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EXPLICIT DESCRIPTION OF CONTACT TRANSFORMATIONS

OF SECOND ORDER

Takahiro Noda, Kazuhiro Shibuya and Takahiko Yoshimoto

Abstract

The aim of this note is to explicitly describe contact transformations on the 2-jet space with one

dependent variable using the canonical coordinate system.

1. Introduction

Let ðM;N; pÞ be a fibered manifold with m-dimensional fibers. Namely,

p : M ! N is a surjective submersion such that dim N ¼ n and dim M ¼ mþ n. Let

J kðM;N; pÞ denote the bundle of k-jets of local sections of ðM;N; pÞ. The k-jet bundle

J kðM;N; pÞ has a canonical di¤erential system Ck. Then a contact transformation

of J kðM;N; pÞ is defined by a di¤eomorphism which preserves the canonical di¤er-

ential system Ck. A classical theorem due to Bäcklund ([1]) demonstrates that the

pseudo-group of local contact transformations of J kðM;N; pÞ is isomorphic with

the pseudo-group of local contact transformations of J 1ðM;N; pÞ if m ¼ 1 and with

the pseudo-group of local di¤eomorphisms (i.e. point transformations) of M if mb 2.

In [25], Yamaguchi proved the above statement in its global form through the geo-

metrization of jet bundles. Thus there is a marked distinction between m ¼ 1 and

mb 2. In particular, in case m ¼ 1, J 1ðM;N; pÞ is a 2nþ 1-dimensional standard

contact manifold. In this case, it is well-known that every local contact transformation

on J 1ðM;N; pÞ can not be a prolonged point transformation.

Under the above historical background, in the present note, we describe explicitly

the contact transformations of J 2ðM;N; pÞ in case m ¼ 1 in terms of the local canonical

coordinate system. Our expression enables us to recognize specifically the di¤erence

between the pseudo-group of prolonged first-order contact transformations and the

pseudo-group of prolonged point transformations. We would like to mention that

our expression can be applied to a practical approach for the discovery of interesting

pseudo-groups. In case n ¼ 1, there have been studied deeply various subgroups of

contact pseudo-groups and the corresponding equivalence problems of ordinary dif-

ferential equations, e.g. point transformations, fiber-preserving maps, area-preserving

maps, Painlevé type transformations, web type transformations, etc ([5], [6], [21], [8],

[12]). On the other hand, in case nb 2, such previous studies are limited ([13]).

Because of this situation, the applicability of our present work is expected. We are

also interested in the application of our expression to transformations of geometric



solutions with various properties, e.g. geometric singularities for solutions ([14], [15],

[16]).

Now we would like to touch on the significance of the present note. The topics

covered in this note have been discussed by great pioneers in past ([1], [2], [3], [7], [9],

[10]). However, their classical articles are not written very carefully and are not very

easy to read. Therefore, it is important to clearly explain these topics from a modern

perspective. In regard to this matter, our argument is elementary and very detailed.

In this sense, it can be expected that this note will play a role of a lecture note in this

research field.

Throughout the present note, we always assume the di¤erentiability of class Cy and

sometimes use the terminology in [25].

Acknowledgments. The first author was supported by JSPS KAKENHI Grant

Number 20K03633.

2. Contact transformations of the 1-jet bundle

Let M be a manifold of dimension nþ 1. We consider the Grassmann bundle

JðM; nÞ over M consisting of all n-dimensional contact elements to M. Namely,

JðM; nÞ is defined by JðM; nÞ ¼
S

x AM
Jx, Jx ¼ GrðTxðMÞ; nÞ, where GrðTxðMÞ; nÞ denotes

the Grassmann manifold of n-dimensional subspaces of TxðMÞ. Let P 1
0 : JðM; nÞ ! M

be the bundle projection. The canonical di¤erential system C on JðM; nÞ is the dif-

ferential system of corank 1 defined by

CðuÞ ¼ ðP 1
0Þ

�1
� ðuÞ ¼ fv A TuðJðM; nÞÞ j ðP 1

0Þ�ðvÞ A ug � TuðJðM; nÞÞ ���!ðP 1
0 Þ�

TxðMÞ;

where P 1
0ðuÞ ¼ x for u A JðM; nÞ. The pair ðJðM; nÞ;CÞ is called the geometric 1-jet

space. A di¤eomorphism F of JðM; nÞ onto itself is called a contact transformation

of first order if it preserves the canonical di¤erential system C, i.e., F�C ¼ C. We

emphasize that ðJðM; nÞ;CÞ is the standard contact manifold of dimension 2nþ 1.

Hence ðJðM; nÞ;CÞ has a local canonical system ðJ 1ðn; 1Þ;C1Þ. Namely, J 1ðn; 1Þ is

the coordinate space J 1ðn; 1Þ :¼ fðxi; z; piÞ j 1a ia ng and C1 :¼ f$0 ¼ 0g is the ca-

nonical contact structure described by the defining 1-form $0 :¼ dz�
Pn
i¼1

pi dxi. This

local canonical system ðJ 1ðn; 1Þ;C 1Þ is called the 1-jet space for n independent and

one dependent variables. In the same way as above, if a (local) di¤eomorphism

f : J 1ðn; 1Þ ! J 1ðn; 1Þ satisfies f�C
1 ¼ C1, then f is called a (local) contact transfor-

mation of first order. Now we put J 0ðn; 1Þ :¼ fðxi; zÞ j 1a ia ng. Then the natural

projection p1
0 : J 1ðn; 1Þ ! J 0ðn; 1Þ defined by p1

0ðxi; z; piÞ ¼ ðxi; zÞ gives a local structure

of P 1
0 : JðM; nÞ ! M. In this note, we mainly use the above (local) fibration p1

0 for the

purpose of calculating the explicit form of the following prolonged di¤eomorphisms
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([20]). The first-order contact prolongation of a (local) di¤eomorphism j : J 0ðn; 1Þ !
J 0ðn; 1Þ is the unique (local) contact transformation jð1Þ : J 1ðn; 1Þ ! J 1ðn; 1Þ satisfying

p1
0 � jð1Þ ¼ j � p1

0 . In the rest of this section, we calculate the explicit form of jð1Þ in

terms of the canonical coordinate of J 1ðn; 1Þ. Let jð1Þ : ðxi; z; piÞ 7! ðXiðxi; zÞ;Zðxi; zÞ;
Pi ¼ Piðxi; z; piÞÞ denote the first-order contact prolongation of a di¤eomorphism

j : ðxi; zÞ 7! ðXiðxi; zÞ;Zðxi; zÞÞ. This prolongation jð1Þ of j satisfies jð1Þ
�ðC1Þ ¼ C1,

that is,

dZ �
Xn
i¼1

Pi dXi ¼ f dz�
Xn
i¼1

pi dxi

 !
for a nonzero function f ðxi; z; piÞ

()
Xn
i¼1

Zxi dxi þ Zz dz�
Xn
i¼1

Pi

Xn
j¼1

ðXiÞxj dxj þ ðXiÞzdz
 !

¼ f dz�
Xn
i¼1

pi dxi

 !

