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ABSTRACT
AlLhoughtheWejbLlLLdisLribulioniswidelyusedjnavarietyorre]i･lbilltyaPpliCa-
tions,difrLCultiesinits(reatment,parlicuLarJyinthreeparameterc王ISCSinthe
maximum like)ihoodesLiTTlation,hinderusfrom usingthedistribution.Theex-
lendedWeibulldistributionproposedbyMarshallandOLkin(1997)canilYO･dthe
difrlCultieswhichappearintheco]lYentionalWeibundistributLOnmOdcLs･TlllSPiト
pershowsthemaximumlikelihoodestlrtlat)OnmethodintheextendedWelbundis-
1ributionrrIOdeLThepaperalsoillustratessometyplCal･lpP)icalit)nsforbrcak-
downyollageestimaljoninwhichtheextendedmodelsilreSuperiorLotheconven-
1ionalWeibulLmodels.Theeenh̀aLdiscussioniswhetherthesh'lpeParametersin
thcextendedmodelaccomplishthem.lSSShiftingeffectofthedistrlbtJtiolt･

1 1NTRODUCT10N

PAwTelT崇 ､eastこ'an,?三ItOyn.inliL,lleabT.C3auilp:IlcS;(.霊 :I,Oeng':

1nCIVllenglneerlng,meChamCalenglneerlng,eLectrlCalen-

glnCCrlng,andnledlCalandpharmaceullCallleldsHow-
ever,LnlhrecpltrarrleLermodelslnParLICular,ltlSknown

tha【ComputlngthemaxlmUmlLkellhoodestlmateS(MLEs)

lSeXtrCmetydLfrlCultThlSdllflCultyorlglnateSWIththem-

cILJSIOnOfthelocatLOnParameterYwOfthedlSLrLbut1011

whenaconvenr10nalthree-parameterWcLbullcumulatlVC

dlStrlbutlOn(W3P)lSexpressedby

Fw3[,-)-eXP〈-(慧 β})
,(¶∨>0,βW>0,∫≧㌦)

(J) lZedextreme-valuedlStrlbutlOnmOdel【6laEea,nOngtLlenl ～

Then,thel･kellt-00drullCllOnLw3E,(77W,βW,Yw)," COm-

pletecontlnuOuSd<ltaCases,

Lw3P("-,p-,7-,-,矧 三票)pwpl

exp(-(if)βY)･(2,
lSunboundedForβW<LwhereTJw(lndβwarethesca一e

an(lsh叩eParilmCterS,rCSPCCllVClyandalSthes̀lmPle
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sIZe ln the case βvv≧I,the llkcIJhood equ{ltIOn

∇JogLw3p-0neednothaveasolut.ollandtheglobal

maxlmumOfLw,㍗(TIw,βW,Yw)mayocc.lrOntheboundary

βW-IllTThecaseβW≦2correspondstothesoICalled

non-regularmodel,LLndcrwhlChtheasymptotlCJOlnldlS-
Lrlbutl0nOrtheMLEsISnotnorma一andtheasymplotlC

varlanCeSarenotlnVCrSelyproporhonalLoLheslImPlesIZe

l2]Moreover,anesLHll;l上eOfβwgoestolllrH111ylEISOtrLe

datacase,whlChcorrespondslothecaseorGumbeJor
Fr6cheldlSLrlbutlOn【3]ll-LSJSCZltledthed'vergeJltCase I

he.eThesetwo(non-regularandd■vergentproblems)are

fundamenLalproblemswhlchoccur"llhcW3Pmodel･
Thus,SUChlSStleSleadLIStOuseaLLernatlVCmeLhods,uS-

1ngthemomentestLTTlatOrS【4],applylngtheBayeSlan

me仙odl5】,andexlendlngtheWe'buHn10deltoageneral-

Howcvcr,propcltleSOrtlleMLE,eg,asymptollCefn･

ctel1CyandeLc.,ares(lllatLractlVe

MarshallandOlklnll(tVCreCCnllypzoposedaI-eWdb･

LrlbLLllOnramELywhlChhasthepropertyofgeometnC-ex-

tremes-abll1-ywJIIChmeansthatthem lnlmun10rthemaX-
Hmlm OfagcomclrlCnumberoflndependenlrandom
varlableswtthcommondlSmbull0nlnthefamllyhLISadIS･

trlbuLl0nLlgalnlnthefanllly【7]TheylndLCalelhaHhe

pi-rtlCularcasethaHhedLStr)butlOnLSan叩 011entlaldlS･

:TLbnus-:ohm.cyh.en..?aSy:.:eT.霊 冒IbPea:acn:lcpre.諾.m,.三y.tohredX ,.bbuuli I

andgamm;lfamlltcsS=¶llally,ltl､vo-p̀lrameterWelbJL

modelylekJsaI-eW three-parameterdlSLrlbullOnWhLCh A
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lEEE'rrD,tSaCI1011SOILD･elecLricsa,1dElecLrieL7lI,JSLLIaI･o"

mtlybeacompCt■tOrlotheconvcntlOnalWelbullmodels
wcabbrevlateLhescexlcndeddlStrLbutJOnSfortheexpo-

