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CONVERGING DECISION PROCESSES WITH
MULTIPLICATIVE REWARD SYSTEM

Toshiharu Fuita

Abstract

Converging decision process is a decision process model with converging transition, which is one of
the nonserial branch systems proposed by Nemhauser. This paper deals with multiplicative reward
system on a finite-stage deterministic converging decision process. The purpose of this work is to give a
recursive method to solve our model by bidecision approach.

1. Introduction

Nonserial dynamic programming was introduced by Nemhauser [15] and has been
widely discussed [1, 2, 3]. Nonserial dynamic systems are classified into the four struc-
tures: diverging branch systems, converging branch systems, feedback loop systems, and
feedforward loop systems. We have also studied nonserial dynamic programming,
especially diverging branch systems and converging branch systems. Nondeterministic
dynamic programming [5, 11] and mutually dependent decision processes [4, 6, 9] are
a type of dynamic programming model with diverging branch systems. Recently, we
discussed some converging decision process models [7, 8]. In this paper, we introduce
a converging decision process model with multiplicative reward system [10, 14]. We
consider our model in a framework of bidecision processes [12, 13] and derive bicursive
formula which consists of two interrelated recursive equations. These equations enable
to solve our model recursively.

2. Notation and formulation

We introduce a finite-stage converging decision process model with a multiplicative

reward system.

1. X, a nonempty finite set, is the state space. The states in the process are
expressed by xi,xs,...,xy € X. The set of indexes that indicate the initial
states is denoted by Iy C {1,2,...,N — 1} and x; (i € Iy;) are specified at the
beginning of the process. Moreover we define two index sets as follows:

IITit: {172a"'7N}\IInit
and

II*;: {1727"'7N_ 1}\Ilnit'
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The process progresses through states x; (ie ;) according to converging
branch system and is terminated at state xy.

2. U, a nonempty finite set, is the decision space. Furthermore, we denote by U,
a point-to-set valued mapping from X to 2Y\{¢}, where we denote the power
set of U by 2V. U,(x,), called the feasible decision space, represents the set
of all feasible decisions in state x,. The selected decision for state x, (n =1,
2,...,N —1) is represented by u, € U,(x,) n=1,2,...,N—1).

3. The transition matrix E = (¢;) € {0, 13YY s defined by

1 (if x; is the next state to x;)
e — .
Y 0 (otherwise),

and let [ ={ile; =1} (j=L+1,L+2,...,N). We assume that the di-
rected graph which represents the state transition does not contain a loop
and that each state (node) has a unique path to the terminal state.
Let Gr(U,) be the graph of U,(-):
Gr(U,) = {(xu, un) |y € Up(xn), xn € X}
When an index set I = {my,my,...,my} (my <my <---<my) is given, the corre-
sponding sequence
Xy s Umy s Xmys Umy s+« + s Xiyp s Umy,
is denoted by <X, Uy ).  Similarly

xml ) xmzy M | me and unu ) umza MR ] umM

are denoted by {x;;,,c; and <{u )5, respectively.
4. r,:G(U,) =R (n=1,2,...,N—1) are the reward functions, where R =
(—o0,00). A decision u, selected in state x, confers a reward r,(x,,u,).
The function k: X — R is the terminal reward function.
5. The converging transition laws are given by

Ju 1 Gr(Up,) X Gr(Up,) X -+ X Gr(Up,,) = X (n € Iy,

where I, = {mi,my,...,my}. If a process in states <{x,),; selects actions
{Umdmer,, it proceeds deterministically to the next state f,(<Xm,Um mey,)-
Then our model is formulated as follows:

(P) Max  ri(xy,ur)ra(x2,u2) - rv—1(Xn—1, un—1)k(xn)
site xXn = Sl oy Um Dimer,) n € Init
uy € Uy(xy) n=12...,N—1.