() Zz �
Xn
i¼1

PiðXiÞz

 !
dzþ

Xn
j¼1

Zxj �
Xn
i¼1

PiðXiÞxj

 !
dxj ¼ f dz�

Xn
j¼1

pj dxj

 !
:

Hence the coordinate functions Xi and Z satisfy

Zx1 �
Xn
i¼1

PiðXiÞx1 ¼ �fp1

..

.

Zxn �
Xn
i¼1

PiðXiÞxn ¼ �fpn

Zz �
Xn
i¼1

PiðXiÞz ¼ f

8>>>>>>>>>>>><
>>>>>>>>>>>>:

()

Xn
i¼1

PiðXiÞx1 � fp1 ¼ Zx1

..

.

Xn
i¼1

PiðXiÞxn � fpn ¼ Zxn

Xn
i¼1

PiðXiÞz þ f ¼ Zz:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

These conditions can be summarized as

ðX1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

.

ðX1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXnÞz �1

0
BBBBB@

1
CCCCCA

P1

..

.

Pn

�f

0
BBBB@

1
CCCCA¼

Zx1

..

.

Zxn

Zz

0
BBBB@

1
CCCCA:ð1Þ

We put

KðjÞ ¼

ðX1Þx1 � � � ðX1Þxn ðX1Þz
..
. ..

. ..
.

ðXnÞx1 � � � ðXnÞxn ðXnÞz
p1 � � � pn �1

0
BBBBB@

1
CCCCCA; KðjÞ ¼

ðX1Þx1 � � � ðXnÞx1 p1 Zx1

..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXnÞxn pn Zxn

ðX1Þz � � � ðXnÞz �1 Zz

0
BBBBB@

1
CCCCCA:

--
--
--
--
--
--
--
--
--
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If there exists a solution ðP1; . . . ;Pn;�f Þ of the equation (1), ðP1; . . . ;Pn;�f Þ is unique

by the following argument. We assume the existence of a solution of (1). Then an

equality rank KðjÞ ¼ rank KðjÞ holds. Here, if the rank of KðjÞ is less than nþ 1,

then all minors of order ðnþ 1Þ � ðnþ 1Þ of KðjÞ are equal to 0. In particular, we

have

ðX1Þx1 � � � ðXnÞx1 Zx1

..

. ..
. ..

.

ðX1Þxn � � � ðXnÞxn Zxn

ðX1Þz � � � ðXnÞz Zz

�����������

�����������
¼ 0: Since j is a di¤eomorphism, this is a contra-

diction. Thus we have an equality rank KðjÞ ¼ rank KðjÞ ¼ nþ 1, i.e., jKðjÞj0 0.

By Cramer’s rule, we obtain the expression of the unique solution of (1):

Pi ¼
1

jKðjÞj

ðX1Þx1 � � � ðXi�1Þx1 Zx1 ðXiþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn Zxn ðXiþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXi�1Þz Zz ðXiþ1Þz � � � ðXnÞz �1

����������

����������
; f ¼ � jJjj

jKðjÞj ;

where Jj is the Jacobian matrix of j, i.e., Jj :¼

ðX1Þx1 � � � ðX1Þxn ðX1Þz
..
. ..

. ..
.

ðXnÞx1 � � � ðXnÞxn ðXnÞz
Zx1 � � � Zxn Zz

0
BBBBB@

1
CCCCCA:

To summarize the above discussion, we obtain the following statement.

Theorem 2.1. Let j : ðxi; zÞ 7! ðXi;ZÞ be a di¤eomorphism and jð1Þ : ðxi; z; piÞ 7!
ðXi;Z;PiÞ be the first-order contact prolongation of j. We take any point v of J 1ðn; 1Þ.
The first-order contact prolongation jð1Þ of j can be defined at v if and only if jKðjÞj0 0

at v. Under this condition jKðjÞj0 0, we have the description of Pi;

Pi ¼
1

jKðjÞj

ðX1Þx1 � � � ðXi�1Þx1 Zx1 ðXiþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn Zxn ðXiþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXi�1Þz Zz ðXiþ1Þz � � � ðXnÞz �1

�����������

�����������
:ð2Þ

Now we look a little deeper into the above condition jKðjÞj0 0.

Proposition 2.2. Let w be any point of J 0ðn; 1Þ. The following three conditions

are equivalent.

( i ) At any point v in the fiber ðp1
0Þ

�1ðwÞ, we have jKðjÞj0 0.

( ii ) We have ðKðnþ1Þ1ðjÞ; . . . ;Kðnþ1ÞnðjÞÞ ¼ 0 at w, where Kðnþ1Þk ð1a ka nÞ is the

cofactor of the ðnþ 1; kÞth element of KðjÞ.
(iii) We have ððX1Þz; . . . ; ðXnÞzÞ ¼ 0 at w.
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By taking the contraposition of the above, the following three conditions are also

equivalent.

( i ) 0 There exists a point v in the fiber ðp1
0Þ

�1ðwÞ such that jKðjÞj ¼ 0.

( ii ) 0 We have ðKðnþ1Þ1ðjÞ; . . . ;Kðnþ1ÞnðjÞÞ0 0 at w.

(iii) 0 We have ððX1Þz; . . . ; ðXnÞzÞ0 0 at w.

Proof. First of all, we prove the equivalence between (i) and (ii). We assume

that (ii) is false, that is, ðKðnþ1Þ1ðjÞ; . . . ;Kðnþ1ÞnðjÞÞ0 0 at w. There exists a number

k ð1a ka nÞ such that Kðnþ1ÞkðjÞ0 0. We use the cofactor expansion along the

ðnþ 1Þth row to evaluate jKðjÞj, i.e., jKðjÞj ¼ Kðnþ1Þ1ðjÞp1 þ � � � þ Kðnþ1ÞnðjÞpn �
Kðnþ1Þðnþ1ÞðjÞ. By taking the point v in the fiber ðp1

0Þ
�1ðwÞ defined by pk ¼

Kðnþ1Þðnþ1ÞðjÞ
Kðnþ1ÞkðjÞ

, pl ¼ 0 ðl ¼ 1; . . . ; k � 1; k þ 1; . . . ; nÞ, we have jKðjÞj ¼ 0 at v. Namely

the statement (i) is false. Thus we obtain the implication (i) ) (ii). Conversely, we

assume that (ii) is true, that is, ðKðnþ1Þ1ðjÞ; . . . ;Kðnþ1ÞnðjÞÞ ¼ 0 at w. Then we have

Kðnþ1Þðnþ1ÞðjÞ0 0 at any point v in the fiber ðp1
0Þ

�1ðwÞ by the calculation;

00 jJjj ¼

ðX1Þx1 � � � ðX1Þxn ðX1Þz
..
. ..

. ..
.

ðXnÞx1 � � � ðXnÞxn ðXnÞz
Zx1 � � � Zxn Zz

�����������

�����������
¼ Kðnþ1Þ1ðjÞZx1 þ � � � þ Kðnþ1ÞnðjÞZxn þ Kðnþ1Þðnþ1ÞðjÞZz

¼ Kðnþ1Þðnþ1ÞðjÞZz:

We have jKðjÞj0 0 at v by the following cofactor expansion of jKðjÞj;

jKðjÞj ¼ Kðnþ1Þ1ðjÞp1 þ � � � þ Kðnþ1ÞnðjÞpn � Kðnþ1Þðnþ1ÞðjÞ ¼ �Kðnþ1Þðnþ1ÞðjÞ0 0:

Hence we obtain the implication (ii) ) (i). The above discussion proved the equiv-

alence (i) , (ii).

