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Abstract

The present paper is aimed at multi-colored rooted tree analysis to give a trans-
parent expression of weak order conditions of a stochastic Runge-Kutta family for
stochastic differential equations satisfying a commutativity condition. As a result, a
new explicit stochastic Runge-Kutta scheme is given, which is of weak order 2 and
order 4 in the deterministic mean.



1 Introduction

Stochastic differential equations (SDEs) appear to make mathematical models in many
fields [7, 13]. Since SDEs are analytically unsolvable in most cases, however, numerical
methods for SDEs have been studied by many researchers.

The methods are categorized into two types based on the meaning of approximation.
One type provides an approximate solution in the mean square sense [3]. The other type
provides an approximation in the weak sense. The present paper deals with the latter.

Many numerical methods in the weak sense (weak schemes) have been proposed for
multi-dimensional SDEs with multiplicative noise in the multi-dimensional Wiener process
case. Let us introduce results concerning the schemes that attains weak order 2 for such
SDEs. Klauder and Petersen [6] have proposed a weak scheme in the sense defined by the
separation of an approximate solution into its deterministic and stochastic parts. Milstein
[10] and Tocino and Ardanuy [15] have proposed weak schemes with derivatives of the drift
or the diffusion coefficients. Kloeden and Platen [7, 11] have proposed a derivative-free
scheme by replacing necessary derivatives of higher order by finite differences of higher
order. On the other hand, RéBler [12] has proposed other derivative-free schemes by
assuming a commutativity condition [1, 14].

The paper [12] has disclosed the important fact that schemes with only the random
variables corresponding to the increment of Wiener process can attain weak order 2 under
the commutativity condition. This will lead to our scheme given in Section 4 of the present
paper.

As we can see in the papers mentioned above, the calculation to derive weak order
conditions is a troublesome task in general. The rooted tree analysis for ordinary dif-
ferential equations (ODEs) by Butcher [4, 5] can, however, become a help to relieve the
task. In fact, Komori [8] has extended it to obtain weak order conditions of a stochastic
Runge-Kutta family for SDEs with a multi-dimensional Wiener process. By utilizing the
results, we will transparently get weak conditions under the commutativity condition in
the later section.

The aim of the present paper is to show the analysis of weak order conditions under
the commutativity condition, and give an explicit stochastic Runge-Kutta scheme of weak
order 2.

Next, let us introduce the definition of weak (global) order. For the d-dimensional
stochastic integral equation

u(®) = w0+ [ au(ws)ds+ Y [ 9,u(©) o dWi(s), 0t T

where W;(s) is a scalar Wiener process and o means the Stratonovich formulation, we give
equidistant grid points 7, ©h (n =0,1,..., M) with step size h def Tena/M < 1 (M
is a natural number) and consider discrete approximations y,, to y(7,). Let CL(R?, R)
denote the totality of { times continuously differentiable R-valued functions on RY, all of
whose partial derivatives of order less than or equal to [ have polynomial growth. Then,
the definition is given as follows [2].

Definition 1.1 Suppose that discrete approzimations vy, are given by a scheme. Then,

we say that the scheme is of weak (global) order q if for each G € C’IQD(QH)(Rd, R),3C >0
(independent of h) and § > 0 such that

|ElG(y(tm)] — E[G(yw)]| < ChY, - h € (0,0).



The organization of the present paper is as follows. In Section 2 we will give a general
expression of weak order conditions for a stochastic Runge-Kutta family by the extended
rooted tree analysis. In Section 3 we will give a similar expression under the commuta-
tivity condition. In Section 4 we will find a solution of the order conditions after giving
simplifying assumptions, and give some numerical experiments under the commutativity
conditions. In Section 5 we will give the summary. In the appendix, we will show the
expectations of elementary weights and elementary numerical weights for weak order 2.

2 Weak order conditions by multi-colored rooted trees

The aim in this section is to express weak order conditions by multi-colored rooted trees.
Because the theoretical content like proof has been already given in [8], we only give here
the brief introduction to the expression of weak order conditions.

2.1 The Stratonovich-Taylor expansion for the stochastic differ-
ential equation solution

The purpose of this subsection is to represent the truncated Stratonovich-Taylor expansion
of

Tn+1

v =+ [ g+ [T eawis) @2 1)

by functions on the set of multi-colored rooted trees (MRTSs).

Let us suppose that any component of the d-vector valued function g; belongs to
CH(RY,R) (0 < j < m), and denote by Yay(Tny1) the truncated expansion of y(7,41)
satisfying A\(z) + o(z) < 2¢, where A(z) means the multiplicity of integrals with respect
to a time variable or Wiener processes, and o(x) means the multiplicity of integrals with
respect to a time variable for a multiple stochastic integral x appearing in the expansion.

First, we are to introduce MRT.

Definition 2.1 (Multi-colored rooted tree (MRT) ) A multi-colored rooted tree with
a root @ (colored with a label j from 0 to m) is a tree recursively defined in the following
way.

1) 70) s the primitive tree having only a vertex @

2) If ty,..., 1, are multi-colored trees, then [ty, ..., t;]9) is also a multi-colored rooted
tree with the root @.