ExampLE 2.1. Let N =7, Iy = {1,2, 3,4}, and ej5 = ey = €36 = €47 = €57 = €7 =
1 (e; =0 for the other pairs (i, j)). Then, for the given initial states xi, x, x3, x4, the
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Figure 1. State transition tree for Example 2.1

other states x5, xg, x7 are determined by

x5=f5(x17u1), xleX, uleUl(xl)
Xe = fo(x2,u2,x3,u3), x2,x3 € X, up € Us(x2), uz € Us(x3)
X7 = f7(x4, us, X5, s, Xe, Ug), X4,X5,X6 € X, us € Us(x4), us € Us(xs), ug € Us(x¢)

(see Figure 1). In this case,
Is = {1}, Is ={2,3}, I ={3,5,6}
and the problem is described as follows:
Max  ri(xy, up)ra(x2, u2)r3(x3, us)ra(xa, us)rs(xs, us)re(xq, tg )k (x7)

st Xy = ful{Xm, mDpmer,) n=2>5,6"7
uy € Uy(x,) n=1,2,3,4,56. O

3. Bidecision approach

3.1. Bidecision processes

On bidecision processes, both the family of maximum subproblems and the family
of minimum subproblems are considered. In constructing the subproblems, we start
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with the initial target state sequence Q = (xy). Then, we add x, to Q in the order that
coincides one of the node order for a depth-first search for a state transition tree with
the root xy. Without loss of generality, we regard that index order as

N—->N-1-N-2—-.-52->1,
by renumbering the state index.

ExampLE 3.1. When we consider the decision process whose state transition tree is
given by Figure 2, the sequence of the target state sequences becomes

(x6) — (x5,x6) — (X4, X5,X6) — -+ — (X1, X2, X3, X4, X5, X¢).

Then, we define the corresponding maximum subproblems and minimum subproblems as
follows:

v°(x6) = k(xxe)

vs(x5;xz,u2): max [rs(xs,us)k(xs)]
u5€U5(X5)

v4(x4;xz, Uy, X3,U3) = max [ra (x4, ua)rs(xs, us)k(xe)]
Uy € Up (X)) (4<m<5)

v (X350, 1) = max [r3(x3, u3)ra(xa, ug)rs(xs, us)k(xe)]
t € Up(xm) (3<m<5)

vz(xz) = max [r2(x2, u2)r3(x3, us)ra(xa, ua)rs(xs, us)k(xe))
Uy € Um(xm) (2<m<5)

vl(xl) = max [r1 (1, u1) 2 (2, un) 13 (X3, U3 ) ra(Xg, ug ) rs(xs, us )k (xg)]
ty € Uy (xm) (1<m<35)

w(xe) = k(xxe)

WS(X5;X2,HQ): min  [rs(xs, us)k(xe)]
useUs(X5)

wh(x45 X2, 12, X3, U3) = min [ra (x4, ua)rs(xs, us)k(xg)]
U € Up(xm) (4<m<5)

w3 (x33x2,u) = min [r3 (53, uz)ra(xa, ua)rs(xs, us)k(xe)]
U € Uy (x) 3<m<9)

wz(xz) = min [r2 (2, un)r3 (x5, u3)ra(xa, ua)rs(xs, us)k(xg))
U € Up(xp) (2<m<5)

w! (x1) = min [r1 (1, u1)ra(x2, ua)rs (X3, us3)ra(xq, us)rs(xs, us)k(xq)],
ty € Up(xm) (1<m<5)

where v" and w" (n=1,2,...,6) are the optimal value functions for maximum sub-
problems and minimum subproblems, respectively. O
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We give the general form of subproblems.

n=N
Both of the bidecision subproblems corresponding to the state sequence (xy)
formed of the final state xy are given by

o (xy) = wh (xy) = k(xy), xy € X.

l<n<N
The bidecision subproblems corresponding to the state sequence (X, Xpi1,...,Xy)
with the initial state x,, (me{v|v=n, L,N{n,n+1,...,N} = ¢}) are given by

0" (X5 {Xom,s Um>meJ,1)

= max P (X, Uy ) Fpr1 (X u cok(x
€ U () (m:n,n+1,...,N71)[ n( ns n) n+1( n+ls n+1) ( N)L

Xn€X, xp€X, ty, € Ulxy,) (medy,)

and

w' (xn; <xm; Um >m e],,)

= min 7 (X, U ) g1 (X u cek(x
€ Un () (/n:n,nJrl,A..,Nfl)[n( n n) n+l( n+1, 11+1) ( N)]a

Xn€X, Xn€X, une U(xm) (m € Jn)a
where
N
Jy = U {jel|j<n}.
I=n+1

The following proposition gives a method to get the sets J, recursively.

ProproSITION 3.1. Put Jy = ¢, then,
(i) #f n+1€

Jp =Ju1 U {jeli1+l |] < I/l}
(i) if n+1em\{1},
Jn :J,,_H\{n}.