Next we prove the equivalence between (ii) and (iii). The implication (iii) ) (ii)

follows directly from the expression of KðjÞ. Hence it is su‰cient to prove the impli-

cation (ii) ) (iii). We assume the condition of (ii), that is, ðKðnþ1Þ1ðjÞ; . . . ;Kðnþ1ÞnðjÞÞ

¼ 0 at w. We put W :¼ Kðnþ1Þðnþ1ÞðjÞ ¼

ðX1Þx1 � � � ðX1Þxn
..
. ..

.

ðXnÞx1 � � � ðXnÞxn

0
BB@

1
CCA. Let Wij be the

cofactor of the ði; jÞth element of W and adjðWÞ be the adjugate matrix of W . In the

same way as the discussion of the proof of the implication (ii) ) (i), we have jW j0 0

and jadjðWÞj0 0. By the assumption Kðnþ1Þ1ðjÞ ¼ 0, we have
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0 ¼ jKðnþ1Þ1ðjÞj ¼

ðX1Þx2 � � � ðXnÞx2
..
. ..

.

ðX1Þxn � � � ðXnÞxn
ðX1Þz � � � ðXnÞz

�����������

�����������

¼ ð�1Þnþ1

ðX2Þx2 � � � ðXnÞx2
..
. ..

.

ðX2Þxn � � � ðXnÞxn

��������

��������ðX1Þz þ � � � þ ð�1Þnþn

ðX1Þx2 � � � ðXn�1Þx2
..
. ..

.

ðX1Þxn � � � ðXn�1Þxn

��������

��������ðXnÞz

¼ ð�1Þn�1ðW11ðX1Þz þ � � � þWn1ðXnÞzÞ:

We also perform the same calculations for Kðnþ1Þ2ðjÞ; . . . ;Kðnþ1ÞnðjÞ. Summarizing

these calculations, we have the following simultaneous equations;

W11 � � � Wn1

..

. ..
.

W1n � � � Wnn

0
BB@

1
CCA

ðX1Þz
..
.

ðXnÞz

0
BB@

1
CCA ¼ adjðWÞ

ðX1Þz
..
.

ðXnÞz

0
BB@

1
CCA ¼ 0:

Then the condition jadjðWÞj0 0 derives the unique solution

ðX1Þz
..
.

ðXnÞz

0
BB@

1
CCA ¼ 0. Thus we

obtain the implication (ii) ) (iii) and the equivalence (ii), (iii). r

By using the above proposition, we characterize the local behaviors of the domains

of the first-order contact prolongations jð1Þ. Let w0 :¼ ððxiÞ0; z0Þ be a base point in

J 0ðn; 1Þ. Roughly speaking, the shapes of the domains of the first-order contact

prolongations can be classified into the following three types.

Type A: We assume that the condition (i) 0 is true at the point w0. Then the

condition (i) 0 is also true around w0 by the equivalent open conditions (ii) 0 and (iii) 0.

Example 2.3. We consider a di¤eomorphism j : J 0ðn; 1Þ ! J 0ðn; 1Þ defined by

X1 ¼ z, Xi ¼ xi ði ¼ 2; . . . nÞ and Z ¼ x1. By the calculation of jKðjÞj, we have

jKðjÞj ¼ �p1. Hence any point w0 in J 0ðn; 1Þ satisfies the condition (i) 0.

Type B: We assume that the condition (i) is true at the point w0. This case can

be divided into the following two cases.

Type B-1: There exists a neighborhood U of w0 which satisfies the following

situation. The condition (i) holds at any point in U .

Example 2.4. We consider a di¤eomorphism j : J 0ðn; 1Þ ! J 0ðn; 1Þ defined by

Xi ¼ xiþ1, Xn ¼ x1 ði ¼ 1; . . . ; n� 1Þ and Z ¼ z. Similarly, we have jKðjÞj ¼
ð�1Þðnþ2Þ 0 0. Hence any point w0 in J 0ðn; 1Þ satisfies the condition (i).
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Type B-2: For any neighborhood U of w0, there exists a point w :¼ ðxi; zÞ in U

satisfying the condition (i) 0.

Example 2.5. We consider a di¤eomorphism j : J 0ðn; 1Þ ! J 0ðn; 1Þ defined by

X1 ¼ x1 �
1

2
z2, Xi ¼ xi ði ¼ 2; . . . ; nÞ and Z ¼ z. Similarly, we have jKðjÞj ¼ zp1 � 1.

Hence any point w0 in the hypersurface fz ¼ 0g of J 0ðn; 1Þ satisfies the condition (i).

On the other hand, any point w0 in the open domain fz0 0g of J 0ðn; 1Þ satisfies the

Figure 1. Type A

Figure 2. Type B-1
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condition (i) 0. Actually, it is su‰cient to take a point v0 in the fiber ðp1
0Þ

�1ðw0Þ

satisfying p1 ¼
1

z
.

Through the discussion in this section, we note that the combination of Theorem

2.1 and Proposition 2.2 derives the following characterization.

Corollary 2.6. Let j : J 0ðn; 1Þ ! J 0ðn; 1Þ be a di¤eomorphism. The first-order

contact prolongation jð1Þ of j can be defined at any point in J 1ðn; 1Þ if and only if j

is a fiber-preserving di¤eomorphism for the natural fibration J 0ðn; 1Þ ! Rn defined by

ðx1; . . . ; xn; zÞ 7! ðx1; . . . ; xnÞ. Here a fiber-preserving di¤eomorphism can be described

by the form jðxi; zÞ ¼ ðXiðx1; . . . ; xnÞ;Zðx1; . . . ; xn; zÞÞ.

3. Contact transformations of the 2-jet bundle

Let ðJðM; nÞ;C1Þ be a geometric 1-jet space which has the local canonical system

ðJ 1ðn; 1Þ;C 1Þ. We take a local contact form $ around any point u A JðM; nÞ. An

n-dimensional subspace v of the tangent space TuðJðM; nÞÞ is called an integral ele-

ment of C1 if v � C1ðuÞ and d$jv ¼ 0. Since ðJðM; nÞ;C1Þ is the 2nþ 1-dimensional

standard contact manifold, this integral element v is a Lagrangian subspace of the

symplectic vector space ðCðuÞ; d$Þ. We consider the Lagrangian Grassmannian bundle

LðJðM; nÞÞ over JðM; nÞ. Namely, LðJðM; nÞÞ is defined by LðJðM; nÞÞ ¼
S

u A JðM;nÞ
Lu,

where each fiber Lu is the Lagrangian Grassmannian manifold. Let P 2
1 : LðJðM; nÞÞ !