The totality of MRTs is denoted by T

Figure 1: Generation of the tree [t ..., ;]



Next, let p(t) be the number of vertices of ¢ € T', r(t) the number of vertices of ¢
with the color 0, and v(¢) the number of different ways of numbering on ¢ in the way
that along each outwardly directed arc the numbers increase and vertices of a subtree are
consecutively numbered. (See Fig. 2.)

2@ i: 1@ ii
¥ ¥

Figure 2: Examples of numbering on ¢

Furthermore, we introduce an integral operator and three functions on 7. For any
integrable function H of y and s > 7,,,

S

WHE [ H@e)ds,  SH Y [ Hy()) o dW(s)

Tn

(1 < j < m). In the sequel, it is clear that the upper bound of integral interval is 7,
only with respect to the last integral variable in the multiple integrals. Thus, we will omit
this symbol for ease of notation.

Definition 2.2 (Elementary weight ®(¢) on T') An elementary weight of t € T is
given recursively as follows.

(I)(T(j)) = J;[1], o(t) = J; [ﬁ@(tz)] for t = [ty,... ,tk](j).

Definition 2.3 (Elementary differential F(t) on T') An elementary differential is a
possibly multilinear operator recursively given as follows.

F(r9) = g,(y,),
F(t) =g (y ) F(t),...,F(ty)] fort=[t,...,t:]9.

J

Definition 2.4 (Elementary coefficient ((t) on 1)) The index 5(t) (t € T') is defined
recursively.
. 1k .
B(rv) =1, B(t) = 2l [18(t) fort=[t,... 1]
i=1
Note that 0 < 57 < m in these definitions.
Then, we obtain one of the important results.

Theorem 2.1 The finitely truncated expansion has the following expression.

o) =9 £35S v(OBOF ().

=1 p(t)r(1)=i
teT



2.2 The Taylor expansion for a stochastic Runge-Kutta family

In order to obtain an approximate solution ¥, of the solution y(t,41) of (2. 1), we
consider the stochastic Runge-Kutta family given by

yn+1 - yn =+ Z Z Cz(j)Yz(j)J

i=15=0
Yz('ia) _ Zmya,yb { pJasdv) g;,(y, + Z Z azizgn,yc c)) (2. 2)
J»=0 =1 jc=0
() D DAy }
ip=1 7.=0

(1 <i4 <s,0<j, <m), where each 7](‘7“’31’) is a random variable independent of y,, and

satisfies ok ( )
(Jasib) 2’“] ] Kih Jb=0),
2| ()" ] = { Kbt (jy #0)

for constants K, Ky and k =1,2,.... If bg“’j”) # 0, by setting ﬁga’jb) def m(j“’]”)b(j“’j”) and

la

%(j‘;b’]b’ﬁ) o %(j‘;b’]b’]” / b§j“’jb’ we can rewrite this in the following simpler form:
— oyt Z i (1)y-0)
yn+1 - yn Cz 700
i=1 j=0
- S o £ S o or) 29
Jp=0 ip= 1]5_0
+95, (Y, 1> 3 sy C)}
ip=1j.=0

(1 <iy <s,0<j, <m). Note that these formulations include stochastic Rosenbrock-
Wanner methods [9].

In this section we deal with the simple formulation and represent the truncated Taylor
expansion of y,, ., centered at y,, by functions on the set of multi-colored rooted tree with
labels (MRTL).

Let us denote by ¥, 5, the truncated expansion of y,,,, satisfying A(z) + 7 (z) < 2¢,
where A(x) means the multiplicity of products with respect to ﬁg"), and 7(x) means
the multiplicity of products with respect to 772(;") except ﬁg’o) for a monomial z of ﬁz(a)
appearing in the expansion.

First, we introduce several matrices related to the formula parameters of (2. 3). Let

us define

I (0)]70) (m’]70) (07]’0) (m’]70) ]
a1 T Qp ER P I N PR N
(0,5,m) (m,j,m) (0,5,m) (m,j,m)
Qg ceeoaqp Y AR O P i R O DU
et . . . .
a(o)]70) ... a(m’]70) . .. a(07-7’0) ... a(m’]70)
1s 1s s+1,s s+1,s
(0,5,m) (m,j,m) (0,5,m) (m,j,m)
Qg RS P e as—iily,s U as—%—,l,’s
I 0 - 0 - 0 - 0 |




for aJedede) . Similarly, define the matrix ['¥) for 72]“ eade) , and set AU dﬁf AW 4T, In

Zlb

addition, define the (m+1)(s+1) x (m+1)(s + 1) d1agonal matrix DY) by
D(J) déf diag(ﬁgo,j)a ) ﬁgm,j)a T ﬁg(—){-ﬂl)a ' a77§+ij))-
Next, we introduce MRTL and a function on its set.

Definition 2.5 (Multi-colored rooted tree with labels (MRTL)) A multi-colored rooted
tree with labels, denoted by tx, is one attached by labels according to the following rule.

1) The label of the root is X.

2) The label of the other vertices is decided by the number of branches and the color of
the parent vertex:
o the label is AY) if the parent vertex has a single branch and is colored with j.
o the label is AY) if the parent vertex has more than one branch and is colored
with j.

