
understood as the method using the equally weighted evaluation for both
the area and the aspect ratio of each element.

JBS does not change the evaluation in the element, where the aspect ratio
increases while the area is constant. Of course, JBS decreases the quality of
this element. The shear deformation does not contribute to the area change.
Therefore, JBS will be weak for the shear deformation. On the contrary, the
proposed EQBS will be adaptive for the shear deformation, since it can
change the weighted evaluation for both the area and the aspect ratio of
each element as the magnitude of the shear deformation changes, while



MHBS cannot changes this weighted evaluation.

The superior ability of EQBS to maintain the mesh quality in comparison
to that of JBS and MHBS was demonstrated by applying the mesh-moving
technique to a rectangular domain containing a structure consisting of a
square and a fin that underwent large translations and rotations. This test
problem has geometric and kinematic characteristics similar to those of the
FSI problem of insect flapping flight ' * *" **| Therefore, the proposed
EQBS technique will be applied to this FSI problem in future works.

The fin was used in the previous studies!"?!, Similar to these studies,
the fin translates and rotates with the large magnitude. Note that the
maximum magnitude in this study is larger than that in the previous studies.
Therefore, the present problem corresponds to that used in the previous
studies. In addition, the present structure also includes the bluff body as
well as the fin. This type of the structure can be found in the benchmark
problems - %321 1n this study,
because of these similarity and generality, the present test problem is used.

as well as the flexible elastic wings '

As shown in the present results, the proposed EQBS can give the higher
mesh quality adaptively using the various selections of the control
parameters including JBS and MHBS. It follows that the proposed EQBS is
the robust selective stiffening of the mesh to give the higher mesh quality.



2. PSEUDOELASTIC MESH-MOVING TECHNIQUE

2.1. Governing equation of the pseudoelastic domain

Let us consider 2 as the spatial domain and /" as its boundary. /" consists
of the boundary 7, with the essential boundary condition and the boundary
I, with the natural boundary condition. In the pseudoelastic mesh-moving
technique, a pseudoelastic mesh occupies £, and its displacement along the
moving boundary is imposed on 7,. The equilibrium equation for the elastic
body is considered to be the governing equation for the pseudoelastic
material, which can be expressed as
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where o 1s the ijth component of the Cauchy stress tensor and f; is the ith
component of the external force vector. Hooke’s law was used to describe
the relationship between o;; and the strain tensor ¢;;, where ¢; 1s defined as
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The essential and natural boundary conditions are respectively given as

u;=u;onl’, and on;=7,onl | (3a,b)

u

where u, is the displacement prescribed on I, and 7; is the traction force

acting on /.

2.2. Space discretization



Applying the finite element formulation to the governing equation given
by Eq. (1), the discrete equation system can be obtained in matrix form as

(Z[Ke]]{u}ﬂ and K, =[[-]J.d2, (4a, b)

e

where K is the stiffness matrix, the subscript e denotes the elemental
quantity, u is the nodal displacement vector for the pseudoelastic mesh,
[...] represents the terms being integrated, and = is the parent domain. The
Jacobian J, for element e is defined as

0
J, = det(@—z) ) (5)

where x and & represent the global and local coordinates, respectively. In
this study, no external forcing function was defined to selectively handle
mesh motion, and the external force vector was thus set to 0.

2.3. Formulation using the stiffening coefficient

In the pseudoelastic mesh-moving technique, the stiffness matrix given
in Eq. (4b) is redefined as

K, [ r[-]J.dE, (6)

where «, is the stiffening coefficient for each element. x, is used to control
the stiffness of each element and selectively handle mesh motion.

In a previous studies, x, was given as follows:
® Jacobian-based stiffening (JBS) "

J, Y
Ke :(7] ) (73)



where y is the stiffening power, which must be nonnegative, and J; is an
arbitrary scaling parameter inserted into the formula to ensure dimensional
consistency.

® Minimum-height-based stiffening (MHBS) "’

(Y
Ke—[h:ﬁn] , (7b)

where 4,™™ is the minimum height for element e, and A, is an arbitrary
scaling parameter.

In this study, a linearly interpolated triangular element was used. In this
case, the linear equation system for the pseudoelastic mesh-moving
technique can be written as

Skl ®

and Eq. (7a) can be reduced to

(4Y)
4]

where A4, is the area of element e, and A is the scaling parameter with the
dimension of area.