JðM; nÞ be the bundle projection. Then the canonical di¤erential system E of corank

nþ 1 on LðJðM; nÞÞ is defined by

EðvÞ ¼ ðP 2
1Þ

�1
� ðvÞ � TvðLðJðM; nÞÞÞ ���!ðP 2

1 Þ�
TuðJðM; nÞÞ;

Figure 3. Type B-2
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where P 2
1ðvÞ ¼ u for v A LðJðM; nÞÞ. The pair ðLðJðM; nÞÞ;EÞ is called the geo-

metric 2-jet space. A di¤eomorphism F of LðJðM; nÞÞ onto itself is called a con-

tact transformation of second order if it preserves the canonical di¤erential system

E, i.e., F�E ¼ E. As in the case of the geometric 1-jet space, ðLðJðM; nÞÞ;EÞ has

a local canonical system ðJ 2ðn; 1Þ;C 2Þ. Namely, J 2ðn; 1Þ is the coordinate space

J 2ðn; 1Þ :¼ fðxi; z; pi; pijÞ j 1a ia ja ng and C2 :¼ f$0 ¼ $i ¼ 0g is the canonical

second-order contact structure described by the defining 1-forms $0 :¼ dz�
Pn
i¼1

pi dxi

and $i :¼ dpi �
Pn
j¼1

pij dxj, where 1a ia n, pij ¼ pji ([26]). This local canonical system

ðJ 2ðn; 1Þ;C 2Þ is called the 2-jet space for n independent and one dependent vari-

ables. In the same way as above, if a (local) di¤eomorphism f : J 2ðn; 1Þ ! J 2ðn; 1Þ
satisfies f�C

2 ¼ C2, then f is called a (local) contact transformation of second order.

We also have the natural projections p2
1 : J 2ðn; 1Þ ! J 1ðn; 1Þ and p2

0 : J 2ðn; 1Þ !
J 0ðn; 1Þ defined by p2

1ðxi; z; pi; pijÞ ¼ ðxi; z; piÞ and p2
0 :¼ p1

0 � p2
1 respectively. The

fibration p2
0 : J 2ðn; 1Þ ! J 1ðn; 1Þ ! J 0ðn; 1Þ gives a local structure of the (geometric)

fibration P 2
0 :¼ P 1

0 �P 2
1 : LðJðM; nÞÞ ! JðM; nÞ ! M. As in the case of Section

2, we mainly use the (local) fibration p2
0 for the investigation of the contact pro-

longations.

3.1. Second-order contact prolongations of di¤eomorphisms

The second-order contact prolongation jð2Þ : J 2ðn; 1Þ ! J 2ðn; 1Þ of a (local) dif-

feomorphism j : J 0ðn; 1Þ ! J 0ðn; 1Þ is the unique (local) contact transformation

jð2Þ : J 2ðn; 1Þ ! J 2ðn; 1Þ satisfying p2
1 � jð2Þ ¼ jð1Þ � p2

1 , where jð1Þ : J 1ðn; 1Þ ! J 1ðn; 1Þ
is the first-order contact prolongation of j. In this subsection, we calculate the explicit

form of the second-order contact prolongation of a (local) di¤eomorphism.

Now we prepare some fundamental properties for the determinant to be used in

subsequent discussions. However, we omit the proofs.

Proposition 3.1. Let m, n be natural numbers, h, l be non-negative integers,

1a ka n and 1a i1 < � � � < ik a n. We put

ai :¼ tða1i a2i � � � aniÞ ð1a iamÞ; B :¼ ðb1 � � � blÞ :¼
b11 � � � b1l

..

. ..
.

bn1 � � � bnl

0
BB@

1
CCA;

ak
i :¼ tðai1i ai2i � � � aikiÞ; bk

j :¼ tðbi1 j bi2 j � � � bik jÞ ð1a ja lÞ;

Bk :¼ ðbk
1 � � � bk

l Þ; C :¼
ci11 � � � ci1h

..

. ..
.

cik1 � � � cikh

0
BB@

1
CCA;
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where mþ l ¼ nþ 1, 1þ hþ l ¼ k. Then we have the equality;

a1 a2 � � � am B

jak
1 Bk Cj jak

2 Bk Cj � � � jak
m Bk Cj 0

�����
����� ¼ 0:

Proposition 3.2. The exterior derivative of a determinant satisfies

d

f11 � � � f1n

..

. ..
.

fn1 � � � fnn

��������
�������� ¼

df11 f12 � � � f1n

..

. ..
. ..

.

dfn1 fn2 � � � fnn

��������
��������þ � � � þ

f11 � � � f1n�1 df1n

..

. ..
. ..

.

fn1 � � � fnn�1 dfnn

��������
��������:

We also prepare the useful explicit formula of the partial derivatives ðPiÞpj of Pi in

a first-order contact prolongation jð1Þ : ðxi; z; piÞ 7! ðXi;Z;PiÞ. By using the description

(2), we calculate

ðPiÞpj ¼
1

jKðjÞj

ðX1Þx1 � � � ðXi�1Þx1 Zx1 ðXiþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn Zxn ðXiþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXi�1Þz Zz ðXiþ1Þz � � � ðXnÞz �1

�����������

�����������

0
BBBBB@

1
CCCCCA
pj

ð3Þ

¼ 1

jKðjÞj2

0
BBBBB@

ðX1Þx1 � � � ðXi�1Þx1 Zx1 ðXiþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn Zxn ðXiþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXi�1Þz Zz ðXiþ1Þz � � � ðXnÞz �1

�����������

�����������
pj

� jKðjÞj

�

ðX1Þx1 � � � ðXi�1Þx1 Zx1 ðXiþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn Zxn ðXiþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXi�1Þz Zz ðXiþ1Þz � � � ðXnÞz �1

�����������

�����������
� jKðjÞjpj

1
CCCCCA:

Here each term of the above can be transformed as follows. First of all, we

transform

ðX1Þx1 � � � ðXi�1Þx1 Zx1 ðXiþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn Zxn ðXiþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXi�1Þz Zz ðXiþ1Þz � � � ðXnÞz �1

�����������

�����������
pj
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¼

ðX1Þx1 � � � ðXi�1Þx1 Zx1 ðXiþ1Þx1 � � � ðXnÞx1 0

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxj�1
� � � ðXi�1Þxj�1

Zxj�1
ðXiþ1Þxj�1

� � � ðXnÞxj�1
0

ðX1Þxj � � � ðXi�1Þxj Zxj ðXiþ1Þxj � � � ðXnÞxj 1

ðX1Þxjþ1
� � � ðXi�1Þxjþ1

Zxjþ1
ðXiþ1Þxjþ1

� � � ðXnÞxjþ1
0

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn Zxn ðXiþ1Þxn � � � ðXnÞxn 0

ðX1Þz � � � ðXi�1Þz Zz ðXiþ1Þz � � � ðXnÞz 0

���������������������

���������������������

ð9 Prop: 3:2Þ

¼ ð�1Þ jþnþ1

ðX1Þx1 � � � ðXi�1Þx1 Zx1 ðXiþ1Þx1 � � � ðXnÞx1
..
. ..

. ..
. ..

. ..
.

ðX1Þxj�1
� � � ðXi�1Þxj�1

Zxj�1
ðXiþ1Þxj�1

� � � ðXnÞxj�1

ðX1Þxjþ1
� � � ðXi�1Þxjþ1

Zxjþ1
ðXiþ1Þxjþ1

� � � ðXnÞxjþ1

..