The totality of MRTL’s whose roots are labeled with X, is denoted by 7x. For example,
some MRTL’s are listed in Fig. 3.

DA
g @AL) OA)
QAW gA DA

Figure 3: Examples of trees in T,

Definition 2.6 (Elementary numerical weight ®(¢) on Tx) An elementary numer-
ical weight of t € Tx s given recursively as follows.

. , ko _ .
(7)) =1DVX, o) = (1 2(t))DVX fort=1t,... RN
(0 < j < m), where 1 stands for an (m + 1)(s + 1)-dimensional row vector of 1’s, and
[1¥_ | ®(t;) means the elementwise product of row vectors ®(t;).

Then, we obtain another important result.

Theorem 2.2 The finitely truncated expansion of the numerical solution by the stochastic
Runge-Kutta family has the following expression.

A

Yni12¢ = yn+2 Z V(f)ﬂ(f)F(t)é(mH)sH(t)-

Lp(@)+r(D)=i
teT 4(0)

where @ (mi1ys41(t) denotes the ((m + 1)s + 1)-st element of ®(t) and t means an MRT
obtained by removing all labels from t € Ty .



2.3 Order conditions of the stochastic Runge-Kutta family

We give the transparent way of seeking the order conditions by utilizing the multi-colored
rooted tree analysis.

Let us suppose the sufficient smoothness of g;’s and the regularity of the time dis-
crete approximation. Then, the condition concerning convergence order in the important
theorem presented by Platen [7, 11] can be rewritten as follows [8]: there exist constants
K < oo and r € {1,2,...} independent of h such that for all n = 0,...,M — 1 and
(p1,-.-,pL) € {17"'7d}L (1< L<2¢+1),

L L
E H(yn—H - yn)Pj - H(qu(Tn+1) - yn)Pj fn]
j=1 j=1
2r\ 1,q+1
< K(1+ max [y|”)h (w.p.1). (2. 4)

Here, (2),, and F,, denote, respectively, the p;-th component of z and a non-anticipating
sub-o-algebra generated by the discretized Wiener processes W;(7;)’s (0 <i<n,1 <j <
m). If (2. 4) is satisfied, the time discrete approximation y,, converges to the y(7,,) with
weak (global) order ¢ as h — 0.

Furthermore, let us rewrite (2. 4) by utilizing the multi-colored tree expression. We
can replace y,, ., —y,, in (2. 4) with y,, ., 5, —y,, by noting that any term in the expansion
of Y11 — Yni1,9, centered at y, does not prevent the inequality from holding. After the
replacement, the substitution of the results in Theorems 2.1 and 2.2 into the expression
in the left-hand side of (2. 4) yields

ENIIG. > vOBOF O Pmins(t)),

7j=1 =1 p(f)—l—r(f):i
tETA(o)

IO Y vsmF@en), | F

J=1 =1 p(t)+r(t)=i

teTl
2q “
-y T Sy Y LGB EG),)
0=l ) br(in)=in L= p(i) (i )=iy =T
teT A(0) tL€eT, 4(0)

j=1

x B {H o (m+1)s+1( f[ D(t;) } (w.p.1).

( 7]b)

ta

Eventually, since 7, "’ is independent of y,,, (2. 4) holds if the condition

[H D nt1yst ( ] [H (t ] (2. 5)
i VTR
follows for any ty,...,t, € Tyo satisfying 5 (p(f;) + r(t;)) < 2q.

Next, we show a way of seeking the expectamon in the right-hand side of (2. 5) with
the help of MRT's. In the multiple Stratonovich integrals, the usual chain rule holds as in
the deterministic case. Hence, we can rewrite the product of elementary weights or the
composition of subtrees in a elementary weight by the following:



e The product of elementary weights of two MRTs 1, t; can be expressed by the sum
of elementary weights of an MRT generated by grafting ¢; to the root of ¢, and an
MRT generated by grafting ¢, to the root of t;.

e The elementary weight of an MRT having subtrees ¢;, ¢, can be expressed by the
sum of elementary weights of an MR generated by grafting ¢; to t3’s own root and
an MRT generated by grafting ¢, to t;’s own root.

For example, we have

®© ® ® ©
o8 (§) =0 () o () = 2 = @)
© © © @ ®
In addition, by utilizing the relationship between multiple Stratonovich integrals and

multiple It6 integrals ([11], p. 173), we can rewrite the expectations of MRTs whose each
vertex has no more than one branch as follows:

e The expectation of an elementary weight vanishes unless the even number of vertices
are of colors different from 0 and each of these vertices has a parent or child vertex
with the same color.

e The expectation of an elementary weight of an MRT in which a vertex has a parent
or child vertex with the same color is equal to a half of that of another MRT given
by replacing the two vertices with one vertex with the color 0. For example,

R

Note that there is no longer need of the expectation in the right-hand side.

In this way we obtain the expectations of elementary weights or the products of them in
Appendix A.