For each n=1,2,...,N — 1, we divide each feasible decision set U,(x,), x, € X
into two disjoint subsets:

U;(xn) = {u e Uy(xn) | ra(xn,u) = 0}, U, (xn) = {u € Up(xy) | 1a(xn,u) < 0}
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that satisfy
U (xx) N U, (xn) = @, U, (x0) U U, (xn) = Up(xn).

Then we have the bicursive formula (system of two recursive equations) for the both
subproblems:

THEOREM 3.1.
(1) oVww) =k(wy),  wweX
(2) Un(xm <xm7 um>mejn)

= max [ry(xp, un)anrl (fas1({Xms um>meln+| )3 {Xmy Uy >meJn+| )]
up € Uy (x)

vV max [rn(xm un)W”+1 (fn+1 <<xm7 U >meln+1 )§ {Xm, um>meJ,,+| )L
u, € U, (xy)

Xp€X,n+1¢elmy

(3) Un(xn; <xm7um>meJ,,)

= max [ry(xp, u,) 0"

€ U (xn) Yntl; <xm’ Um >meJ,,+] )]

VvV max [Vn(xm Un)Wn+1 (anrl; <x””7 um>meJm 1 )]7

une Uy (%)
xp€X,n+1¢€ Iy \{1}.
(4) w (xy) = k(xy), xyeX
(5) W (X3 <Xy Um Dme )

= min [rn (xn’ ”n)wn+1 (fn+1 (<Xm, Um >meI,,+1 )? Xy Uy >meJ,,+1 )]
Uy € Un+ (X,,)

A " en?]l}}v )[rn(xn, un)anrl (ﬁH—l (<xn’la MWI>meI,7+1 )a <Xm, um>meJ,,+1 )]7
n € U, (Xn

XpeX,n+1ely
(6) Wn(xn§ <xm7um>me.l,,)

= min [Vn (X, un)Wn+1 (Xnt15 <m, um>meJ,,,1 )]
up € U, (xn)

A min [rn(xm un)vn+l (anrl ; <xma um>meJn+1 )]7
uy € Uy (xy

Xp€X,n+1¢€ Imi\{1},
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where v(A) is the maximum (minimum) operator:
avb=max(a,b) (anb=min(a,b)) a,beR.

ProoF. We consider the nth maximum subproblem with the given current state
X, and parameters (X, iy )y, ,. We note that m < n for YmeJ, Here, we show the
first equation (2). (This statement also means that we suppose n + 1 ¢ Ip;.) By defi-
nition of the subproblems,

Un()_Cn§ <)_Cm7 L_‘m>me.l,,)

= max X N _ _1k .
e U (mzn’n+1,mN71)[rn(xn7un)rn+1(xn+17un+1) r—1(xn—1, un—1)k(xy)]

From the existence of the maximum value, there exists an optimal decision sequence

*

. . o
Up Uy ... Uy satisfying

*

0" (X5 { Xy L_lm>mejn) = 1'p(Xn, ”;)”nﬂ(xnﬂvu;:ﬂ) s (Xy g ”Xl—l)k(x;(l)-

*

The corresponding state sequence x, ;.

.., Xy_1, X5 1s sequentially determined by

. { (the given initial state) (/€ Init)
X; =
! f/(<x;:1a u;1>mell) (l ¢ ITnit)a

where

~—

*{xm (m <n) . {um (m<n

X
" x;  (m>n) (m = n).

<
I x
~—

If ry(Xn,u;) > 0, then
U”()_Cn; <xma L_lm>meJ,1)
= (s 1) % i (5 050) - Pt (5t KR

< r, (X, ut max For1 (X5, u cooryor(xvo1, un—1)k(x
<Bni) | omax et e G i-)kCo)

= [rn()_c,,, u;)vn+l (x;:Jrl; <x;1’ u;;z>mel,,+1 )]
= [rﬂ ()_C"” u;t)vn+1 (ﬁl+1 (<x;:t’ u;;l >m61,,+1 )7 <x:;17 u;;q >m eyt )]
= [7‘,1()_(,,, u:)vn+l (fn+1 ()_Cl’lv u;: {Zom,s '/_‘m>mel,,+1\{n}); {Zom, ﬁm>meJ,,+1 )}

< _ max. [rn ()_C”, an)v’hLl (ﬁl+1 (<)_Cmy Uy >m e[,,H); <)_Cma ﬁm>meJn+1 )]
ity € Uy (%)