. ..
. ..

. ..
. ..

.

ðX1Þxn � � � ðXi�1Þxn Zxn ðXiþ1Þxn � � � ðXnÞxn
ðX1Þz � � � ðXi�1Þz Zz ðXiþ1Þz � � � ðXnÞz

������������������

������������������

¼ ð�1Þ iþjþn

Zx1 ðX1Þx1 � � � ðXi�1Þx1 ðXiþ1Þx1 � � � ðXnÞx1
..
. ..

. ..
. ..

. ..
.

Zxj�1
ðX1Þxj�1

� � � ðXi�1Þxj�1
ðXiþ1Þxj�1

� � � ðXnÞxj�1

Zxjþ1
ðX1Þxjþ1

� � � ðXi�1Þxjþ1
ðXiþ1Þxjþ1

� � � ðXnÞxjþ1

..

. ..
. ..

. ..
. ..

.

Zxn ðX1Þxn � � � ðXi�1Þxn ðXiþ1Þxn � � � ðXnÞxn
Zz ðX1Þz � � � ðXi�1Þz ðXiþ1Þz � � � ðXnÞz

������������������

������������������

:

We denote the determinant in the last description by A1. Next we perform the

following transformation di¤erent from the above.

ðX1Þx1 � � � ðXi�1Þx1 Zx1 ðXiþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn Zxn ðXiþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXi�1Þz Zz ðXiþ1Þz � � � ðXnÞz �1

����������

����������

¼ ð�1Þn�i

ðX1Þx1 � � � ðXi�1Þx1 ðXiþ1Þx1 � � � ðXnÞx1 Zx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn ðXiþ1Þxn � � � ðXnÞxn Zxn pn

ðX1Þz � � � ðXi�1Þz ðXiþ1Þz � � � ðXnÞz Zz �1

����������

����������
:
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Finally we expand the term jKðjÞjpj ;

jKðjÞjpj ¼

ðX1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

.

ðX1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXnÞz �1

�����������

�����������
pj

¼
Prop: 3:2

ðX1Þx1 � � � ðXnÞx1 0

..

. ..
. ..

.

ðX1Þxj�1
� � � ðXnÞxj�1

0

ðX1Þxj � � � ðXnÞxj 1

ðX1Þxjþ1
� � � ðXnÞxjþ1

0

..

. ..
. ..

.

ðX1Þxn � � � ðXnÞxn 0

ðX1Þz � � � ðXnÞz 0

�����������������������

�����������������������

¼ ð�1Þ jþnþ1

ðX1Þx1 � � � ðXnÞx1
..
. ..

.

ðX1Þxj�1
� � � ðXnÞxj�1

ðX1Þxjþ1
� � � ðXnÞxjþ1

..

. ..
.

ðX1Þxn � � � ðXnÞxn
ðX1Þz � � � ðXnÞz

��������������������

��������������������

¼ ð�1Þ iþjþn

ðXiÞx1 ðX1Þx1 � � � ðXi�1Þx1 ðXiþ1Þx1 � � � ðXnÞx1
..
. ..

. ..
. ..

. ..
.

ðXiÞxj�1
ðX1Þxj�1

� � � ðXi�1Þxj�1
ðXiþ1Þxj�1

� � � ðXnÞxj�1

ðXiÞxjþ1
ðX1Þxjþ1

� � � ðXi�1Þxjþ1
ðXiþ1Þxjþ1

� � � ðXnÞxjþ1

..

. ..
. ..

. ..
. ..

.

ðXiÞxn ðX1Þxn � � � ðXi�1Þxn ðXiþ1Þxn � � � ðXnÞxn
ðXiÞz ðX1Þz � � � ðXi�1Þz ðXiþ1Þz � � � ðXnÞz

��������������������

��������������������

:

We also denote the determinant in the last description by A2. Thus we have the

following form of ðPiÞpj by substituting these expansions into (3).

ðPiÞpj ¼
1

jKðjÞj2

0
BBBBB@ð�1Þ iþjþn

A1

ðX1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

.

ðX1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXnÞz �1

�����������

�����������
ð4Þ

Takahiro Noda, Kazuhiro Shibuya and Takahiko Yoshimoto12



þ ð�1Þ jþ1

ðX1Þx1 � � � ðXi�1Þx1 ðXiþ1Þx1 � � � ðXnÞx1 Zx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn ðXiþ1Þxn � � � ðXnÞxn Zxn pn

ðX1Þz � � � ðXi�1Þz ðXiþ1Þz � � � ðXnÞz Zz �1

�����������

�����������
A2

1
CCCCA

¼ ð�1Þ iþjþnþ1

jKðjÞj2

0
BBBB@�A1

ðX1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

.

ðX1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXnÞz �1

�����������

�����������

þ ð�1Þ iþn

ðX1Þx1 � � � ðXi�1Þx1 ðXiþ1Þx1 � � � ðXnÞx1 Zx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn ðXiþ1Þxn � � � ðXnÞxn Zxn pn

ðX1Þz � � � ðXi�1Þz ðXiþ1Þz � � � ðXnÞz Zz �1

�����������

�����������
A2

1
CCCCA:

Now, by using Proposition 3.1, we also have the following condition;

0 ¼

ðX1Þx1 � � � ðXi�1Þx1 ðXiÞx1 ðXiþ1Þx1 � � � ðXnÞx1 Zx1 p1

..

. ..
. ..

. ..
. ..

. ..
. ..

.

ðX1Þxn � � � ðXi�1Þxn ðXiÞxn ðXiþ1Þxn � � � ðXnÞxnZxn pn

ðX1Þz � � � ðXi�1Þz ðXiÞz ðXiþ1Þz � � � ðXnÞz Zz �1

0 � � � 0 A2 0 � � � 0 A1

p1 ðX1Þx1 � � � ðXi�1Þx1 ðXiþ1Þx1 � � � ðXnÞx1
..
. ..

. ..
. ..

. ..
.

pj�1 ðX1Þxj�1
� � � ðXi�1Þxj�1

ðXiþ1Þxj�1
� � � ðXnÞxj�1

pjþ1 ðX1Þxjþ1
� � � ðXi�1Þxjþ1

ðXiþ1Þxjþ1
� � � ðXnÞxjþ1

..

. ..
. ..

. ..
. ..

.

pn ðX1Þxn � � � ðXi�1Þxn ðXiþ1Þxn � � � ðXnÞxn
�1 ðX1Þz � � � ðXi�1Þz ðXiþ1Þz � � � ðXnÞz

�������������������

�������������������

������������������������������

������������������������������

¼ ð�1Þnþ2þi

ðX1Þx1 � � � ðXi�1Þx1 ðXiþ1Þx1 � � � ðXnÞx1 Zx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn ðXiþ1Þxn � � � ðXnÞxn Zxn pn

ðX1Þz � � � ðXi�1Þz ðXiþ1Þz � � � ðXnÞz Zz �1

����������

����������
A2 � A1

ðX1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

.

ðX1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXnÞz �1

����������

����������

þ jJjj �

p1 ðX1Þx1 � � � ðXi�1Þx1 ðXiþ1Þx1 � � � ðXnÞx1
..
. ..