Next, we give a way of seeking the expectations in the left-hand side of (2. 5) with
the help of MRTL’s. From the observation of calculations for some elementary numerical
weights according to Definition 2.6, we can see that the ((m + 1)s + 1)-st element of an
elementary numerical weight can be obtained directly from a diagram for an MRTL by
the following procedure.

e Trace vertices in the direction from the root to upper vertices.

(1)

e Lor the root vertex, prepare indices i; and j; and write down ¢;;'". Then, write

(J1:4)

down 7;7"" if the color is j.

e For each vertex except the root, prepare new indices ¢44, and j; ., and write down

a7 g 6 abel s AU) or Gk k) det (| Uk diers) +?(JW:J;¢+1) ifit is AV where

Ulh41 Thlkt1 Tk lkt1 Ulh+1
. . . g . (ol .
ir and j; mean the indices of the parent vertex. Then, write down Th(fol Vi the
color is {.
e Finally, sum over all values (1,...,s) and (0,...,m) of all indices in relation to ¢

and j', respectively.



For example,

= @AW (41.4) (Jpr]g) (55,0)
Bonnen (Bi0) = 3 3 AU,

t1,02=1 j1,55=0
Now, let us assume the following.

Assumption 2.1 The expectation of the ((m + 1)s + 1)-st element of an elementary
numerical weight or the product of those is equal to 0 if the odd number of vertices are of
the same color j(# 0).

Then, we can obtain the expectations of the ((m + 1)s 4 1)-st elements of elementary
numerical weights or the products of them for weak order 2 as in Appendix B.

3 Weak order conditions in a commutative case

In the previous section we have shown the expression of weak order conditions by MRTL’s.
In this section we will obtain a similar expression under a commutativity condition.

3.1 Special case

In general, if elements t1, t, in T differ in the structure or in the coloring, F'(t;) # F(t2)
holds. Before the commutative case, we consider the expression of order conditions in a
special case that F(t) is equivalent for some ¢’s whose structures are the same but whose
colorings differ.

Suppose that F'(t) is equivalent for the ¢’s under an assumption O. As preliminaries,
we define a subset of T', say Tp, such that

e for each t € T, an element u in Ty exists and satisfies F'(t) = F(u),

e for elements u;, uy in Ty, when they differ in the coloring even if they are the same
in the structure, F(u;) # F'(u9) holds.

In addition, we set
Vo E{t| F(t)= F(u), te T}

for u € Tp. Then, from Theorem 2.1 we obtain

Var) =0+ Y. X vwBWFW { > @(t)} (3. 1)
i=1 p(u)-+r(u)=i eV

by noting that v(¢) and ((¢) do not depend on the coloring of t € V,.
Similarly, we define a subset of Ty, say Tx o, such that

e for each t € Ty, an element u in Tx o exists and satisfies F(f) = F(q),

e for elements u;, us in Tx o, when they differ in the coloring even if they are the
same in the structure, F(4;) # F(ug) holds,



and set
Viu € {t | F(f) = F(a), t € Tx}

for u € Tx 0. Then, from Theorem 2.2 we obtain

2q 3
yn—|—1,2q - yn + Z Z V(a)ﬂ(a)F(a) Z q>(m+1)s+1 (t) . (3 2)
=1 plu)+r(u)=i LEV40)
U'ETA(O),O

As in Subsection 2.3, from (2. 4), (3. 1) and (3. 2) we can see that (2. 4) holds if the

condition
L L

ENII{ 2 @@ | =E|II7 > @@ (3. 3)

j=1 | tey j=1 | tey

A©)u; 40)

holds for any uy, ..., uz € Ty o (1 < L < 2q) satisfying S5, (p(a;) + (i) < 2q.

3.2 Commutative case
Let us consider the commutative case that for any y and 1 < 7,1 <m (j #1)
1 1
9" (W)g,(v) = 9" ()g;(v) (3. 4)

holds. Fig. 4 shows the general form of the trees whose elementary differentials are equal
under this commutativity condition. The big triangles stand for a common MRT.

NN

Figure 4: Generation of equivalent trees under the commutativity condition

Let us adopt the commutativity condition as O in the previous subsection. Among
the MRTL’s shown in Appendix B, we can choose those in Table 1 as v € Ty ¢, for which
the number of elements in V4.  is greater than 1.

Table 1: Elements in V) 4

i1 2 3 4
AG) i
fi(l) A(J) A(J) )
v, DAL) AOD (HaW (HAW) %A(O)
Ha© G)A© HA©
A

We are interested in combinations of MRTL’s for which both sides of (3. 3) do not
vanish. For some of such combinations under Assumption 2.1, let us demonstrate how to



calculate the expression in the left-hand side of (3. 3). By setting that L = 1 and u; = v,
in the expression, we obtain

DAL AW

_ A(l) _ A(l)

E CI)(rrH-l)H-l DAY +(I)(m+1)s+1 DAW
(HA© (HA©

_ Z C(Jl)&(Jl,J,Jé) ~ (d550,75)

1112 izi3

Us.:74) g [ﬁ(jiyj) ~(55,0) ~(j§,j)ﬁ(jg,l)}

aZ3Z4 21 iz i3 14

4 ZC ]1:];]2) (]2:l:]3)a(]3alaj:1)E [ (]1a]) (]2’) (]37) (.7!1’])] ]

2112 2213 1304 7711 7722 ,'713 771'4

Similarly, we can calculate it for ve. Next, by setting that L = 2, u; = vy and uy = ,51?0)7

we obtain
_ DA B QAW B
E H(I)(m“)”l (Am> + P(m1)s41 (‘4(])> } DQ(mt1)s+1 (@A(O))]
DA QDA©

12J2J2 22> 10 2. al zlul
_ ZC J 9:9%) ~ (J YNEY! ( )E [77z(f J)m(g J)n(Jg )77(3 )]

2122 2223 14
_|_ ZC ]]_7.7a]2 (]27l7]3) (]4)E I:,r/l(flhj) (]27 ),r](.yga])ﬁ(]i,l)] .