3. ELEMENT-QUALITY-BASED STIFFENING

The mesh quality can be evaluated using the following measures "

meaxfeA and meaxfeR , (10a, b)

where £,* and £} are the changes in the area and shape of the element,
respectively. They are defined as

A 4,
1. =10g(A:j (11a)
and

R R,
1 —10g[R:), (11b)

where A4, and R, are the area and aspect ratio of element e, respectively, and
the superscript o refers to the undeformed mesh. R, is defined as

(=)

= 4 :hmin’ (12)

e

where [," is the maximum edge for element e, and the relation of 4, equal
to the multiplication of ™ and A, ™" is used in the last expression.

It follows from these equations that 4, and R, are the fundamental
parameters in the mesh quality measures. Therefore, the stiffening
coefficient x, can use these two parameters to maintain the mesh quality.
On this basis, a definition of the stiffening coefficient x, that includes the
element quality is proposed as
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where y; and y, satisfy the relationship y; + y, = 1.0 because they define the
weights of the element quality parameters 4, and R.. The use of this
coefficient constitutes the EQBS technique. Note that EQBS can be
extended to three-dimensional mesh using V, as 4, and 4,™ as ™ in
Egs.(12) and (13), where V, and A,™ are the volume and the maximum
surface for element e, and 4™ is given as V, divided by 4,™.

Importantly, EQBS reduces to JBS for y; = 1.0 and y, = 0.0, and MHBS

for y; =y, = 0.5, as shown by substituting these values into Eq. (13):
x1 = 1 and y, = 0 reduces Eq. (13) to

K, = (%j , (14a)

which is equivalent to Eq. (9). Similarly, y; =y, = 0.5 reduces Eq. (13) to

(4 o) _(4%Y)
ATy

where Eq. (12) is used to obtain the last expression. The last expression of
Eq. (14b) gives the coefficient equivalent to Eq. (7b). Therefore, the
proposed EQBS is the quite general scenario and includes both JBS and
MHBS as a specific case.




4. NUMERICAL EXAMPLES

4.1. Problem setup

A rectangular domain including a rigid body consisting of a square and a
fin was considered, as shown in Figure 1. Point O is located on the base of
the square, and point A is located on the tip of the fin. A Cartesian
coordinate system was used with the origin coinciding with point O. Roller
supports were imposed along the outer boundary of the rectangular domain,
as shown in Figure 1. In the case of translation, a translational displacement
u, in the x-direction was applied to the rigid body. In the case of rotation, a
rotational displacement 6, about the z-axis was applied to the rigid body.
This problem has geometric and kinematic characteristics similar to those

of the FSI problem of insect flapping flight > > 221

4.2. Analysis setup

As shown in Figure 2 (a), the incremental displacement Au is defined as
u,/N or 0,/N, where N is the total number of incremental steps. In the actual
analysis, N corresponds to the number of time steps for one cycle of the
period. yi1, x2, x3, and N were determined using the prescribed reference
displacement, which is denoted by u” or (92(0), as follows.

Step 1

Figure 2 (b) shows the flow of this step schematically. JBS (EQBS with (y,
y) = (1.0, 0.0)) with a typical parameter value of y; = 2.0 ' was
considered, and N was set to a positive integer. N was then updated such
that the changes in the mesh quality measures (Egs. (10a) and (10b)) over
the whole domain remained less than 5% as N increased.

Step 2

Figure 2 (c) shows the flow of this step schematically. y; was set to values
ranging from 0.0 to 1.0 in increments of 0.1, and y, was calculated as 1 — y;.
Then, y; was obtained with an accuracy of 0.1 as the value that minimizes
the mesh quality measure of Eq. (10b) over the whole domain.

The following sections discuss the mesh deformation test cases
performed in this study for a two-dimensional (2D) mesh consisting of
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linearly interpolated triangular elements around the rigid body, as shown in
Figure 3. The rigid body consists of a square and a fin, and the thickness of
the fin was set to zero. The number of nodes and elements were 4,641 and
8,996, respectively.

4.3. Large translation
The reference value u,” was set to 10 cm, and N was determined to be
15 using the procedure outlined in Step 1 of Section 4.2.

Then, y; was determined for the prescribed sets of y; and y, using the
procedure given in Step 2 of Section 4.2; the results are given in Table 1.