nentla】andWe)bullmodels.lStheEE2PandEW3P,re-

spectrvely,butwemalnlydeal､vILhthecLISeOrEW3Pm
thispaper

InsomedatacasesWh)chappearlnelectrlCalcnglneer-

lng,Cg,breakdownvollagedata,theextendedmodelsf.I

quLteWelllotheacLualdata,andLl1ereforctIICymayPrO-
vldcsTllaJkrconfldence)ntervalsforcerLalnpcrccntlle

polnleStlmLtlorS,electrlCalenglllCCrSOrlenwantloknow
therellablHtyorlowerpcrcentllcpointsThlStendency

appears.nboththeEE2PandEW3PfortweakdownvolL-

agedataMore■mportantpoLntm themaxlmUm l■ke)l-
hoodparametercsILmat10n,)nthreeparanletCrCases,LS
lhcexc)UsIOnOfnonィegu)arcasescausedby川clusLOnOr

the)o:allOnPararnCleT.TheprobLeTTIOftheblowupofthe
l)kellhoodrunctJOnJntheW3T}mode)W))Iv.111ishLnlhc

EW3Pmodel

SlnCeCOmPutlngtheMLEsorthecxlendedmodelsIS

notstralghtrorward,amethodtoesLlnlaLetheMLEsus)ng

thepredlClor-ColreCLormethodlSbrlenylnlroduccd

2 EXTENDEDMODELSFORTHE

EXPONENTIALANDWE旧ULL

DISTRIBUT10NS

lfasurw alruncL)OncorrcspondlngtOaCumulallved)S-
1Tlbutl0nfuncLIOnF(x;0)lSdcnoledbyF(x,a),anew
farnJLyordisLrLbut10nSGcanbegeneratedas,

G(x,α,0,i.-T% , (3,

where古=L-α(cr>0)and0IStheparamCLervecLor川

thed.sLrLbul10nFl7】Then,thedcnsztyruzIChonorthe
extendedn10dcllS

g(I;α,0,=震 崇 諒 (4,

whereI(x,o).sthedensllyorF(I,0)

2i EXTENDEDTWO-PARAMETER

EXPONENTIAL(EE2P)

Jfthecun-ulaLIVCdLSLrlbutlOnrunCtLOnfortheexpo一一cn-

1lalmoddlSCXPrCSSedby

F(x,nc,-1-cxp(-;),(lc,0,, (5,

thenlhcextcndcdcumulatlVCdtslrlbut10nrullCtl011andlhc
dcnsltyrunctEO]"re

c(x･α･qe)-･一丁こて≡忘 (6)
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;lnd

Lll■

g(I,α,TIE)
･k(ド (11｡)V)2'

(7)

where〟-cxp(-y),y-I/77C,7klSthescaleparameLcr_

22 EXTENDEDTHREE-PARAMETER

WE旧ULLMODEL(EW3P)

Thecumul<ltJVe two-PiLramelerWelbuH dlstrlbuLIOn

1110delcanbcobtaLlledbysetllngYw-01n(1),whlChlS
abrldgcdbyW2Phere Then,theextendedcumulatlVe

d.sLrJbut10nrunCLLOnandthedensJlyfllnCl■onfortheW2P
arc

G(I,a,%･β亡)-1一丁三 三七 (8)

g(x;α,77亡,βe)
αβeyP･-I～

TIc(I-(ト er)～)2'
(9)

where～-cxp(-I),Z=yPt,y -x/.Ic,TIcilndβca-ethe
scaleandshapeparameters

23 1MPORTANTPROPERTIESOFTHE

EW3P

TheproblemlntheW3Pmodelthatthelog-llkeL)hood
becomesunboundedlSCausedbylnC)usionorthelocall0n
paTameler,andsuchaprobknlWllLvanlShIlltheEW3P

modellf(9)LSboundedtotheaboveThlSISeaS■lyob-
ta]ncdbec之IuSC

(ド (ト q)～,)2>O,(α,0,0< W,<1),

0<y.PE-1<D,,(I.>0), (10)

toeachobservedvaluex,1日hereguLanlyCOndlt10nSl8】
hold,wecanobtaLntheMLEsandlhelrconfidenceintcr-

VaLsbyuslngtheobservedFlsherinformat10nmalrtxHere,

weusethelog｣lkeL)hoodtunctlOnilltheEW3Pas･

logL(α,77t"β｡)-∑ logg(,,,α,,7C,βC) (ll)∫-1

WehavenotexperlenCedthedlVergentCasesSOFarln
theextcndcdmoddslnSlmulalLOnStUdleS,andthusIVedo

notbelievethatthedlVergCntProblem LSSCrlOuSlnuSlng
theextendedmodels

24 SHAPESOFTHEDENSIT/

FUNCT10NSOFTHEEXTENDEDMODELS

TypICalsh叩eSOfthedensltyfunctIOnSOrtheEW3P

arcsho､vllH1Flgure1Wccanfmdavartelyofshapc

patternsoflhedcnsltyfullCtIOnS,WhlChsuggesLstheaP-

ProprlatCnCSSOHltLoacLu(lldatacaseswlthasm王1llnum-

beroHrecparametersFlgure2sho､vsamod汀IedPeaレ


