. ..
. ..

. ..
.

pj�1 ðX1Þxj�1
� � � ðXi�1Þxj�1

ðXiþ1Þxj�1
� � � ðXnÞxj�1

pjþ1 ðX1Þxjþ1
� � � ðXi�1Þxjþ1

ðXiþ1Þxjþ1
� � � ðXnÞxjþ1

..

. ..
. ..

. ..
. ..

.

pn ðX1Þxn � � � ðXi�1Þxn ðXiþ1Þxn � � � ðXnÞxn
�1 ðX1Þz � � � ðXi�1Þz ðXiþ1Þz � � � ðXnÞz

�������������������

�������������������
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¼ ð�1Þ iþn

ðX1Þx1 � � � ðXi�1Þx1 ðXiþ1Þx1 � � � ðXnÞx1 Zx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXi�1Þxn ðXiþ1Þxn � � � ðXnÞxn Zxn pn

ðX1Þz � � � ðXi�1Þz ðXiþ1Þz � � � ðXnÞz Zz �1

�����������

�����������
A2 � A1

ðX1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

.

ðX1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXnÞz �1

�����������

�����������

þ ð�1Þn�1jJjj �

ðX1Þx1 � � � ðXi�1Þx1 ðXiþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

.

ðX1Þxj�1
� � � ðXi�1Þxj�1

ðXiþ1Þxj�1
� � � ðXnÞxj�1

pj�1

ðX1Þxjþ1
� � � ðXi�1Þxjþ1

ðXiþ1Þxjþ1
� � � ðXnÞxjþ1

pjþ1

..

. ..
. ..

. ..
. ..

.

ðX1Þxn � � � ðXi�1Þxn ðXiþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXi�1Þz ðXiþ1Þz � � � ðXnÞz �1

���������������������

���������������������

:

By substituting this condition into (4), we have the expansion;

ðPiÞpj ¼
ð�1Þ iþjþnþ1

jKðjÞj2
ð�1ÞnjJjj �

ðX1Þx1 � � � ðXi�1Þx1 ðXiþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

.

ðX1Þxj�1
� � � ðXi�1Þxj�1

ðXiþ1Þxj�1
� � � ðXnÞxj�1

pj�1

ðX1Þxjþ1
� � � ðXi�1Þxjþ1

ðXiþ1Þxjþ1
� � � ðXnÞxjþ1

pjþ1

..

. ..
. ..

. ..
. ..

.

ðX1Þxn � � � ðXi�1Þxn ðXiþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXi�1Þz ðXiþ1Þz � � � ðXnÞz �1

��������������������

��������������������

:

Let KijðjÞ be the cofactor of the ði; jÞth element of KðjÞ. Consequently, we obtain the

following simple formula of ðPiÞpj .

Lemma 3.3. Let jð1Þ : ðxi; z; piÞ 7! ðXi;Z;PiÞ be a first-order contact prolongation.

Then the partial derivatives ðPiÞpj of Pi are given by

ðPiÞpj ¼ � jJjj
jKðjÞj2

KijðjÞ ði; j ¼ 1; . . . ; nÞ:

From now on, let us proceed to the description of the second-order pro-

longation jð2Þ : J 2ðn; 1Þ ! J 2ðn; 1Þ of a di¤eomorphism j : J 0ðn; 1Þ ! J 0ðn; 1Þ. Let

jð2Þ : ðxi; z; pi; pijÞ 7! ðXiðxi; zÞ; Zðxi; zÞ; Pi ¼ Piðxi; z; piÞ; Pij ¼ Pijðxi; z; pi; pijÞÞ denote

the second-order contact prolongation of a di¤eomorphism j. In the same way as

the discussion of the first-order prolongation jð1Þ, we examine the pullback equation for

generator 1-forms of C2 by jð2Þ;
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dZ � P1 dX1 � � � � � Pn dXn

dP1 � P11 dX1 � � � � � P1n dXn

..

.

dPn � Pn1 dX1 � � � � � Pnn dXn

0
BBBB@

1
CCCCAð5Þ

¼

f 0 � � � 0

f1 f11 � � � f1n

..

. ..
. ..

.

fn fn1 � � � fnn

0
BBBB@

1
CCCCA

dz� p1 dx1 � � � � � pn dxn

dp1 � p11 dx1 � � � � � p1n dxn

..

.

dpn � pn1 dx1 � � � � � pnn dxn

0
BBBB@

1
CCCCA;

where the above functions f ðxi; z; piÞ, fiðxi; z; pi; pijÞ and fijðxi; z; pi; pijÞ satisfy;

f 0 � � � 0

f1 f11 � � � f1n

..

. ..
. ..

.

fn fn1 � � � fnn

����������

����������
0 0:

In the previous section, we already discussed the first equation in (5). Hence we

investigate the remaining equations except for this first equation. We fix the ði þ 1Þth
equation for i ¼ 1; . . . ; n. The left-hand side can be expanded as

dPi � Pi1 dX1 � � � � � Pin dXn

¼
Xn
k¼1

ðPiÞxkdxk þ ðPiÞzdzþ
Xn
k¼1

ðPiÞpkdpk

 !

� Pi1

Xn
k¼1

ðX1Þxkdxk þ ðX1Þzdz
 !

� � � � � Pin

Xn
k¼1

ðXnÞxkdxk þ ðXnÞzdz
 !

¼
Xn
k¼1

ððPiÞxk � Pi1ðX1Þxk � � � � � PinðXnÞxk Þdxk

þ ððPiÞz � Pi1ðX1Þz � � � � � PinðXnÞzÞdzþ
Xn
k¼1

ðPiÞpkdpk:

On the other hand, the right-hand side can be expanded as

fi dz�
Xn
k¼1

pk dxk

 !
þ fi1 dp1 �

Xn
k¼1

p1k dxk

 !
þ � � � þ fin dpn �

Xn
k¼1

pnk dxk

 !

¼
Xn
k¼1

ð�fi pk � fi1 p1k � � � � � fin pnkÞdxk þ fi dzþ
Xn
k¼1

fik dpk:
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Thus we have the following simultaneous equations by comparing both expansions.

ðPiÞx1 � Pi1ðX1Þx1 � � � � � PinðXnÞx1 ¼ �fi p1 � fi1 p11 � � � � � fin pn1;

..

.

ðPiÞxn � Pi1ðX1Þxn � � � � � PinðXnÞxn ¼ �fi pn � fi1 p1n � � � � � fin pnn;

ðPiÞz � Pi1ðX1Þz � � � � � PinðXnÞz ¼ fi;

ðPiÞp1 ¼ fi1;

..

.

ðPiÞpn ¼ fin:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

We rewrite the above system of equations in matrix form;

ðX1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

.

ðX1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXnÞz �1

0
BBBBB@

1
CCCCCA

Pi1

..

.

Pin

�fi

0
BBBB@

1
CCCCA¼

ðPiÞx1 þ
Xn
k¼1

ðPiÞpk pk1

..

.