21 72 22 13 ,'712 13 14

For vy, it needs to be calculated on two settings. One of them is that L = 2 and u; =
uy = v4. The other is that L = 3, uy = v, uy = E{&,) and ug = X()O).
On the other hand, let us calculate the expression in the right-hand side of (3. 3). It

clearly vanishes when L =1 and u; = v;. For vy, by setting that L = 1 and u; = v9, we

obtain ; ;{@ () + P () H

_ sle ra (%)< o(%)

= E :<I> ()] =2F |0 |2||=E l@ ()] = %E [(I) ()} = %@ () - ih?

For vz or vy, we can calculate similarly.

4 Solution of order conditions

In the previous section we have shown the weak order conditions by MRTL’s, and demon-
strated the calculation of the expectations of elementary weights and elementary numer-
ical weights appearing in the conditions. In this section we will find a solution of the
conditions for weak order 2 under the commutativity condition.

4.1 Simplifying assumption

As seen in (3. 3), the conditions for weak order are generally given in the form of expecta-
tions. By replacing expectations with monomials for trees which has only a few vertices,

oy 0 ]
however, we can reduce the number of the order conditions. In relation to 7 (2,), TE{(Z,),

10



()

. ; 0 0 ]
[Tﬁ{&]iﬁo), [T,%](Z))];()ON [Tf(ﬁz‘)]gg‘” and [ A(’)]A(O)’

hold (simplifying assumptions):

let us assume that the following equations

Z Czl 77131’ v = h: Z Czl 77131’] AWja
. AW,
Zcu (41>0) (]1;]:]2),'7(]2:]) _ ( ])

,'711 2112 12 - 9 )
0o Gy hAW
chl nlfl ’Ef%z ]2)771(52 J) 2 ?
T (U GO IR 0 hAW;
7,122 12 - 2 )
)’ s>, 'lzl AWAW/l -
SVl el = == (j #1),

where AW,’s (j =1,...,m) are mutually independent random variables satisfying

0 (k=1,3,5),
E[(AW)] =4 (k= 1)h*? (k= 2,4),
O(h?) (k > 6).

Then, the next order conditions are satisfied:

> e [ U =n, PR [0 = p2,
Zc [m(fl’])nfﬁ”] ] =h,

Z C ZZ ) (]4)E |:,’72(fl7.]),’72(g27])772(53:.7),’72(14»7)} — 3h2,

(1.533) p [ 2050 )] _ h
ZC ’Lliz : [77111 T/izz ] - 57
UL ) G [~(j1,j>~(j;,j>~(jg,j)~(j4,j)] _ 3
11 1112 13 1304 i1 i i3 i4 - 4 )
A1) ) ) [000) 2 Gd) i) )] _ S1
ZC Q) 4y Ciy~ Gy E [7721 Niy™ MNiz™ Ty ] = 77
0, _(0) ~(5.7) -G h?
S et ag el e [l il ni ] = 5
o h?
ZC Zf;],]z (]3)E [772(31,1)77(32, )772(;373)] =5
ZC Zfzmz (U3 )dz(gg,;J,Jf;)E [U(Jl,y)m(gz, )77(33,1)772(12,1)}

49 Z ¢t PAUSELY (13)&(jg,l,jQ)E [m(fl,y)m(jp )m(ggy )n(jfpj)]

Z112 13 1314 14

+ZC Gz (Jg)d(Jg,l,J4)E |:,’72(fla ),’,h(ggaj),rh(jy )7784,])} — 12,

lez 13%4

ZC Jp];]g) (13) (J'ﬁ;)E [~(ji,j) ~(j§,l)~(j§,j)~(j£,l)}

14y Ciz~ Ciy 11 2 3 4

+ Z 31, 1,J3) (Jg) (J'Q)E [~(ji,l)~(j§,j)~(j§,j)~(jg,l)] — 12

2112 23 14 11 12 13 i4

11



4.2 Explicit stochastic Runge-Kutta methods

We consider the explicit stochastic Runge-Kutta methods under the commutativity con-
dition, and show how to solve the order conditions.

First of all, we set m(o,o) = h, nl(j’j) = AW, (j > 1), and bgj”j) =1ifj =j,or0
otherwise for any ¢, which mean

771(0’0) —h, ﬁz(j,j) = AW, (j>1), ﬁz(] 9) 0 (j' # 7). (4. 1)

(Ja-3:74)

Next, let us set a; 7

=0 if j! # j and introduce

.., o AT P B
S el A E Y ol
ip=1
for ease of notation.
Because (4. 1) lets Assumption 2.1 hold, from Appendices A and B we can see that
the order conditions including the simplifying assumptions are as follows. In the sequel,
we suppose j,l # 0 and j # [.