Similarly, if r,(X,,u)) <0, then
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Un()_CnQ <)_Cma am>me],,)

< (X, u’ min Fop1 (X5, u ceeryo1 (vt un—1)k(x
< Bnt) | min (i) v Gt (o)

*

= [rﬂ(xnv u;)wwrl (X;:+1 ) <xm’ u;:1>mEJn+1 )]

< i cfl’ll]%)((i >[rn()_cnv ﬁn)wwrl (fﬂ+1 (<)_Crm U >meI,,+1 ); <)73m, L_‘m>meJ,1+1 )}

Therefore
(7) U”()_Cn; X, L_‘m>meJn)

< _ max_ [rl’l(xnvan)vn+l(ﬁl+1(<xmvQM>meln+1);<xmaQM>meJ,,+1)]
i€ U, (Xy)

vomax_ [r (X, )W (fst ($Goms Y1, )3 <Xy i Y, )]-
iy € U (Xy)

On the other hand, there exist optimal decisions w! e Ut (%), u, € U (%)
satisfying

_ max, [rn(xna an)vn+l(ﬁ1+l (<5Cl717 ﬁm>meln+1); <Xma am>me],,+1)]
iy € U, (%)

— 1 — - - - -
=Ty (xm u’;r)anr (fn-H (xna u;r’ <xma um>meln+1\{n}); <xm7 Um >meJ,,+1)
and

_ m%x_ [rn(-)_cm l’_ln)mer_l (ﬁ’H’l (<)_CWI7 ﬂm>me]m 1 )7 <)_Cm; am>meJ,” 1 )]
ity € Uy (Xn)

- 1 - - - -
=" (xna u, )W}H (fn+1 (x”, u,, Xy i >meln+|\{n})§ Xy >me],,+1 )7
respectively. Let

xn++1 = St (Fns 1 Xy o Dme 1,1\ (n})

and
x;+1 = fn+1(5€n7 u,, X, am>me1,,+1\{n})'
. . .. + + — —
Then there exist two optimal decision sequences u,,,...,uy_; and u, ,...,uy_, that

meet the following equations:

1 - - - -
"t (fur1(Xn, u,ja {Xom, um>me],,+1\{n})§ Xom, U >meJ,,+1)

1 _
=" (x;;ﬁ Xy um>mejn+1)

= Vn+1(x:f+1 ) ”Ll)VnJrz(xLza ”Lz) T VNfl(x/JQ—l ) ul-\?—l)k(x]-\’—l)
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and
w ! (fro1 (X, 14y, 5 {Xom, ﬂm>”7eln+l\{n}); X am>’”ej”“)
= w015 o e, )
= et (X Uy )2 (X0 Uy o) - vt (X ps g )k (Xy),
respectively. The corresponding state sequences x,’,,...,xy_;,xy and x,,5,...,Xy_i,

xy 18 sequentially determined by the following manner.
(i) For x (I=n+2,n+3,...,N),

= { (the given initial state) (/€ Ipni)
=

f}(<xr-‘r;7u;;>mell) (l ¢ Ilnit)7
where
N Xm (m<n+1) N iy (m<n)
X = , u- = .
" X, (m=n+1) " Uy, (m=n)

(i) For x; (I=n+2,n+3,...,N),

B {(the given initial state) (/€ Iinit)
X =

ﬁ(<’x"};’ u; >I’I’l€l]) (l ¢ Ilnit)a
where
_ Xm (m<n+1) iy (m<n)
Xp = _ ) u, = _
X, (m=n+1) u, (m=>n)
Hence
(8) max [rn(xm an)anrl (j;hLl (<5€m, am>me],,+1 )7 <Xma an1>meJ,,+1 )]

ity € U, (%)

\2 ma:X_ [rn ()_Cna "_‘n)WnJrl (fn+l (<>_Cm7 L_’m>meln+1 ); <)_Cma L_’m >meJ,1+] )}
Uy € Un (xn)

= [’”n(xna”:)Vwrl(x;ul’”;+1)rn+2(x;+2v”:+2) e (s iy k()]
VP (% Uy, )Pt (X g5 U ) Fna2 (X Uy0) -+ Pt (Xy_y iy )k (X )]

< max [ (T, )Pt (X1, 1) - - - FN—1 (Xv—1, un—1) ke (xy)]
Uy € Um(xm> (Wl:}’l,n+1“...,N71)

= U”()_Cn; <)_Cm7 ﬁm>me./n)‘

From Egs. (7) and (8), we have Eq. (2).
The other recursive equations can be shown in a similar way. O
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In case that non-negativity of all reward functions can be assumed, the follow-

ing recursive equations which are the same type as those for additive reward system
hold.