ðPiÞxn þ
Xn
k¼1

ðPiÞpk pkn

ðPiÞz

0
BBBBBBBBB@

1
CCCCCCCCCA
:ð6Þ

By Cramer’s rule, we obtain the following expression of the unique solution of

(6);

Pij ¼
1

jKðjÞj

ðX1Þx1 � � � ðXj�1Þx1 ðPiÞx1 þ
Xn
k¼1

ðPiÞpk pk1 ðXjþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXj�1Þxn ðPiÞxn þ
Xn
k¼1

ðPiÞpk pkn ðXjþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXj�1Þz ðPiÞz ðXjþ1Þz � � � ðXnÞz �1

����������������

����������������
;

for all j ð1a ja nÞ, and

fi ¼ � 1

jKðjÞj

ðX1Þx1 � � � ðXnÞx1 ðPiÞx1 þ
Xn
k¼1

ðPiÞpk pk1

..

. ..
. ..

.

ðX1Þxn � � � ðXnÞxn ðPiÞxn þ
Xn
k¼1

ðPiÞpk pkn

ðX1Þz � � � ðXnÞz ðPiÞz

����������������

����������������
:
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We substitute the description of ðPiÞpj in Lemma 3.3 into the description of

Pij ;

Pij ¼
1

jKðjÞj

0
BBBBB@

ðX1Þx1 � � � ðXj�1Þx1 ðPiÞx1 ðXjþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXj�1Þxn ðPiÞxn ðXjþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXj�1Þz ðPiÞz ðXjþ1Þz � � � ðXnÞz �1

�����������

�����������

þ
Xn
k¼1

� jJjj
jKðjÞj2

KikðjÞ
 ! ðX1Þx1 � � � ðXj�1Þx1 pk1 ðXjþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXj�1Þxn pkn ðXjþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXj�1Þz 0 ðXjþ1Þz � � � ðXnÞz �1

�����������

�����������

1
CCCCCA:

Moreover, by using the cofactors of KðjÞ, we have

ðX1Þx1 � � � ðXj�1Þx1 pk1 ðXjþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXj�1Þxn pkn ðXjþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXj�1Þz 0 ðXjþ1Þz � � � ðXnÞz �1

�����������

�����������
¼
Xn
l¼1

KjlðjÞpkl :

Thus we obtain the clear description of Pij ;

Pij ¼
1

jKðjÞj jAij j �
jJjj

jKðjÞj2
Xn
l¼1

Xn
k¼1

KikðjÞKjlðjÞpkl

 !
; where

Aij :¼

t ðX1Þx1 � � � ðXj�1Þx1 ðPiÞx1 ðXjþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXj�1Þxn ðPiÞxn ðXjþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXj�1Þz ðPiÞz ðXjþ1Þz � � � ðXnÞz �1

0
BBBBB@

1
CCCCCA:

We remark that the equality jAijj ¼ jAjij follows from the equality Pij ¼ Pji. The

following statement is a summary of the above discussions.

Theorem 3.4. Let jð1Þ : ðxi; z; pi; pijÞ 7! ðXi;Z;Pi;PijÞ be the second-order con-

tact prolongation of a di¤eomorphism j : ðxi; zÞ 7! ðXi;ZÞ. We take any point v

of J 2ðn; 1Þ. The second-order contact prolongation jð2Þ can be defined at v if and

only if jKðjÞj0 0 at v. Under this condition jKðjÞj0 0, we have the description

of Pij;
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Pij ¼
1

jKðjÞj

ðX1Þx1 � � � ðXj�1Þx1 ðPiÞx1 þ
Xn
k¼1

ðPiÞpk pk1 ðXjþ1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXj�1Þxn ðPiÞxn þ
Xn
k¼1

ðPiÞpk pkn ðXjþ1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXj�1Þz ðPiÞz ðXjþ1Þz � � � ðXnÞz �1

����������������

����������������
¼ 1

jKðjÞj jAijj �
jJjj

jKðjÞj2
Xn
l¼1

Xn
k¼1

KikðjÞKjlðjÞpkl

 !
; where jAij j ¼ jAjij:

Remark 3.5. We note that the condition jKðjÞj0 0 appears in both Theorem

2.1 and Theorem 3.4. Namely, the open domain D :¼ fjKðjÞj0 0g � J 1ðn; 1Þ is the

domain of the first-order contact prolongations jð1Þ, and the its total space D̂D :¼
ðp2

1Þ
�1ðDÞ is also the domain of the second-order contact prolongations jð2Þ. Conse-

quently, we obtain the following commutative diagram for contact prolongations under

the condition jKðjÞj0 0;

J 2ðn; 1Þ � D̂D ���!jð2Þ

J 2ðn; 1Þ

p2
1

???y l

???yp2
1

J 1ðn; 1Þ � D ���!jð1Þ

J 1ðn; 1Þ

p1
0

???y l

???yp1
0

J 0ðn; 1Þ J 0ðn; 1Þ:�����!j

3.2. General contact transformations of second order

Let us start from the following famous lifting theorem for the contact trans-

formations on 2-jet bundles (c.f. Theorem 3.2 in [24]).

Theorem 3.6 (Bäcklund [1], Yamaguchi [24]). Let ðJðM; nÞ;CÞ be a geometric 1-jet

space (i.e. standard contact manifold) and ðLðJðM; nÞÞ;EÞ be the geometric 2-jet space.

A first-order contact transformation f : JðM; nÞ ! JðM; nÞ induces a unique second-

order contact transformation f̂f : LðJðM; nÞÞ ! LðJðM; nÞÞ such that f̂fðvÞ ¼ f�ðvÞ for

v A LðJðM; nÞÞ. Conversely a second-order contact transformation c : LðJðM; nÞÞ !
LðJðM; nÞÞ induces an unique contact transformation f : JðM; nÞ ! JðM; nÞ such that

c ¼ f�.

Theorem 3.6 was provided by A. V. Bäcklund in its local form ([1]). After that

Yamaguchi proved the statement in the above global form ([24]). This theorem tells

us that every (local) contact transformation of second order can be realized as a

prolonged first-order (local) contact transformation. Incidentally, in our notation, the
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second-order prolongation ĉc : J 2ðRn;RÞ ! J 2ðRn;RÞ of a (local) first-order contact

transformation c : J 1ðRn;RÞ ! J 1ðRn;RÞ is also defined as the unique (local) contact

transformation satisfying p2
1 � ĉc ¼ c � p2

1 from the same argument in the above ([20]).

Based on Theorem 3.6, we give the explicit form of the general second-order contact

transformation as a second-order prolongation ĉc.

Theorem 3.7. Let ĉc : ðxi; z; pi; pijÞ 7! ðXi;Z;Pi;PijÞ be the second-order prolonga-

tion of a first-order contact transformation c : ðxi; z; piÞ 7! ðXi;Z;PiÞ. We take any point

v of J 2ðn; 1Þ. Moreover we put

LðcÞ :¼

ðX1Þx1 � � � ðX1Þxn ðX1Þz ðX1Þp1 � � � ðX1Þpn
..
. ..

. ..
. ..

. ..
.

ðXnÞx1 � � � ðXnÞxn ðXnÞz ðXnÞp1 � � � ðXnÞpn
p1 � � � pn �1

p11 � � � p1n
. .
. 0

..

. ..
. 0 . .