S =1, (4. 2)
>l =1, (4. 3)

. . 1
ZCEZ)AEZ’ =5 (4. 4)
1
ZCM Z1 - 57 (4 5)
j 1
ch)A(J =5 (4. 6)
1
mA - 1w
1
J,J ) L 48
ZCZI alllz 47 ( . )
1
)
- 4. 9
Zczl azllz 47 ( )
chl allzg ) 07 (4: ]_0)
1
(AP = 2 4. 11
Zczl ( 11 ) 27 ( )
1
chl ’Ll ’Ll ) = - ZJ (4 12)
> ol ALY = o0 (4. 13)
1
Zczl allzg ( J])) - ﬁ) (4: ]_4)
1
> VAol ALY = 5 (4. 15)
) (4603 _ L L 16
Zczl ( 11 ) 47 ( . )
1
ZCH azf;Jz “ s (4. 17)
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ch ( A ) ~ 3
Z Cz(j)A(J H _
ZCM ( i1 ) - ;

>oara
>l
>l
>ala
PILA
>l
>l
>oara

J:J
al]_’t2

alllz

’Ll

JaJ
i1

all’£2

(4,9)
al]_’t2

57

ZC’LI all’£2 1213

>l

Note that ozg’i]l;’,’) =0 (ig > iy, V7,7p) and 72 “”

(4,9)
al]_’t2

1

]l
ll
mz +ZCM

1
WAEQ” o
A( 7)) _ =0,
2 1
m
AU _l
(“) ;
1
zzngEi,l) g

b)

explicit stochastic Runge-Kutta methods.

The system of the conditions (4. 3), (4. 4), (4. 13), (4. 14), (4. 15), (4. 16), (4. 17)
and (4. 18) has the same algebraic structure as that of the order conditions for ordinary
Runge-Kutta methods to attain order 4 in the deterministic mean (Butcher:2003, pp.
90-91). Hence, the stage number s has to be at least 4. In the sequel, let us deal with the

case where s = 4.

11

21Z2 ’L2Z3

_ 1
4’
Z Z112 —
1
4

1112

1
47

A(.l’j) = —

12

13

1
47

=0,

18)
19)

20)

. 21)

. 22)

23)
24)
25)
26)
27)
28)
29)

30)

=0 (Yiq, iv, j., J, Jp) because we consider

Now that s =4, (2. 3) can attain order 4 in the deterministic mean. For this, we add

the following six conditions:

which come from [[[7 /(1()(2))]%)0)

0,0) 4(0,0) _
chl 2122 Zzza A23

A0V
chl Z112 ( 12 ) -
0) 1(0,0) (0,0) 1(0,0
ch(l)A’El )011(”-2)1452 )_
31
n )
0,0) 1
chl Z112 12 - 6’
(0) ( 4002 _ 1
Zcil (AZI ) _37
0 0 0 0 0 0
](A()O) ](A()m ’ [[T/(;(zn ) T/(;g)) ]%20)]220) )

13

2’
1
8’

[T

ﬂ)
1
1

(0)
A0))

ke

(0)
A0)

]

(0)
A0)

]

(0)
A0))

(4.

31)

. 32)

. 33)

34)
35)

36)



0 0 0 0 0 0 0
[751(2)):751<2))7751(2)>]51<)0)7 I /(1(2))];()0)]5;20) and [ A(O): E;(zn];()on

(4. 14), (4. 15), (4. 16), (4. 17) and (4. 18).

To find a solution, we first simplify the equations from (4. 19) to (4. 30). By noting
that we may suppose Az(j’j) = Agl’l) and Az(j’l) = Agl’j) for any 4, we have a%l)Agj’l) =0
from (4. 13), (4. 29) and (4. 30).

and are the counterparts of (4. 13),

1) It AYY =0, a$" AP = 0 holds from (4. 26) and (4. 27).

o If ol =0, AVY = APV = 1 holds from (4. 22), (4. 24) and (4. 27).

o If ALY =0, Agj’” = 1 holds from (4. 21) and (4. 28). The substitution of
APY =0 and AYY =1 into (4. 19) and (4. 20) yields AY? =1 (also note (4.
27)). Then, afl3) = 0 holds from (4. 22) and (4. 27).

2) If o = 0, ALY = 0 holds from (4. 23) and (4. 26). Then, AY" = A7) =1 holds
from 1).

Hence, we have ' ' '
afé’” _ Agj’l) =0, A:())J;l) _ A&J,l) —1.