COROLLARY 3.1.

o™(

XN) = k(xN), xyeX
Un(xn§ <xrn7 Um >m eJ,,)

=, max )[rn(xn,un)v”“(ﬁ1+1(<xm7um>mEL,H);<xm,um>me],,‘,)]
uy € Uy(x,

Xn€X,n+1¢ Iy
0" (%3 <Xy um>meln)

= max [rn (xn; un)vn+l (er-l 5 <xm7 U >mEJn+1 )}
uy € Uy(xy)

xpeX,n+ 1€l \{1}.
Proor. Since U (x,) = U,(x,) and U (x,) = ¢, it is clear from Theorem 3.1.
O
4. Example

ExamMpPLE 4.1. We consider the converging decision process shown in Figure 2.
By Proposition 3.1, we can get J; (j=6,5,...,1) as follows:

Jo = o.
Since, for n =5, n+ 1 =6¢€ Iy,
Js=JoU{jels|j <5} =¢U{2} ={2}.
Similarly,
n=4:n+1=>5¢ I
= J=JsU{jel|j<4}={2}U{3} ={2,3},
n=3:n+1=4¢€ I
= S =J\{3} = {231\ {3} = {2},
n=2:n+1=3¢€
= L =5\{2} ={2}\{2} =4,
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Figure 2. State transition tree for Example 4.1 and 4.2

n=1:n+1=2¢ Iy
= Ji=LhU{jeb|j<l}=¢Ug¢=4¢.
Then, we can get the bicursive formula by Theorem 3.1. First, let N =6, we have
v8(x6) = wP(xg) = k().
Next, from 6(=n+ 1) € Iy, the system of recursive equations for n =35 is

Us(x5§<xmaum>meJ5) = ng]%)(( )[VS(XSauS)U6(f6(<xmaum>melﬁ)§<xmyum>mej(,)}
us e 5 X5

Vv max [Vs(Xs, u5)w6(f6(<xm, um>mel(,); <Xm, um>meJ6)]
u5€U5 (X5)

W5<X5; <xmaum>meJ5) = H(l]lf} )[VS(XSauS)Wé(f6(<xm7um>meI(,)§ <xm7um>mejf,>]
Uus € 5 X5

A m{n [rs(xs, u5)v6(f6(<xma um>melﬁ)§ {Xms um>mele)}'
us e Us (xs)

Since Js = {2}, Js = ¢, Is = {2,5}, the above equations become

v (x50, u2) = max  [rs(oxs, us)o®(fo(x2, u2, X5, us))]
us € U (xs)

v omax  [rs(xs,us)wC(fs(x2, uz, x5, us))]
use U (xs)
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and
w3 (x5 X2,12) = min  [rs(xs, us)wO(fs(x2, uz, X5, ts))]
use U (xs)
A min  [rs(xs, us)v(fo(xa, w2, X5, )],
u5eU5 (X5)
respectively.

Similarly, we have

U4(X4;XZ,L{2,X3,M3): max [r4(x4,u4)05(f5(X3,u3,X4,u4);xz,u2)]
uge U} (xq)

voomax  [ra(ov, ua)w(f5(x3, u3, X4, us); X2, )]
u4eU4(x4)

w4(x4;X2,u2,X3,u3): min [r4(x4,u4)W5(f5(X3,u3,X4,u4);xz,u2)]
u4€U4+(X4)

A min [ra(xa, us)v’ (f5(x3,u3, X4, ug); X2, 142)]
u4EU4(X4)

03(X3;xz,u2): max [73()637u3)v4(X4;xz,u2,X37u3)]
uz € Uy (x3)

VvV max [F3(x37us)W4(X4;X2,M2,X3,M3)]
IA}EU3 ()C3)

WS(X3;Xz,uz): mi+n [73(X37u3)w4(X4;x2,uz,X3,u3)]
us e U (x3)

A min [V3(X3,M3)U4(X4;X2,uz,X37u3)]