Figures 4 and 5 show the changes in the mesh quality measures (Egs.
(10a) and (10b)) plotted against the translation u,. The mesh qualities were
measured in the domain near the structure, as shown in Figure 3(b). As
shown in Figures 4 and 5, EQBS with (y1, x2) = (0.5, 0.5) or MHBS showed
the best performance in terms of maintaining the mesh quality under large
translational deformations. Similarly, EQBS with (y;, y») = (0.6, 0.4) and
(0.4, 0.6) performed second best under large deformations. On the basis of
this observation, it was concluded that EQBS with y, = y, shows the best
performance in terms of the maintenance of the mesh quality under a large
translational deformation.

Figures 6 and 7 show the moved meshes under the maximum considered
translation of wu, = 30 cm, where the color contours of the
tensile/compressive strain in the x-direction ¢,,, and the shear strain ¢,, the
strain fields are drawn. As shown in Figure 6, u, = 30 cm is a large
translation that spans approximately 80% of the x-distance between the
original position of the rigid body and the domain boundary. The
translation of the rigid body produces a shear stress in the vicinities of the
sharp corners of the square and the tip of the fin.

Let us recall that JBS uses a stiffness coefficient that includes only the
element area. JBS does not change the evaluation for the element that
increases the aspect ratio while keeps the area constant. The shear
deformation does not contribute to the area change. Therefore, JBS will be
weak for the shear deformation. JBS produces the significant transition of
ex With the change of the sign as shown in Figure 7 (a), or large ¢, as
shown in Figure 8 (a) because of the stress concentration in the vicinity of
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the lower end of the fin. On the contrary, as shown in Figures 7(b) and 8(b),
EQBS with y; = y, such as MHBS limits mesh distortion resulting from the
shear deformation because it takes into account the element shape as well
as the element area with weights of y; and y,, respectively.

4.4. Large rotation

The reference value 6. was set to 30°, and N was determined to be 15
using the procedure outlined in Section 4.2. y3 was then determined for the
prescribed set of y; and y, using the procedure in Section 4.2, and the
results are given in Table 2.

Figures 9—12 show the changes in the mesh quality measures (Egs. (10a)
and (10b)) plotted against the rotation 6,. The mesh qualities were
measured in the domain near the structure, as shown in Figure 3(b). The
ability of the proposed EQBS technique to maintain the element area did
not differ greatly from that of JBS, as shown in Figure 9; however, EQBS
with (x1, y2) = (0.3, 0.7) showed the best performance among the stiffening
techniques with different parameters for rotations larger than about 120°, as
shown in Figure 10. Furthermore, for rotations smaller than approximately
60°, the ability of EQBS to maintain the element shape did not differ
greatly from that of JBS, as shown in Figure 11, and EQBS with (y1, y2) =
(0.3, 0.7) showed the best performance among the EQBS techniques with
different parameters for rotations larger than approximately 60°, as shown
in Figure 12. From this observation, EQBS with y; < y, shows better
performance than stiffening with different parameter values in terms of
maintaining the mesh quality under large rotations.

Figures 13, 14, and 15 show the moved meshes for a maximum rotation
of 6, = 150°, where the color contours of the tensile/compressive strain in
the x-direction e, and the shear strain ¢, the strain fields are drawn. As
shown in Figure 13, the mesh became twisted around the structure after the
rotation. This type of motion induced a large shear stress in the vicinity of
the structure.

The proposed EQBS will be adaptive for the shear deformation, since it
can change the weighted evaluation for the area and the aspect ratio of each
element as the magnitude of the shear deformation changes. On the
contrary, JBS uses only the evaluation for the area, and MHBS uses only

12



the equally weighted evaluation for the area and the aspect ratio
irrespective of the change of the magnitude of the shear deformation.
Therefore, the mesh quality from the proposed EQBS with y; < y, was
higher than those from JBS and MHBS as the structural rotation increases
or the shear deformation surrounding the structure increases. JBS produces
the significant transition of ¢,, with the change of the sign from the lower
end of the fin to the corner of the square body as shown in Figure 14 (a), or
large ¢, as shown in Figure 15 (a). On the contrary, EQBS reduces this
shear deformation. Especially, EQBS with (yi, y2) = (0.3, 0.7) clearly
reduces this shear deformation as shown in Figures 14 (c) and 15 (¢).
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5. CONCLUDING REMARKS