By substituting these into the equations from (4. 19) to (4. 30) and rewriting them, we
obtain

&) 4+ ) = % (4. 37)
D) AGD) 4 ) 469 i’ (4. 38)
D) _ 37 (4. 39)
a0 AR _ % (4. 40)
) = U, (4. 41)

As we have mentioned, the system of the conditions (4. 3), (4. 4), (4. 13), (4. 14),
(4. 15), (4. 16), (4. 17) and (4. 18) has the same algebraic structure as that of the order
conditions for ordinary Runge-Kutta methods of order 4. Hence, we can utilize the results
known in the deterministic case to solve the system of the order conditions. The following
five special cases where a solution of it surely exists are known ([4], pp. 164-165):

Case [ AP ¢ {0, Lle sy AP =1 = AP,
Case 11 ng) =0, AV 20, AV = %7

Case I1I céj) £ 0, Agj,j) =1 A:())Jlj) —0,

Case IV D £0, APD =1, APD = L

Case V ng) £ 0, Agj’j) _ Agj,j) =1

In Cases I and V, for example, the solutions are given by the following Butcher tableaux

409 | [0

Lalp

‘ (cm)T ’
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respectively:

Case 1
0
(50 60
AUJ) A:())J,J)&1 Agj,y)
’ o 200 - 209 ,
2(50(52 25052 52
124575, 124576, 124576, 124574,

where dy & 1 — A§", 6, € 1 — 2477 and 6, € 6477 — 16 (AY”)", and

Case V

2
1 1

1

— N RN RO

1 2469 400 L
6 3 6

The solutions in Cases II, III, IV and V, however, do not satisty (4. 37) and (4. 39),
simultaneously. Hence, the steps that are taken to find a solution of all the conditions are
as follows:

Step 1) Select the solution in Case I as that of the system (4. 3), (4. 4), (4. 13), (4. 14),
(4. 15), (4. 16), (4. 17) and (4. 18), substitute it into (4. 37), (4. 38), (4. 39), (4.
40) and (4. 41), and solve them.

Step 2) Select one among the five cases above and adopt its solution as that of the system
(4. 2), (4. 7), (4. 31), (4. 32), (4. 33), (4. 34), (4. 35) and (4. 36) since those are
exactly the conditions for ordinary Runge-Kutta methods of order 4.

Step 3) Substitute the solution in Step 1) into (4. 6), (4. 8) and (4. 12), and seek AGO),

Agj’o) or A&"’O). Here, note that the equations are not linearly independent with
respect to the parameters.

Step 4) Substitute the solution in Step 2) into (4. 5) and (4. 11), and seek ALY ALY or
Ago’] ), Here, it is remarkable that the equations are equivalent when the parameters
are 0 or 1 except for ALY = ALY = A7) — ¢,

Step b5) Substitute the results in Steps 1) and 4) into (4. 10), and seek o a5 or o2

Here, it is remarkable that the equation has the trivial solution oz%o) = afé’o) =
(43,0) _
oy3 0 = 0.

Step 6) Substitute the results in Steps 2) and 4) into (4. 9), and seek agg’j), ozig’j) or ozi%’j).

15



By following the steps, let us find a solution of all the conditions. In Step 1), from the
solution in Case I and (4. 39) we have A" =L Then, (4. 37) and (4. 38) hold since

0) — g From (4. 40) and (4. 41), a§2) = afél) = =. We chose the solution

cyl =% 2 and c
of Case V in Step 2). We obtain

Agjao) — _2A§770) + 2, AE}]:O) — 314.%7’0) _

in Step 3). Let us set AP = AP =1 and AP = 0 in Step 4). This makes (4. 5) and
(4. 11) equivalent and means cgo) + 0510) = 1 . Hence, céo) = 1 in the present case. In Step
5) let us set ozz%’ ) = ozi]zo) ozi3 ) In Step 6) we set a( ) = a( ) = 0 and obtain
Q7 _ 9
32 — 8-
We finally obtain as a solution of the conditions

! 2 — 22"
0 1 O[(J’O) 0
(0,0) (5,0) 2 31
o] | [edli)] 0 01 [348Y-20 0
. y
o22] | fo) o) = 2 0
T \T 3
(0) ‘ )
(<) () 2 . -
1 00 —3 1 L3
1 1 1 1 1 3 3 1
6 3 3 6 8 8 8 8

4.3 Numerical experiments

We show the results of numerical experiments to confirm that the explicit scheme in the
previous subsection attains weak order 2 when a( D= o. Here, the following two SDEs
are considered. The first one is

dy(t) (R__ZB) dt—f—ZB]y JodW;(t), 0<t<1, (4. 42)

j=1
y(0) = y,.

The commutativity condition is given by B;B; = B;B; (j # [). This is, for example,
satisfied when the matrices are diagonal. The second one is

dy(t) = (Ry(t) - iz S| D at

+ ,/Q(y(t))z l Zj; ] odWj(t), 0<t<1, (4. 43)

7=1
y(O) = y07

where Q)(y) is a non-negative function. The commutativity condition is given by by1b9 =
bi2byy.