ZQEU;(JC})
v (x0) = max  [ra(x, u0)vP(x3;x0,10)] v max  [ra(x, ua)w (X35 X2, 12)]
€ Uy (x7) e Uy (x2)
wz(xz) = min [rz(xz,uz)w3(x3;x2,u2)]/\ min [rz(xz,uz)v3(X3;x2,u2)]
u € U;(xz) e U2 (xz)
and
vl(xl): max [rl(xl,ul)vz(fz(xl,u]))}v max [r1(x1,u1)w2(f2(x1,u1))}
ure Ut (xy) ur e Uy (x1)
whn) = min [ (x,u)w?(Al,m) A min [ (xn,w)e(Ala,wm))]. O
u €U (xy) w e Uy (x1)

ExampLE 4.2. Let N =6, I = {1,3,4}. We consider the converging decision
process problem shown in Figure 2 with the following data:
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X = {Sl,Sz,S3},

U,(x) =U={ay,ar}

21

("ne{l,2,3,4,5}, "xe X)

X1 = 81, X3 = 82, X4 =81
“ula a (x;w\(y,0) | (s1,a1)  (s1,42)
fZ(xvu) fS(x7u7 y7 U) (Sz,al) A\
S1 83 52
(Sz,az) 81
(x;w\(y,0) | (s,a1) (s1,40) (s2,01) (s2,42) (s3,a1) (53,)
(s2,a1) 53 $ 5 53 s1 5
Jo(x,u, ,0) (s2,a2) 51 53 53 51 ) 53
(s3,a1) 51 5 5 1 53 s
(s3,a2) 53 51 53 52 5 5
and
(x,u (Sl,al) (517612) (SZaal) <S27a2) (53,01) (53702)
ri(x,u) 2 -1
ra(x,u) -1 1 2 -1 X |5 08
r3(x, u) 3 -2 k()| 2 —2 -1
ra(x,u) -1 2
rs(x,u) -1 | =2 1 2 1

(In the above tables, unnecessary values for the given initial states are omitted.)

We have already obtained the bicursive formula in Example 4.1. Hereafter, the
calculation will proceed based on them.

First, for the terminal state xs, we get

-1 ()C(, = S3)

Then, we calculate v°(xs;x2,u2), w>(Xs;X2,u>) and the corresponding optimal de-
cision functions 75 (Xs;x2,2), s (xs;X2,12). When x5 =s; and (xo, 1) = (52,a1), we
have

v3(s1;82,a1) = max [rs(sy,us)v®(fe(s2, a1, 51, us))]
use{as

v max [rs(s,us)w(fs(s2, a1, 51, us))]
use{a}

= [rs(s1,a2)0®(fo(s2, a1, 51, @2))] v [rs(s1, a)w® (fs(s2, a1, 51, a1))]
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=[1x 0%(s2)] v [-1 x w(s3)] = [1 x (=2)] v [~1 x (=1)]
=1
75 (s138,a1) = ay

and

w(s1382,a1) = max [rs(si, us)wo(fo(s2,a1,51,us))]
use{ar}

A max [rs(si, us)v®(fo(s2, a1, 81, us))]
use{a}

= [rs(s1, a2)w®(fo(s2, a1, 51,@2))] Afrs(s1, @) 0 (fo(s2, a1, 51, a1))]
=[x wo(sa)] A [=1 x 0°(s3)] = [1 x (=2)] A[=1 x (=1)]
-2
n5(s1552,41) = aa.
Similarly, we get
07 (51382, @2) = [rs(s1,@2)v°(s3)] v [rs(s1, an)w(s1)) = [1 % (=1)] v [=1 x 2]
— 1,
w5 (5138, a) = @
W (1582, a2) = [rs(s1,a2)w(s3)] A [rs(s1,a1)v°(s1)] = [1 x (=D A [=1 x 2]
-2
5 (51552, a2) = @y
0 (s1383,a1) = [rs(s1,a2)v(s2)] v [rs(s1, a)w(s1)] = [1 x (=2)] v [=1 x 2]
-2
5 (s1383,a1) = a1, @
w(s1553,a1) = [rs(s1,a2)w(s2)] A rs(st,an)v®(s1)] = [1 x (=2)] A [=1 x 2]
1
n5(siss3,a1) = a, az
0> (51583, a2) = [rs(s1,a2)v®(s1)] v [rs(s1, an)w(s3)] = [1x 2] v [=1 x (=1)]

=2,
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5 (51583, a0) = az
w (51353, a2) = [rs(s1, a2)w®(s1)] A [rs(st,ar)v(s3)] = [1 x 2] A [=1 x (=1)]
—1,

5 (51383, a0) = ay.