In this study, the stiffening coefficient used in the pseudoelastic
mesh-moving technique was redefined for application in EQBS, a
technique that can be used to maintain the mesh quality. The proposed
EQBS technique is based on two element quality parameters, the element
area and shape, which are in a tradeoff relationship. Their weights and the
stiffening effect were determined using these two parameters and a third
independent parameter. Importantly, EQBS includes both JBS and MHBS,
which were proposed in previous studies, as a specific case. To demonstrate
the performance of EQBS, it was applied to the mesh-moving of a
rectangular domain including a structure consisting of a square and a fin
undergoing large translations and rotations.

For large translations, EQBS with equivalent weights for the element
area and shape or MHBS show better performance than JBS did. This is
because large translations of the structure produce large shear deformations
in addition to the tensile and compressive deformations of the mesh in the
vicinity of the structure. For large rotations, EQBS with the weight for the
element shape exceeding that for the element area showed better
performance than EQBS with any other weight combination. This is
because large rotations of the structure produce large shear deformations in
the mesh elements in the vicinity of the structure.

It follows that the proposed EQBS always gives the mesh quality higher
than or equal to that given by JBS and EQBS. In future work, the proposed
EQBS technique will be applied to the FSI problem of insect flapping flight.
In this problem, a flexible and thin wing with a stiff, thick leading edge
sweeps the air with a large translation and rotation; the geometric and
kinematic characteristics of this problem are very similar to those of the
present test problem.
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FIGURES

33cm

Figure 1 Schematic of the problem setup. The rectangular domain surrounding the structure was considered.
The structure is rigid and consists of a square domain and a domain of zero thickness. The structure
underwent large translations and rotations. The medium in the rectangular domain was assumed to be
attached to the structure at the structure—medium interface. Therefore, the rectangular domain deforms to
follow the motion of the structure. Roller supports were imposed along the outer boundary of the rectangular
domain.
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Figure 2 Flow to determine the parameters N, y1, y2, and y3 in this study.



(a) Mesh in the entire domain

(b) Detail of the mesh near the structure

Figure 3 2D mesh composed of linearly interpolated triangular elements around the rigid body. The orange
region in (a) is the rigid body. The mesh qualities of element shape and area were measured in the domain

bounded by the gray bold line in (b) to demonstrate the performance of the EQBS and JBS techniques.
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Figure 6 Equivalent strain distribution in the entire domain for u,° = 30cm.
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Figure 7 Distribution of the tensile/compressive strain in the x-direction &,, near the structure for u,” = 30cm.




(a) (1, z2) = (1.0, 0.0) or JBS

(b) (71, x2) = (0.5, 0.5) or MHBS

Figure 8 Distribution of the shear strain &,, near the structure for u," = 30cm.
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Figure 10 Maximum element area change plotted against structure rotations ranging from 110° to 150° for
EQBS with different (y1, y2) values. (i, y2) = (1.0, 0.0) and (0.5, 0.5) correspond to JBS and MHBS,
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Figure 11 Maximum element shape change plotted against structure rotations ranging from 10° to 150° for
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respectively.
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Figure 12 Maximum element shape change plotted against structure rotations ranging from 60° to 150° for
EQBS with different (y1, y2) values. (i, y2) = (1.0, 0.0) and (0.5, 0.5) correspond to JBS and MHBS,

respectively.
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Figure 13 Equivalent strain distribution in the entire domain for 6° = 150°.
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Figure 14 Distribution of the tensile/compressive strain in the y-direction &,, near the structure for 6° = 150°.
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Figure 15 Distribution of the shear strain ¢, near the structure for " = 150°.



TABLES

Table 1. Considered sets of y1, x», and y3 values for the translation case.

1 0.3 0.4 05 0.6 0.8 1.0
2 0.7 0.6 05 0.4 0.2 0.0
3 4.4 4.7 2.8 1.8 1.0 0.8

(MHBS) (JBS)

Table 2. Considered sets of y1, x2, and y3 values for the rotation case.

1 0.3 0.4 0.5 0.7 1.0
1 0.7 0.6 0.5 0.3 0.0
A 6.2 4.5 3.4 2.3 15

(MHBS) (JBS)
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