16



In (4. 42), we set m = 2,

[ o 1 B 0 Jo & 1
T I Bt B

Then, we sought y,, by means of the scheme, and calculated the arithmetic variances
(y3r:) — (Yaga)® of the ith element of y,, and (yas,1ya2) as approximate values of vari-
ances V[y;(1)] (¢ = 1,2) and E[y;(1)y2(1)], respectively. The notation (-) stands for an
arithmetic mean. On the other hand, the their exact values were sought by means of
dE[y(t)]/dt = RE[y(t)] and

o=

N HO) 19 L Elyi(t)]
= | Eln(0we()] | = { =3 g || Eln(®w®)]
E[y2(1)] % 6 -7 Ely;(t)]

In (4. 43), we set byy = by = 3, byy = byy = 1,

0 1 ] 1
R=l_3 _2], Qy) € y? —yiys + 2 +1, yo=l ]

The solution satisfies dE[y(t)]/dt = RE[y(t)] and

[ E) 5 &= E[y3(t)] 5
7| @] | =] -8 % % || Ebu@wo)] |+ 5
E[2(1)] 51 50 Ely3(1)] i

In both experiments, 1 x 10° sets of independent trajectories were simulated for each

step. The results are indicated in Figures 5 and 6. These illustrate that the scheme is of
weak order 2.

S VI (W= )+ )?)?

1 Ely1(Ly2 (L] —(ynm,1){ym,2)
3 108> > (VIg(1)? log, Ely1(Dye (1]
+ : logy h
4 -3 2 1 4 -3 2 ¥

-4 . log, h —4

-6 . 6+ .

-8 . -8 .
-10 S 10 + *

Figure 5: Relative errors in (4. 42)
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S VI (W= ) +ua)?)?

1
3 108: > (Vs (0)? 1082 |~ Sl a0
} } . } } ‘ ].Og2 h/
4 -3 2 1 ) I
27 log, h 4l
_4 4 04 6 1 *
-6 + o _g L °
-8, 10+

Figure 6: Relative errors in (4. 43)

5 Summary

First, we have generally derived the expression of the weak order conditions of the stochas-
tic Runge-Kutta family in a situation that some derivatives of a drift or diffusion coeffi-
cients are equivalent. On the basis of that, we have obtained the order conditions in the
commutative case. Second, after adding the six conditions for order 4 in the deterministic
mean, we have found a solution of all the conditions with the help of the simplifying
conditions and the results in ODEs. Third, we have performed the numerical experiments
and shown the explicit stochastic Runge-Kutta method with four stages is of weak order
2.

Appendix

A Expectations of elementary weights

We show the expectations of elementary weights or the products of them for weak order 2.
In what follows, we suppose j,l # 0 and j # [ for ease of notation. Only the expectations
that does not vanish are shown here.
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E :CD @ ) @ )] = 3,
:cp (% o () (@)} —E {@ "00 o (@)} +E lcp () o (@)] _lp
[© (®)] = h,

E[®(@)® (0)) = 2E [(I) <)} — 12,

E[®(0)®(0)] = 2E [@ @N —h,

h
E[(@¢©)¢@)¢@)=1£ 0 (3) e (3)| -

B Expectations of elementary numerical weights
We show only the expectations that does not vanish, of elementary numerical weights or

the products of them for weak order 2. For ease of notation, we omit all indices and the
range of values of all indices in all summations.

Mo @A 0 (51,0 ~(jb,0
E (I)(m—i—l)s—l—l (A(o)>:| ZC 25;2 J3) E I:T/z(fl )ng2 )]7

(@A) o . .
0 i sJ. sJs. ~ ,7 ~ {, ~ ,,0
B [Binren ($00)] = S P alioDati i [004550)
:— QA : (51,0:3%) ~ (35:3:35) (41,0) ~(J5:3) = (d5:9)
E (P(m+1)s+l <j§zz> — ZC 211-2 2 2223 3 F |:77 ,'7122 77133 ] )
: D3N] D) £ 05038) o [ 201 50 (k)
= p (41:9535) ~ (55,053 J1.J 753
E (p(m+1)s+1 (2E;;> — ZC 21;,-2 2 22223 3 E |:77211 7722 77233 ] )
= (0 © J1) (31,0,55)  (51,0,55) ~(71:0) ~(J5.3) ~(45.7)
E q) m+1 s+1 <4 (Xz) >:| == azfié J2 O{zf’}g ‘73 E I:,r/l]_ 77252 7 T]’Lig] ] Y
€ () .,a.7" .lzla., .,,0 ~ ").
B S (V900)| = 2 ’aEf%j ol p [7i ).
A(J) ]
B ) 1Y G AL (gl (3!
B | B | 310 | = Sl al Dalh Dali s [ 550 )
L OZSN
- DA\ T
T i) ~ sJ s, ~ a’y ~ b, . . ) )
I = XA B [ )
L A(O)
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E [@(mi1)st1 (@4°) B(minysit (@40)] = [ﬁzf“‘] i } ,

E [(i’(m+1)s+1 (@A(O)) Dt 1)st1 (@4©) ‘i’(m+1)s+1 (@A( ) @t 1)s+1 (@A(O))]
_ Z 13 Js) EZ‘*)E [n(ﬂl,y)~(J2,J)~(13,J)~(J4,J)] '

i1 i2 i3 iq

The above expectations are expressed with the notation in (2. 3). By substituting

) = 772( )b( ) and %l"j“’*) = 7§l"j“’*)/bg"j“) for j, € {0,7,1}, however, we can readily

obtain the expressions of the expectations for (2. 2).
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