Other results required for xs = s,,s53 are

(x2,u2) (s2,a1) (s2,a2) (s3,a1) (53,42)
03 (823 X2, ) 4 2 4 2
75 (523 X2, 12) a ap,a a a
w (525 X2, 1) -1 2 2 -2
75 (825 X2, U2) a ap, a a a
03 (833 X2, ) 4 -1 2 -2
i (835X, U2) a a ar a
w3 (s3; X2, 1U2) -2 —4 -2 —4

75 (35 X2, U2) a a a a

(The results for x, = s are omitted as they are unnecessary for this example. The same
applies below.)

Next, we calculate v*(xy;x2,u2,x3,u3), w*(x4;X2,u2,x3,u3) and the corresponding
optimal decision functions 7;(xa; X2, u2, X3, u3), 7;(X4;x2,u2,x3,u3) for the given initial
states x4 =51 and x3 =s,. When (xp,us,u3) = (s2,a1,a;1), we have

vt (s1550, a1, 50, a1) = m?x}[r4(sl7“4)”5(f5(527al,517”4)§52aal)]
use{ar

vomax [rq(s1, us)w’(f5(s2, a1, s1,us); 52, 01))
u4e{al}

= [r4(sl,az)vs(fs(sz,al,sl,az);sz,al)]

v [r4(s1,al)ws(f5(sz,al,sl,al);sz,al)]
= [2 x v3(s3;80,a1)] v [=1 x W’ (s2;82,a1)]
=2x4v[-1x(-1)]=8

Ty (81382, a1, 52,a1) = a.

Through similar calculations, we get values of v*(sy; X2, ua, 52, u3) and w(sy; X2, ua, 82, u3)
as follows:
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(22, 12) (s2,a1) (s2,@2) (s3,a1) (s3,42)
v4(sl,xz,u2,sz,a1) 8 -2 4 2
T4 (813 X2, U, 82, a1) a ap,ax a ap
w4 (s1; %2, 12,52, ay) —4 -8 —4 -8
Ty (15 X2, U2, 82,a1) | ai,a a ap,a a
U4(S],X27u2,S27 2) 8 4 8 4
T (813 X2, U2, 52,a2) az a a a
W4(S1,X2,H2,S2, 2) -2 1 2 —4

7ty (513 X2, U2, 82, a2) a» a a a

Moreover, the remaining results are given by the following:

(x2,u2) (s2,a1)  (s$2,a2) (s3,a1) (s3,@2)
03(52; X2, ) 24 -2 12 8
73 (8252, ) a; a a; a
w3 (523 %2, 1) —16 —24 —16 —24
3 (523 X2, U) a aj a a

v2(sy) = 16, 3(s2) = ay

1;2(33) =24, 3

(s2)
(s2)
(s3)
wiss) =32, mi(ss) =a
ol (s1) = 48, 73(s1) = ay
(s1)

(wl(sl) = —64, i (s1) = ar).

Thus, the optimal value is v!(s;) = 48 and the optimal state-decision sequences are

obtained as follows.
First, set x; =1 (1 € Ijnit), then

x1=8 — u =7(51) =a
— x2= fols,a) =53, ri(sLa) =220 — u; =7,(s3) = ai,a.
(i) If we take u; = ay,

— x3=s5 (3€lm), rass,a1) =2>0 — uj =a5(s;8,a1) =a

*

— xg=us51 (4€ ), r(s,a1) =3=20 — uy =a,(s81;83,a1,8,41) = a
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— X5 = f5(s2,a1,51,a) = 53, ra(s,a) =2>0 — ui =75(s3;83,a1) =ar
—  X¢ = fo(s3,a1,83,a2) = 51.

(i) If we take uj = a,

— x3=25 (3 € lmi), r(s,a)=-1<0 — uy =mn3(s;83,a2) = ap
— X3 =351 (4€ ), r3(s,a1) =3>0 — uy =m,(s1;83,a2,5,a1) = a
— X5 = fs5(s2,a1,51,a) = 3, Fa(st, @) =220 — us =7n5(s3;8,a42) =a

—  X¢ = fo(s3,a2,53,a1) = 52
Finally, we have two optimal decision sequences:
(urau;7u;7uzau;) = (a17alaa1aa27a2)7 (a17a27a1aa27a1);

which attain the optimal value. ]
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