.

pn1 � � � pnn �1

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
:

The second-order prolongation ĉc can be defined at v if and only if jLðcÞj0 0 at v.

Under this condition jLðcÞj0 0, we have the description of Pij;

Pij ¼
ða1Þ

1

jLðcÞj

ðX1Þx1 � � � ðXj�1Þx1 ðPiÞx1 ðXjþ1Þx1 � � � ðXnÞx1 p1 p11 � � � pn1

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXj�1Þxn ðPiÞxn ðXjþ1Þxn � � � ðXnÞxn pn p1n � � � pnn

ðX1Þz � � � ðXj�1Þz ðPiÞz ðXjþ1Þz � � � ðXnÞz �1

ðX1Þp1 � � � ðXj�1Þp1 ðPiÞp1 ðXjþ1Þp1 � � � ðXnÞp1
. .
. 0

..

. ..
. ..

. ..
. ..

. 0 . .
.

ðX1Þpn � � � ðXj�1Þpn ðPiÞpn ðXjþ1Þpn � � � ðXnÞpn �1

��������������������

��������������������

¼
ða2Þ

dX1

dx1
� � � dXj�1

dx1

dPi

dx1

dXjþ1

dx1
� � � dXn

dx1

..

. ..
. ..

. ..
. ..

.

dX1

dxn
� � � dXj�1

dxn

dPi

dxn

dXjþ1

dxn
� � � dXn

dxn

������������

������������
dXa

dxb

� �
1aa;ban

�����
�����

;

where
d

dxi
:¼ q

qxi
þ pi

q

qz
þ
Xn
j¼1

pji
q

qpj
:
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Proof. The equality ða1Þ follows from the same argument as in Theorem 3.4, so

we omit the proof. In the following, we prove the equality ða2Þ. Two determinants

on the right-hand side of the equality ða1Þ can be rewritten as follows;

ðX1Þx1 � � � ðXj�1Þx1 ðPiÞx1 ðXjþ1Þx1 � � � ðXnÞx1 p1 p11 � � � pn1

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

ðX1Þxn � � � ðXj�1Þxn ðPiÞxn ðXjþ1Þxn � � � ðXnÞxn pn p1n � � � pnn

ðX1Þz � � � ðXj�1Þz ðPiÞz ðXjþ1Þz � � � ðXnÞz �1

ðX1Þp1 � � � ðXj�1Þp1 ðPiÞp1 ðXjþ1Þp1 � � � ðXnÞp1
. .
. 0

..

. ..
. ..

. ..
. ..

. 0 . .
.

ðX1Þpn � � � ðXj�1Þpn ðPiÞpn ðXjþ1Þpn � � � ðXnÞpn �1

���������������������

���������������������

¼

dX1

dx1
� � � dXj�1

dx1

dPi

dx1

dXjþ1

dx1
� � � dXn

dx1
0 0 � � � 0

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
.

dX1

dxn
� � � dXj�1

dxn

dPi

dxn

dXjþ1

dxn
� � � dXn

dxn
0 0 � � � 0

ðX1Þz � � � ðXj�1Þz ðPiÞz ðXjþ1Þz � � � ðXnÞz �1

ðX1Þp1 � � � ðXj�1Þp1 ðPiÞp1 ðXjþ1Þp1 � � � ðXnÞp1
. .
. 0

..

. ..
. ..

. ..
. ..

. 0 . .
.

ðX1Þpn � � � ðXj�1Þpn ðPiÞpn ðXjþ1Þpn � � � ðXnÞpn �1

������������������������

������������������������

¼ ð�1Þnþ1

dX1

dx1
� � � dXj�1

dx1

dPi

dx1

dXjþ1

dx1
� � � dXn

dx1
..
. ..

. ..
. ..

. ..
.

dX1

dxn
� � � dXj�1

dxn

dPi

dxn

dXjþ1

dxn
� � � dXn

dxn

������������

������������
; and

jLðcÞj ¼ ð�1Þnþ1

dX1

dx1
� � � dXn

dx1
..
. ..

.

dX1

dxn
� � � dXn

dxn

������������

������������
:

We obtain the equality ða2Þ by substituting these descriptions into the right-hand

side of ða1Þ. r

Remark 3.8. Since c is a first-order contact transformation, we remark that the

following condition for Pi is in hiding within the above expression of Pij;
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ðX1Þx1 � � � ðXnÞx1 p1

..

. ..
. ..

.

ðX1Þxn � � � ðXnÞxn pn

ðX1Þz � � � ðXnÞz �1

ðX1Þp1 � � � ðXnÞp1 0

..

. ..
. ..

.

ðX1Þpn � � � ðXnÞpn 0

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

P1

..

.

Pn

�f

0
BBBB@

1
CCCCA¼

Zx1

..

.

Zxn

Zz

Zp1

..

.

Zpn

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
:

Here if a contact transformation c satisfies the condition

ðX1Þp1 � � � ðXnÞp1
..
. ..

.

ðX1Þpn � � � ðXnÞpn

0
BBB@

1
CCCA¼ 0,

then c becomes a first-order prolongation jð1Þ of some di¤eomorphism j.

A comparison between Theorem 3.7 and Theorem 3.4 enables us to understand

elementary the marked di¤erences between the pseudo group of (prolonged) first-order

contact transformations and the pseudo group of (prolonged) di¤eomorphisms (point

transformations). A typical example of such a di¤erence is the following Legendre

transformation of general type.

Example 3.9. Let I be a nonempty subset of the set f1; . . . ; ng. The Legendre

transformation of general type c : ðxi; z; piÞ 7! ðXi;Z;PiÞ is defined by Xi :¼ pi, Xj :¼ xj,

Z :¼ z�
P
i A I

pixi, Pi :¼ �xi, Pj :¼ pj , where i A I , j A f1; . . . ; ngnI . In the case of

I ¼ f1; . . . ; ng c is the usual full Legendre transformation, otherwise it is the partial

Legendre transformation ([22]). By using Theorem 3.7, we can calculate the second-

order prolongation of these Legendre transformations. For example, the second-order

prolongation of the full Legendre transformation is given by the description Pij ¼

� qij

jðpabÞ1aa;banj
, where qij denotes the cofactor of the ði; jÞth element of the matrix

ðpabÞ1aa;ban.

Remark 3.10. In [4], the author made reference to Klein’s conjecture ([7]): The

group of contact Cremona (i.e. birational) transformations of the projective plane

is generated by the subgroups of the prolonged point transformations and the (full)

Legendre transformations. In this connection, the author proved the following state-

ment. Any polynomial contact automorphism of the 3-dimensional a‰ne space can be

realized as a composition of some number of the prolonged polynomial point auto-

morphisms and the (full) Legendre transformations. In our notation the 3-dimensional

a‰ne space is J 1ð1; 1Þ and the contact transformation T : J 1ð1; 1Þ ! J 1ð1; 1Þ is said to

be a contact polynomial automorphism if T and its inverse T�1 are automorphisms

consisting of polynomials.
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[ 9 ] S. Lie, Geometrie der Berührungstransformationen, English translation, Chelsea, New York, 1977.

[10] E. O. Lovett, Book Review: Geometrie der Berührungstransformationen. Bull. Amer. Math. Soc. 3
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